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Abstract

When routing dynamically randomly arriving messages, the controller of a high-speed communication
network very often gets the information on the congestion state of down stream nodes only after a considerable
delay, making that information irrelevant at decision epochs. We consider the situation where jobs arrive
according to a Poisson process and must be routed to one of two (parallel) queues with exponential service
time distributions (possibly with different means), without knowing the congestion state in one of the queues.
However, (the conditional) probability distribution of the state of the unobservable queue can be computed by
the router. We derive the joint probability distribution of the congestion states in both queues as a function
of the routing policy. This allows us to identify optimal routing schemes for two types of frameworks: global
optimization, in which the weighted sum of average queue lengths is minimized, and individual optimization,
in which the goal is to minimize the expected delay of individual jobs.

Keywords: communication networks, performance optimization, stochastic modeling, queueing,
dynamic routing, partial information, non-cooperative game, Nash equilibrium

1 Introduction

In many applications in which routing decisions have to be made, the information relevant to the decision
maker is only partially available. This is true, in particular, in high speed communication networks in which
information about the state of a down stream node may be subject to a considerable delay, thus making
that information irrelevant at decision epochs. This situation may occur even in case the down stream link
is quite close but — links being unidirectional — the effect of routing decisions on the down stream node
appears much quicker than the return of information about that node’s congestion state.

We analyze dynamic routing choices between two paths. We model path delays using two -/M/1 queues,
with state dependent arrivals. The latter dependence is due to the fact that the arrival to any queue depends
on the routing decision, which, in turn, depends on the congestion state of the path. Specifically, we consider
the problem in which the controller taking the routing decisions can observe only one of the queues. In spite of
lacking precise information about the second queue, the controller can probabilistically evaluate the influence
of its routing strategies on the distribution of the congestion state of the second queue.

We concentrate on routing strategies of a random threshold type. These are characterized by two param-
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eters: (n,r). If the number of jobs in the first path X; is less than n at an instance of arrival, the arriving
job is sent to path 1. If X; = n, then it is routed to path 1 with probability  and to path 2 with the
complementary probability. If X; > n, then it is routed to path 2.

We study and analyze two types of dynamic routing control methods. In the first, we wish to determine
the threshold parameters that minimize the average expected delay in the system. We call this the Socially
optimal routing problem. Secondly, we consider Individually optimal routing. In this type of dynamic
control we wish to obtain a routing strategy that minimizes the expected delay of each individual job. (The
minimization of the expected delay for a given job does not take into account the impact of the individual
routing decision on the delays that will be experienced by future jobs.) This type of routing approach has
been advocated in the context of ad-hoc networks [2]. Although the routing decisions may be taken by a
single controller, this control problem can be formulated as an equivalent game-theoretic model in which
each job chooses its own route. We shall use the basic game-theoretic optimality concept of Nash equilibria
[3]. Here, a Nash equilibrium is a set of routing strategies for all jobs such that no single job can decrease
its weighted expected delay by deviating from its routing strategy.

The individual optimization problem was also considered in [3] in a different context: customers have
to make a choice between two gas stations on a highway. Following a game theoretic analysis, a numerical
solution is presented in [3] to obtain the performance for given candidate solutions. In our paper we provide
a verifiable necessary condition to check whether an equilibrium indeed exists within the class of threshold
policies (in fact this is a condition under which the best response to a threshold policy of all other users is
also a threshold policy). When the service rates at the two stations are equal to each other, it is verified
numerically (for n =1,2,...,18) that a threshold equilibrium exists, which is in agreement with the results
in [3]. However, when the service rates at the two stations differ, such an equilibrium need no longer exist,
as is shown in an example.

The structure of the paper is as follows. In Section 2 we formulate — for a fixed (n,r) policy — the
underlying Quasi Birth and Death process and derive the balance equations for the two-dimensional steady
state probability distribution. The marginal distribution of X5, the number of jobs in queue 2, is derived in
Section 3 for the case when r = 1. In Section 4 we develop expressions for the joint Probability Generating
Functions (PGF) of the queue lengths for any r € (0, 1]. These results are then used in the following sections
to solve the routing problems in the two types of frameworks. The first, in Section 5, focuses on a global
(social) optimization framework in which the average weighted sum of queue lengths (or equivalently, waiting
times) is to be minimized. Then in Section 6 we study the individual optimization in a game theoretic setting,
in which the weighted expected delay of individual jobs is minimized. In all that follows, the delay of a job
shall be the sum of its waiting time and its service time, i.e., a job’s delay is its response time, which is the
total time spent in the system. From the individual job’s perspective it is optimal to join the queue with the
smallest weighted expected delay. From a supervising controller’s point of view, the effect of a single routing
decision on the delay of future jobs must be taken into account.

We focus on the case 7 = 1 and use the obtained expressions to show (Lemma 6.1) that if a job is routed
to the second queue, then its expected delay, conditional on the number of customers in the first queue, say
i, is convex in 4. This implies (Corollary 6.2) that if the objective is to minimize the expected delay of an
individual job, the optimal strategy (for that individual job) will be a two-threshold policy, the job being
routed to queue 2 if the number of customers in the first queue is between the two thresholds (see Figure
5). Still, such a policy could be a ‘normal’ single-threshold policy, if the larger threshold value is not smaller
than n+ 1. Theorem 6.5 gives a condition on the parameters for which there exist values of the service rates
such that no single-threshold policy is optimal in response to a fixed (n,r) policy.



2 Model description and stability condition

The system is modelled as two queues with exponential service rates u; and us, respectively. Arrivals of jobs
to queue 1 occur according to a Poisson process with rate A. The routing policy is of a random threshold
type (n,7), as described in the Introduction.

The model gives rise to a so-called Quasi Birth and Death process. Such models are known to have a
matrix-geometric equilibrium solution [7]. Following the approach in that monograph, we denote the state
of the system by a pair of two integers (4, ), which indicates that there are X; =4 (1 =0,1,2,...,n+ 1) jobs
in the first queue and X5 = j (5 =0,1,2,3,...) jobs in the second. A transition rate diagram is depicted in
Figure 1, where the horizontal (resp., vertical) axis represents the number of customers in queue 1 (resp.,
2). For the matrix-geometric approach the states are ordered lexicographically, such that (i1, j1) precedes
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Figure 1: Transition diagram

(i2,72) if and only if j; < ja, or {j; = j2 and 4y < iy}. Using this ordering of the states, the generator of the
process is given by
QY A o ..
M Qi A 0 ..
Q=1 0 M Q A 0 ... |-

where A, M, ino) and Qq are (n + 2) x (n + 2) matrices. A = [Ag;], k,1 = 0,1,...,n + 1, is the matrix
with Ay, , = A(1 —7), Apt1,n41 = A, and all other elements equal to zero. M is also a diagonal matrix with

all diagonal elements equal to ps. Finally, ng) =QY) —Aand Qs = Q) — A — M, where Q(Y) is the



generator of the Markov process describing the number of jobs in the first queue,

- A 0 0 ... 0 0 0

M1 —)\ — M1 )\ 0 e 0 0 0

0 M1 —)\ — M1 )\ e 0 0 0
QM =1 . . : : .

0 0 0 0 H1 —p1—TA  TA

0 0 0 0 0 M1 — M1

Remark 2.1 The joint steady-state distribution of the numbers of jobs in both queues can also be de-
rived for the following class of more general policies [8, Ch. 2]. Let r; € [0,1] be the probability of joining
queue 1 if the number of jobs in that queue equals i. Let K < oo be the maximum number of jobs in
queue 1. The matrices A, Q¥) and M become of dimension K + 1. The diagonal matrix A has diagonal
elements (1 —7;)), i =0,1,..., K —1. The matrix Q) has elements r;\ just above the diagonal and (as be-
fore) all elements just below the diagonal are equal to p;. The matrix M is still uy times the identity matrix.

Let P;; = P{X; =1,X5 = j} be the steady-state probability that the system is in state (i,5) and
let the (n + 2)-dimensional (row) vector P; := (Py;, Pij,. .., Pay1,;) contain the steady-state probabilities
corresponding to level j, i.e., the subset of states in which there are j jobs in the second queue. Then the

sequence ?j, j=0,1,..., satisfying the balance equations
PoQY +PiM = 0, (1)
Fj—1A+Fde+Fj+1M = 67 j:1,2,..., (2)

(where 0 is the (n+2)-dimensional vector with all elements equal to 0) is known to satisfy the matrix-geometric
relation L
P; = PoR/ (3)

where the rate matrix R is the minimal non-negative solution to the quadratic matrix equation,
A+ RQq+ R’M =0, (4)

cf. [7, Theorem 3.1.1]. Relation (4) is not suitable to determine R in a stable and efficient way. Instead, a
‘dual’ quadratic matrix equation can be solved from which R is found, see [4]. Here we follow an alternative
approach and determine the steady-state probabilities through a spectral characterization of the matrix R
using generating functions. We refer to [1] for a general exposition of this method applied to the more general
classes of Markov chains of M/G/1 and G/M/1 types. Computational advantages of the spectral expansion
technique compared to the matrix-geometric solution were mentioned in [5, 6].

First we note that the marginal probabilities of the number of jobs in queue 1 are easily obtained, since
the rates of arrivals into and departures from queue 1 are independent of the state of queue 2. Define, for
0<i<n+1landj>0,

co n+1
onéZ-Pijv POJ—Z-Pija
7=0 1=0

and the row vector

D= (P(]Ov'-‘apn-l-l,O) = ZF]
j=0



We further define p; = A/p1, which is the traffic load on the first queue if all jobs are to be routed there.
Clearly, the vector p satisfies

™M =0.

This follows, for instance, by summing the balance equations (1) and (2) over j. The marginal probabilities
P;, are now easily obtained:

P = pi'P, 0<i<n (5)
Pn-l—l,o = 7”/)1"+1P0o- (6)

Since the entries of P constitute a probability distribution we have the normalization condition <p7 T) =1,

where the column vector 1 has all entries equal to 1 and (-, -} denotes the inner product of a row vector and
a column vector. We find:

n —1
Poo= Y ;' + Tp1n+1]

=0

and when p; # 1 this sum is given by

1—p1
Pye = . 7
ST I ()t —rpy 2 @

The stability condition (cf. [7, Theorem 3.1.1]) is given by
(p,AT) < (p, MT),

or, equivalently, by
A1 =7)Pre + APpi1,e < pi2. (8)

Evidently, it is the actual arrival rate into the second queue that determines whether the system is stable or
not. Since P41, = Prerp1, the stability condition becomes

APno [(1 - ’f') + 7',01] < p2,

ie.,

AMp)"™ (1 =1) +7p1] 1-(1- 7“)(;1;"'3'11 —r(p)"*+2 < pez )

3 Marginal distribution of X when r =1

The detailed analysis that we shall present in Section 4 will allow us to obtain the joint probability distri-
butions of the two queues. This is in particular important for the application to the individually optimal
routing problem, studied in Section 6. The decision whether a job should be routed to queue 2 depends
on the expected delay of the job in that queue, conditioned on the state at queue 1. On the other hand,
for the socially optimal routing problem, only the marginal distributions are needed, since the objective will
be to minimize the (weighted) average expected delay in both queues. Thus, in addition to the marginal
distribution of the (number of jobs in the) first queue, we need also the marginal distribution of the second
queue. Here we derive it for the case r = 1. For that case, observe that consecutive times between routing
instants to the second queue are i.i.d. This readily implies that the second queue is a GI/M/1 queue.

The distribution of the inter-arrival times to queue 2 is obtained as follows. Consider an M/M/1 queue
with arrival rate A and service rate p;. For m = 0,1,2, ..., let Y;,, be the elapsing time from the moment the



queue length is m until it is (for the first time) m + 1. Due to the memoryless property, the time between
consecutive arrivals to queue 2, given that all jobs are using policy (n, 1) is distributed like Y.

To obtain the distribution of Y,,,m < n, let T denote an inter-arrival time and V a service time in the
first queue. Then

>

Y T-HT < V}+(V+Yy 1 +Y,) 1{V<T}

1>

min{T,V} + (Yin_1 + Y,n) - {V < T}

Thus, as T and V' are exponentially distributed with means 1/\ and 1/, respectively, the Laplace transform
Vi (s) := Elexp(—sYy,)] is given by
A+ o

Vi 1(8)Vin (8) < ful,

Fn(s) = 2T
&)=+

which yields

% At m B g -
Yn(s) = —— (1 - Yo .
() Ad+p+s ( A+ 1(5)>

This allows us to compute Yy, (s) recursively. We have, in particular, Y{)éT so that

~ A
Yo(s) = )\—Hv

5o (A+p)*(A+3)
M) = G o0+ ans 0

Vo(s) = A+ p0)[(A + p)s + A7)
? O+ 12)82 + AN+ p1)s + A2 — (u1)?)”

Thus EYy = AL, and EY,,, m > 0 satisfies

1

EYm] = A+

+ (BlYm-1] + EYn]) n f‘rlm .

This gives the recursion E[Y,,] = (1 + p1 E[Y,,—1])/A and, hence,

ElY,] = % (1484 (B)7) 2 % <—1 _1(51111/\/);”“) : (10)

Remark 3.1 An alternative way to obtain the distribution or expectation of Y, is through the observation
that Y,, has the same distribution as the busy period in an M/M/1/m + 1 queue with interchanged arrival
and service rates of the first queue: the arrival rate is u; and the service rate is A.

Note that the second queue is stable if and only if E[Y,+1] > 1/us. This gives

ot (M) > 1.

A 1— /A
which agrees with (8). For the case n = 0 and pu1 = p2 = p the stability condition reads
A1
A1+ \/37
7 2

which is the well known Golden Ratio.



4 The joint Probability Distribution Function

We now derive the joint probability distribution of the numbers of jobs in both queues, which is needed for
the analysis of the individually optimal routing. We define the Partial Generating Functions (PGFs)

Gi(z)=)»_ P;z, i=01,2,..,n+1.
=0

Multiplying the equation corresponding to j by 27 in (1) and (2), and summing over all j, we obtain:
G(2)A(2) = (1 = 2)p2G(0), (11)

where G(z) (G(0), respectively) is the row vector whose ith entry (i = 0, ...,n+1) is G;(2) (Pj, respectively),
and A(z) is the matrix
A(z) = A+ 2Qq + M.

More precisely, A(z) is given by

B2 — Bz Az 0 0 0 0 0 0
1z B2 —az Az 0 0 0 0 0
0 p1z po — oz Az 0 0 0 0
0 0 niz Qo — oz 0 0 0 0
0 0 0 0 ceo M1z p2 —az Az 0
0 0 0 0 ... 0 H1z po — az + A1 —r)2? Arz
0 0 0 0 ... 0 0 n1z p2 — oz + Az2
A A
where o=\ + uy + o and S=N + po.
The solution of (11) is given by
Gle) = L= M2 my ot [4(2)], |o] < 1 (12)
|A(2)| ’ 7

where, by Cramer’s rule, the element (i, k) of the cofactor matrix cof [A(2)] is equal to (—1)*+* times the
determinant of the matrix obtained from A(z) after deleting the k-th row and the i-th column.

In order to fully determine G(z) it thus remains to determine the n+2 unknowns in the vector Py = G(0).

One way to proceed is to note that since G(z) is analytic in the unit disk, for all |2| < 1 for which |A(z)| =0,

we also have . B

G(0)cof [A(z)] = 0. (13)
This provides a set of equations for G(0). It can be shown that, up to multiplication by a scalar (it is clear
that multiplying any solution to the above equations by a scalar yields another solution), the boundary
probabilities constituting the vector G(0) are uniquely determined by (13). Without further details we
remark that this procedure ultimately would require solving a (full) set of n+2 equations to determine G(0).

Below (Theorems 4.2 and 4.3) we show that this can be avoided, reducing the problem to a set of 2 (even 1,
in case r = 1) equations. We shall need the following result.

Lemma 4.1 Assume that the stability condition holds and that r € (0,1]. Then all roots {z} of the
determinant |A(z)| are distinct, real and positive. If r = 1 there is a single root which is greater than 1, one
root equal to 1, and there are n + 1 roots in the interval (0,1). That is, 0 < 21 < ... < Zn—1 < 2Zn < Zny1 <
Znte =1 < zpys. If r € (0,1) then there is an additional oot (zp14) larger than 1.



Proof The proof is based on Theorem 2.4.5 from [8], which is formulated for the more general case where A
and M are arbitrary (non negative) diagonal matrices. For z # 0, the matrix T'(z) in that reference satisfies
A(z) = 2°T(1/z). 1

We now obtain the steady-state distributions for the cases r € (0,1) and r = 1 in two separate theorems.
Theorem 4.2 Suppose that r € (0,1). Let (; < (2 be the two roots of |A(z)| for z € (1,00) and 71 =

(v1,0,--,V1,n41) and Ty = (v2,0,...,V2n41) the corresponding left null (row) vectors of A((1) and A((2),
respectively. Furthermore, let the constants c; and co be the unique pair solving

V1,nC1 V2,nG2 "
1 + e = == )
a1 PG -1 S kT
(14)
n+1
e1 U1,n+1C1 T 02,n+1C2 _ _ Tp1 —
G-1 %G1 S pt e
Then,
Pi=c(1/G) o1+ (1/G) 72, § 21, (15)
or, equivalently,
P{X:=4,X, Zj}zcﬂh,i(l/ﬁ)j+sz2,i(1/C2)ja 0<i<n+1, j>1 (16)
The probabilities on the boundary 57 = 0 are given by:
. pli C1U1,4 CaV2 4 .
P{X;=1¢,X,=0} = — - . 0<i<n-1 17
=0 X =0} ShoopF 4ottt G-1 -1 =terTh (17)
P{Xl =14, Xs = 0} = 11, + C2V2, t=n,n+1, (18)

Proof Let 1; be the (row) vector with 4-th entry equal to 1 and all other entries equal to 0. Then the
vectors Uy, Vs, 19, 11, 12, . . ., 1,1, are the left eigenvectors of the matrix R (see [8, Corollary 2.3.3 and Lemma

2.3.4]), and therefore are an independent basis for R™*?, which proves that there are unique coefficients
¢1,¢2,dg,dy,...,d,_1 such that:

n—1

ﬁo = 6(0) = €171 + C2U2 + Z d1;. (19)
1=0

As an immediate consequence we have (18), where we still need to prove that ¢; and ¢z are indeed determined
by (14). We shall do this at the end of the proof. Now rewrite (12) as:

G(2) = ——+——G(0)cof [A(2)], |z] < 1.

|A(2)l/(z = 1)
Note that each entry of the matrix cof [A(2)] is a polynomial in z of degree at most n + 3 and, hence, so is
the vector G(0)cof [A(2)]. The degree of |A(2)|/(z—1) is ezactly n+3. We know that each of the n+1 roots
of |A(2)| in (0,1) is also a root of each entry of G(0)cof [A(z)]. Cancelling these roots, makes all entries of

G(z) rational functions with the denominator of degree 2 with roots z,+3 and 2,14 (both larger than 1),
and the numerator of degree at most 2. Now, since for z > 1,

1 > /1\?
2—122(;> ’
7=1

oo



and taking into account (19), we arrive at (15), which by definition is equivalent to (16).

If, for i = n, we sum P{X; = n, Xy = j} over all j > 0, then using the marginal distribution of X; given
n (5) together with (16) and (18) we get the first part of (14). Similarly, using (6) for i = n + 1, we obtain
the second part of (14).

It can be argued that if (14) admits more than 1 solution, then the representation (19) is not unique,
which contradicts the above. Now, for 0 < i < n — 1, using P;s = p}Pye from (5), and applying (16) and
(18), we obtain, after summing P{X; =i, Xo = j} over all j > 1, the desired equation (17). I

Theorem 4.3 Assume r = 1. Let (* be the unique singularity point of A(z) which is larger than 1 and let

=k

7" = (V5,05 > Vpit)

be the corresponding left null row vector of A((*), which is unique up to multiplication by a scalar. Then for

0<i<n+1:
. . 1\ (1 ™ol oh,
pixzixi=g = (1o 1) (L) Al sy
S ¢ Zk+ép1
pi 1 g™t */vn+1

P{Xi=i,Xs =0} = — e
Ek-l—é p1k C Zk+é m*
In particular
. v;k v;kb n+l—1
BXalXy = = Sl (20)

Proof The proof proceeds along the same lines as that of Theorem 4.2. If » = 1 then the term with
coefficient ¢y vanishes in both expressions (15) and (19), and in (19) an additional term d,1,, appears. This
proves that

1\’
P{X,=i,X, =j} = cvf(c—*), 0<i<n+1,j>1,
P{X1:n+1,X2:0} = CU:_'_I.

(In the second expression we use, as before, the fact that the last entry of the 1; in (19) equals 0.) Summing
P{X;=n+1,Xy=j} over all j >0 we have:

_ (1_%*) P{X1:n+1}'

*
1)'n,+1

Substituting this result for ¢ in the expression for P{X; = i,Xy = j} above, and using the value of
P(X;y =n+1) = P,41.., as given by (6), we obtain the first assertion of the theorem. Then, using the value
of P, as given in (5), when r = 1, we obtain the second assertion of the theorem.

Finally, note that

* * 1-— n+2 1 n+1
E[X2|X1Zi]ZOzU—Z»7 where a:=c *C > 1 = — '01* )
2K (¢*=1)2 1—-p ¢ =1 v,

We indicate that the steady-state joint probabilities in (16) and (18) are computed for given threshold
policies with parameter (n,7). We shall add this parameter explicitly to the notation in the following sections.



5 Socially optimal routing

Figure 2: The function J(™1)(a) for different values of a and n

In this section we discuss the computation of a threshold policy that minimizes a weighted sum of the
mean queue lengths in both queues. To be specific, we consider the optimization problem of minimizing

J(™7)(a) where
J™)(g) := aEM™T) [X1]+ (1 — a)E(7) [X3],

for some weight factor a € [0,1]. Let
J*(a) := min J™Y (a)

In general, the minimization can be taken over the parameters (n,r) in case we allow for randomized policies,
but we shall restrict ourselves to the case r = 1 and minimize over the parameter n only.

By (5) and (6), we have

npi"(p1 —1)+1-p"
(1-p)?

where Py, is given in (7). When p; = 1 (where p; = A/p1) the above expression is defined by its limit.

E™T[X1] = Poupy ( +r(n+ 1)Pln) )

From Theorem 4.3 we have for r =1 and 5 > 1,

. 1Y)’ 1 (plnH Z?:ol ”?)/”Zﬂ
P{Xz :j} = Cl (—*) where Cl = (]. — —*) P} -
¢ ¢ Zk:o plk

Thus,
CiC*

EO = m e

10



For r < 1 and j > 0, we have from Theorem 4.2,

n+1 ) n+1 )
P{Xo=jl=a (Z vl,i) (1/G) + e (Z U2,i> (1/¢) -
1=0 1=0

Thus,

C1 (2?2-1-01 Ul,i) C1 C2 (E:'L:-l—gl U2,i) C2
+
(G —1) (G —1)?
With these formulas we can evaluate the objective function for different choices of n and r and obtain their
optimal values numerically.

E("a'r) [XZ] =

To illustrate this approach, we consider a numerical example in which we chose pu; = ps = A = 0.05.
We plot in Figure 2 the value J(™')(a) as a function of the weighting factor a and the threshold n (without
randomization, i.e. for r = 1). We see clearly from the figure that for each a, there exists a well defined global
minimum (as a function of n). The optimal threshold n is given in Figure 3 as a function of a. (The function
R*(a) displayed in the figure is defined and studied below.) Evidently, the optimal threshold decreases with

Figure 3: The optimal threshold and the corresponding value R*(a) for different a’s

increasing values of a, since by increasing a we penalize for joining queue 1. Note that the optimal threshold
is a step function.

We now investigate in more detail the influence of a on the different components of J(™')(a), i.e. on
the expected length of each of the two queues. We are motivated by the following question: what is the
contribution of the congestion in each queue to the global cost, when using an optimal threshold? We

note that for the non-symmetrical case, the benefit of node 1 is aE(™V)[X;] and the benefit for node 2 is
(1 —a)E™Y[X,]. We thus define

aE™Y[X4]
(1 —a)E™[X,)’
and we further define R*(a) to be the value of R(a,n) evaluated at the threshold value (n,1) that minimizes
J(D(a). R*(a) is depicted in Fig. 3 as a function of a (which is increased at steps of 0.005). We see that

R(a,n) =

11



R*(%) < 1. We conclude in this example that under symmetric weighting and symmetric service rates, the
node for which the state information is available at the routing instants obtains a lower benefit at the socially
optimal conditions, i.e., aE™V[X;] < (1 — a) E(™V)[X5]. Note also that when a tends to zero then R* tends
to 0, and when a tends to 1 then R* tends to co. Note finally that R* is not monotone everywhere: it has
irregularities at the points where the optimal threshold jumps. Indeed, since the optimal policy is piecewise
constant, then, in between changes of the optimal policy, R*(a) can be written as

= const( 72, 1)
= const| { ,

R*(a) = const x

so in these intervals R*(a) grows like an hyperbola. At the right end-points of those intervals R*(a) may
have negative jumps.

Figure 4: The optimal value for different a’s

In Fig. 4 we plot the optimal value J*(a) for different values of a. Let us shortly comment on the behavior
of J*(a) for a | 0 and @ — 1. We start with a | 0. Clearly, E(™V[X;] <n +1. (If p; < 1 then E(™V[X] is
even uniformly bounded by E(*V)[X;] = p; /(1 — p1).) Choosing n(a) = |\/1/a] we have

0< J*(a) < J™MDV(a) < a(n(a) +1) + EMDVE[Xy] — 040, a 0.

Now let a — 1. We choose n’ := min {n : E(™"[X,] < oo}. This minimum shall be taken over n > —1,

where the artificial choice n = —1 corresponds to the policy where all customers are routed to queue 2, We
then have

J*a) < T Y (a) = aEW VD[ X + (1 — a) E® VX, — E™V[Xy], a— 1.

It is easy to see that, in the limit as a — 1, this inequality can not be strict: the optimal choice of n can
never be smaller than n’, and for any choice n > n’ we have J(™(a) > aE(™V)[X;] and, hence,

J*(a) > min aE("’l)[Xl] = aE(””l)[Xl] — E(””l)[Xl], a—1.

n>n'

In particular, if A < ps and if we allow n = —1 then n’ = —1 and J*(a) — 0 when a — 1.

12



6 Individually optimal routing

Next we consider the question of individual optimization. An arriving job observes the length of the first
queue and on the basis of this observation decides which queue to join, so as to minimize its sojourn time,
possibly giving different weights to waiting in the two queues as in the global optimization of Section 5.

Suppose that all previous jobs, in an infinitely long past, followed a common (n,1) policy. Hence, in
particular, the first queue has evolved exactly like a pure M/M/1/K queue with K = n+ 1. Assume further
that the system has reached steady state and that the pair of random variables X; and X5 are, as before,
jointly distributed as the queue lengths in queue 1 and queue 2, respectively. For notational convenience we
normalize the time with respect to the service rate at the first queue. Note that the distribution of (X3, X2)
and, hence, the routing decisions are not affected by such a normalization. We define as before p; = A/pu1,

and further define

5= E2 (21)

H1
i.e., s is the relative service speed of the second queue with respect to that of the first. The time-normalized
system is now characterized by the parameters n, r, p; and s. For later reference we rewrite the stability
condition (8) as
pl(l — T)Pn. +p1Pri1,e <. (22)

T;7.(i,h) is defined as the expected sojourn time (normalized with respect to ;) in case a new job joins

queue h given that the number of jobs in the first queue equals 4:

T (i,1) = i+ 1,

p1,8
(23)
Ty (i,2)

p1,S

(1 + E[X2|X; =1])/s.

(The actual expected sojourn time is 77", (i, h)/u1.) In the sequel, when r = 1 we commonly omit this

pLss
parameter in the notation and write T (i, h) instead of T;v%(i,h). An individual job will join queue 1 if
aTp"(i,1) < (1= a)T;27(i,2), where a € (0,1) is a weight parameter (as in Section 5). When a = 1/2 each

individual job just aims at minimizing its sojourn time.

6.1 Nash equilibria

A set of policies is called a Nash equilibrium if no job can improve his choice by a unilateral change of policy.
Based on numerical results, for the case of two equally fast servers, the existence of a randomized threshold
policy leading to a Nash equilibrium was postulated in [3]. Our results further support this assertion when
n =1,...,18, and strongly indicate that the same is true for n > 19 (more details are given in Section 7).
We show, however, that this is not necessarily true when the servers have different service speeds. In
particular, we show that an individual job’s best response to a common non randomized threshold policy
of all other jobs is not always of threshold type. This implies a more intricate (numerical) investigation of
the existence of a Nash equilibrium. (A threshold policy (n,r) can effectively be represented by the single
parameter n + 7, which is convenient for numerical analysis.) Such an investigation is beyond the scope of
this paper. Our main contribution in that direction is to establish conditions on the parameters such that,
for a given threshold policy (n,1), the optimal response is again a threshold policy. Our proof technique is
partly analytic and does not seem to lend itself for a straightforward extension to include randomized (n, )
policies. If such an extension were realized, this would support the numerical investigation of the existence
of Nash equilibria of threshold type along the lines of [3].

13



6.2 Optimality of two-threshold responses for r =1

Numerical examples in [3] indicate that, when s = 1 (and a = 1/2), T;2",(i, 1) — T,77,(4,2) is increasing in 4,
implying that the optimal response is a threshold policy. Below it is shown that this is not necessarily true
for general s and a. See for instance Figure 5 where, for the parameter values n = 3, r = 1, p; = 1 and
s = 0.56, we plotted T,v7.(i,1) and T}7,(i,2) for i = 0,1,...,4. If we take a = 0.5, an individual job will
join queue 2 if there are exactly 3 jobs in the first queue but it will join queue 1 when the queue length is

larger or smaller than 3.

In the sequel we focus on non-randomized threshold policies by taking r = 1. Our main interest is in
determining structural properties of optimal responses.

T

1T W T2

0 1 2 3 4 i

Figure 5: T7"7.(i,1) and T;27(i,2)

Lemma 6.1 For fized n, p1 and s, Ty, ((4,2) is conver in i.

Proof Let ¢* and 7* be as in Theorem 4.3. From v*A(*) = 0 we have for 0 <i <n + 1:
Vi ACT H ) (2 — (A4 pa 4+ p2) €F) + 05 i = 0.
Hence, if we normalize such that vj = 1 we may write:
vf = 6(wr)" + (1 = 6)(ws)". (24)

Here, x = w; and & = ws are the two roots of the polynomial

A+ (2 = (A + pn + p2) ¢ & + (.
We choose w; and wsy such that

wy > max{l,p1} > min{1,p1} > wzs > 0.

The coefficient 6 is given by

M2 _ Atpe p1
s o ©r "¢ tem o w—p 0
- P - > 0,
C—*(wz —’w1) w2(w2 —’w1)
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Similarly

1 _m

_ w1 A
1-6 = 7L_L>O'

w1 wo

Hence, 0 < § < 1. From (20) and (24) we have:

E[Xs|X; =i] = % (6 (%)iﬂl—&) (%))

Clearly, E [X»|X1 = 1] and, hence, T} ,(i,2) are convex in 4. 1

For fixed n, p1 and s let us define the set of states of queue 1 for which it is optimal to join queue 2:

S(n,p1,8) :={i:aTp (i,1) > (1 —a)T}: (i,2)} €{0,1,2,...,n+1}. (25)

Furthermore, let ¢t~ (n, p1, s) := inf S(n, p1, s) and tT(n, p1, s) := sup S(n, p1, s) (by convention inf ) = +o0
and sup ) = —00). We also define the set of states for which both queues are equally attractive:

E(n,p1,s) = {i:aT} =(1-a)T} (,2)} C {t (n,p1,8)} U{tt(n, p1,9)}. (26)

Corollary 6.2 Let p1 and s be fized. The optimal responses to a non randomized (n,1) threshold policy are
two-threshold policies characterized by t~(n, p1,s) and t*(n, p1,s) as follows. It is optimal to Toute a job to
queuve 2 if t=(n,p1,8) < X1 < tT(n,p1,8) and to queue 1 otherwise. If X € E(n,p1,s), which may be the
case at either threshold value, one may deviate from the above and route to queue 1 without losing optimality
(in that case both routes are equally attractive).

Proof If S(n,p1,s) = 0 it is always optimal to route to the first queue. Otherwise we have, from Lemma

6.1 and the fact that T} (i, 1) is linear in 4, that S(n,p1, s) is an uninterrupted sequence of integers. 1

Remark 6.1 If t=(n,p1,s) = 0 and tT(n,p1,s) < n+ 1, then the optimal response is effectively charac-
terized by a single threshold, namely t*(n, p1,s). However, we shall not refer to such a policy as being a
threshold policy. We reserve that term for the ‘natural’ threshold policies introduced earlier, in which a new
job joins the first queue if there is a ‘small’ number of jobs at that queue and the job joins the second queue
otherwise. When ¢t~ (n, p1,s) = 0 and t*(n, p1,8) < n + 1, the opposite happens: a new job should join the
first queue if there is a ‘large’ number of jobs at that queue.

Clearly, a non randomized threshold policy (note Remark 6.1 above) is the optimal response to a non

randomized threshold policy if and only if ¢ (n, p;, s) = n+1. Because of the convexity of T}: (i,2) (Lemma
6.1) and the linearity of 7). ,(i,1), a sufficient condition for t*(n, p1,s) = n+1is (1 —a)T;: (n+1,2) <

aTp ((n+1,1). From (20) we have that

G-

hence, by (23),

(27)

P1,8

T (n+1,2)= ((*1—1+1) %
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The next lemma shows that the condition (1 —a)T, (n+1,2) < aT}: (n+1,1) does not always hold. The

properties mentioned in the lemma play a crucial role in our later analysis.

Lemma 6.3 Letn, p; andi € {0,1,2,...,n+ 1} be fized. Let s(n, p1) > 0 be such that s = s(n, p1) achieves
equality in the stability condition (22). Then T (i,2) is continuous and strictly decreasing in s > s(n, p1).

Moreover, if s — oo then T? (i,2) | 0 and if s | s(n,p1) then T? .(i,2) — oo.

P1,S P1,8

Proof The proof can entirely be given using analytic arguments. However, to show the monotonicity we
provide a more instructive proof using a coupling argument. Consider the system of two queues for two values
of s, say s~ and st. Assume that s~ < s*. Suppose that the sequences of inter-arrival times and service
times at the first servers are identical for both systems. Note that the first queue behaves exactly the same
in both systems. We couple the service times at the second server in the following way. Let Uy, Uz, Us, ...,
be an i.i.d. sequence of exponentially distributed random variables with expectation 1. We construct the
sequence of service times in both systems as follows. In the first system we let the service time of the k-th
job arriving to the second queue be equal to Uy/s™, while in the second system we set it equal to Uy/s*.
(Note that, since the first queue behaves identically in both systems, the arrival process at the second queue
is also the same in both systems.) Clearly a job arriving into the second queue will be taken into service
earlier or at the same time (if both second queues are empty) in the system with service rate s than in the
system with the lower service rate s~. Hence, at any point in time, the number of jobs in the second queue
is never larger in the s*-system than in the s~-system.

The continuity of 7% (i,2) in s can be proved using arguments as in [8, Section 2.6]. That 7. ((3,2) | 0
as s — oo can be seen by noting that the second queue is never larger than that of the M/M/1 queue that
results from routing all jobs to the second queue, i.e., having arrival rate p; and service rate s. Finally, the

unboundedness of 7! (i,2) as s decreases and instability is approached, can be proved formally using that

1/¢* is larger than p; P,11,4/8, which is the traffic load on the second queue’. [

Corollary 6.4 Letn, p1 andi be fived. Then t™(n, p1,s) is non increasing and t+(n, p1, ) is non decreasing
in s > s(n,p1). Moreover, for s large enough we have t~(n,p1,s) = 0 and tT(n,p1,8) = n+ 1, and for s
small enough but larger than s(n, p1) we have t~(n,p1,s) = +oo and tT(n, p1,s) = —co.

Proof Directly implied by Lemmas 6.1 and 6.3. [

6.3 Conditions for optimality of (natural) threshold responses

The next theorem essentially provides necessary and sufficient conditions for the optimal response to a
threshold policy to be again a (possible different) threshold policy. Furthermore it shows that to check
optimality of threshold responses for fixed n and p;, it suffices to consider a specific value of s instead of all
s> s(n, p1).

Theorem 6.5 Let n and py be fized and s*(n,p1) > s(n, p1) be the unique solution of

n a n
TV iy +1,2) = =T (n+1,1). (28)

T o lens(np)

Then for all s > s*(n, p1) there exists a threshold policy which is an optimal response of an individual job to
the (n,1) policy. Furthermore, the following are equivalent:

1This property was shown, in a more general context, in the proof of Lemma 2.6.8 of [8, p. 52]. There the role of 1/{* is
played by %, n and the load on the second queue of our model equals p/c.
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(i) for all values of s > s(n, p1) there exists a threshold policy which is an optimal response,

(1) T, ooy (M:2) 2 72T y(n,1) = 2.(n+1),

= l-a Pl,S*('fL,Pl
~ de —a
(iii) 5*(n,p1) > $(n pr,0) = (1= 0) (o1 + 58 ).
(iv) either p1 < =5 or

(~1)+2

A(”#)‘SO’

where we substitute s = §(n, p1,a) into the entries of the matriz A(-).

Proof The existence and uniqueness of s*(n, p1) follows directly from Lemma 6.3 and the fact that T}  (n+

1,1) is independent of s. For all s > s*(n, p1) we have that t*(n,p1,s) =n + 1 (Lemma 6.3 and Corollary
6.4) and, hence, there exists an optimal threshold response.

Let us now prove the equivalence of (i) and (ii). Suppose (ii) holds. For s > s*(n, p1) we already proved
the optimality of threshold policies in general. If s € (s(n, p1),s*(n,p1)) we have S(n,p1,s) = 0 because
of Lemmas 6.1 and 6.3. Hence, in this case it is always optimal to join queue 1. Therefore, (ii) implies
(i). As for the converse, suppose that (ii) does not hold, i.e., (1 — a)Tg’S*(n,pl)(nj) < anZ,S*(n’pl)(n7 1).
By Lemma 6.3, there exists an s < s*(n, p1) such that (1 —a)T}} ((n +1,2) > aT,. (n + 1,1) while still
(1 —a)T} (n,2) < aT}: (n,1). Therefore it is optimal to join queue 2 if X; = n and join queue 1 if

X1 =n+ 1, which contradicts (i). This proves that (i) implies (ii).
Now we show that (iii) is equivalent with (ii). The following steps are justified below.

n n 1 v;/v’:-’rl 1
(1- a)Tm,s*(n,Pl)(nv 2) > aTPl,s*(n,Pl)(nv )<= (1-a) (plc*i_l + 1) m >a(n+1)

é(“—ﬁ*)pﬁ” 1_a> L1 2+ )5 )

aln+2)) ¢*—1 “1l-a
St ) (2 ) o

RN s*(n,p1) > (1 —a) (pl + ﬁ) .

In step 1 we use (23) and (20). For step 2 we note that, after choosing s = s*(n, p1), the last column of the
equation 7* A((*) = 0 gives:

UnC L+ vy (€)1 = (o1 + 1+ 8%(n, p1)) + 8™ (1, p1)) = 0.

Hence,
vy, -1
pr——=01—-C)pr+1+ ¢ s*(n, p1).
Un-{—l C
In the latter we also substitute
=1, l1-a
> () = ————, 29

which follows from (27) and (28). In step 3 we again use (29) and the last step concerns only elementary
operations.
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Finally, we show the equivalence of (iii) and (iv). Suppose that (iii) holds and that p; > n+r2

3(n, p1,a) < s*(n, p1) and Lemma 6.3 it follows that (1 — a)T;i,g(n,m,a)(n +1,2) > a(n + 2) which, using

27), is equivalent with (*a (p1(n +2)—1) <1+ a(p1(n +2)—1). Since p; > %4_2 it must be that

From

<1+ !

- a(p(n+2)-1)
Using that z = ¢* is the unique root of |A(z)| for z > 1 and (—1)"*2|A(z)| > 0 for 2z € (1,(*) — see the
proof of Lemma 2.4.4 in [8] — we now have (—1)"*2?|A(z)| < 0for 2 =1+ m

(iv). It remains to show the converse. This can be done by reversing the order of the previous steps: it
follows that (*a(p1(n+2)—1) <14+ a(pi(n+2)—1) and, hence, T™ (n+1,2) > -2 (n+2) so

p1,§(n,p1,a) 1—a
that 3(n, p1,a) < s*(n, p1). ]

. Thus, (iii) implies

Let us briefly discuss the consequences of Theorem 6.5. Part (ii) allows us to decide the optimality of
threshold responses on the entire 3-dimensional parameter space (n, p1, ) by computing T;Ll,s(n, 2) only for
values s = s*(n, p1). Part (iii) improves this condition with respect to computational complexity: it requires
a simpler condition on s*(n, p1) to be evaluated instead of computing T .. (n,pl)(n,2). Finally, Part (iv)
overcomes the inconvenience of having to evaluate s*(n,p;) from its implicit definition (28). Instead, the

determinant of A(z) needs only to be computed once at a specific value of z for each pair (n, p;).

Corollary 6.6 Let a = 1/2. For the casesn =0, n = 1 and n = 2, and for any values of p1 and s that
make the system stable, there is an optimal response threshold policy to an (n,1) policy.

Proof The corollary follows by Part (iv) of Theorem 6.5, involving only elementary (but tediously lengthy)
matrix manipulations (which we omit). For the case n = 0, however, we give a (shorter) proof using Part
(iii) of Theorem 6.5. As in the proof of Lemma 6.3 we use 1/¢* < p1Pny1,4/5, cf. [8, p. 52]. The right-hand
side of this equation is the traffic load on the second queue. Using (6), for 7 = 1, and (29) we then have:

1 p1n+2
s*(n, p1) > ( ) - - (30)
n+ 2 Eiiﬂl pll

When n = 0 it may be verified that for all values of p;:

1/ pi2 1 1
*(0 - - =
5(7pl)>2(1+p1>>2(01+2)

For n = 0 this proves the optimality of threshold responses? (by Part (iii) of Theorem 6.5). I

7 Conclusion

We have studied optimal routing among two queues where the decisions are based on partial information.
We derived the steady-state distributions for our model and identified how optimal routing strategies can be
computed for social optimization. In the case of individual optimization we showed the structure of optimal
responses of an individual customer to non-randomized threshold strategies (n,1). Corollary 6.6 shows that
for the casesn = 0, n = 1 and n = 2, the optimal response is always a non-randomized threshold policy (even
for non-identical servers), provided the system is stable. This partly (the optimality of threshold responses

2The reader may verify that when n = 1 the bound (30) is already not sharp enough: the right-hand side may be smaller
than % (p1 + %)
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has not been shown for r # 1) justifies a numerical investigation of the existence of Nash equilibria along
the lines of [3] when n < 2. On the other hand, we have used Part (iv) of Theorem 6.5 in a numerical
investigation to determine values of (p1,s) such that the optimal response is not a threshold policy but
necessarily a two-threshold policy when n = 3,4,...,18. The numerical results indicate that this is also the
case for larger values of n, since the set of values of p; for which there exist choices of s leading to optimal
two-threshold policies turns out to be increasing with n. For values of n between 3 and 18 the interval grows
gradually with increasing n. When n = 3 such examples exist for p; € (0.4,1.2) and when n = 18 we may
take p1 € (0.2,1.8). In such cases, (numerical) investigation of the existence of Nash equilibria of threshold
type requires further justification.

References

[1] H.R. Gail, S. L. Hantler, and B. A. Taylor. Spectral analysis of M/G/1 and G/M/1 type markov chains. Advances
in Applied Probability, 28:114-165, 1996.

[2] P. Gupta and P. R. Kumar. A system and traffic dependent adaptive routing algorithm for Ad Hoc networks. In
Proceedings of the 36th IEEE Conference on Decision and Control, pages 2375-2380, San Diego, USA, Dec. 1997.

[3] R. Hassin. On the advantage of being the first server. Management Science, 42:618-623, 1996.

[4] G. Latouche and V. Ramaswami. A logarithmic reduction algorithm for quasi-birth-death processes. Journal of

Applied Probability, 30:650-674, 1993.

[6] I. Mitrani. The spectral expansion solution method for markov processes on lattice strips. In J. H. Dshalalow,
editor, Advances in Queueing, pages 337-352, Boca Raton, 1995. CRC Press.

[6] I. Mitrani and D. Mitra. A spectral expansion method for random walks on semi-infinite strips. In R. Beauwens
and P. de Groen, editors, [terative Methods in Linear Algebra (Brussels, 1991), pages 141-149, Amsterdam, 1992.

Elsevier.

[7] M.F. Neuts. Matriz-Geometric Solutions in Stochastic Models; an Algorithmic Approach. Johns Hopkins, Balti-
more, 1981.

[8] R. Nufiez Queija. Processor-Sharing Models for Integrated-Services Networks. PhD thesis, Eindhoven University
of Technology, ISBN 90-646-4667-8, Electronically available at http://www.cwi.nl/~sindo, 2000.

19



