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Question 1
3
(a) (14 points) Calculate the integrals: [ — X dx, i

x2+4x+6

dx

sin2x
(b) (13 points) Given the equation e* + x = 0. Prove that there is

a solution to the equation and the solution is unique.

Question 2
(a) (13 points) Prove, using the Cauchy definition of the limit, that
lim Vx+2x+2 -9

x-0t x+1
(b) (14 points) Calculate, by the derivative definition, the derivative of the function
f(x) = cos(x?) at any real point x,. Remark: the use of the L’Hospital rule at

any step of the solution is forbidden.

Question 3
(a) (14 points) Given a continuous function f(x) on [a, b] such that f(a) = f(b).
Prove that there exists a point x, € [a, aTer] such that f(xy) = f(xo + b;—a).

(b) (13 points) Calculate increasing and decreasing regions, local extrema points

(minimum and maximum), and all possible asymptotes of the function

|x—4|

f(x)=ﬁ-

Question 4

2 2
(a) (9 points) Does the series Yo, (1+2n+3n” Jarctan(n?)

V3nZ24+n’

converge? Prove.

(b) (9 points) Given the sequence by a; = —1 and a,4; = —an\/ 2+ (—Dn*lq,
for any n € N. Does the sequence converge? If yes, calculate the limit, if not —
prove why not.

(c) (9 points) Given a differentiable function f(x) on [2,b] such that f(2) = 3.
Given also that 1 < f'(x) <5, Vx € [2,b] . Prove that it is satisfied, on the

interval, 1 + x < f(x) <5x — 7.



