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Tel-Aviv University
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Final exam on "Partial Differential Equations”

Lecturer: Prof. Yakov Yakubov

Prescriptions:

1. The duration of the exam is 3 hours.

2. The use of any material is forbidden exceptpllee calculator and two
personal lists (4 pages) of formulas prepasethb student. The size of the
lists is the standard A4 format.

3. Do not use any methods which have not beenestudithe classes.

The structure of the final exam

1. There are uestions in the exam. You should answeomdy 4 questions.

2. The grade of each question is 25 points.

3. Indicate on the first page of the exam whichstjoes should be checked.

4. In the case you solve all 5 questions and yonadandicate which
guestions should be checked, first 4 questiatide checked.

Good luck!



Question 1 (a) (13 points) Solve thefollowing wave problem

u, =9 Xx>0t>0
u(x,0)=x-x*, x>0
U (x0)=cosx,x=> 0

u, (0,t)=0,t> 0
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(b) (12 points) Solve the following Dirichlet problem for the Lapkequation in
polar coordinates

Au=0, 0<r<l —7z<0<r,
-1, —7<0<0,

uL.o)=1 (9):{3 0<O<z

Question 2 (a) (15 points) Classify the equatiofu,, — éu,, +u, = X’y , bring it
to the canonical form and find its general solution
(b) (10 points) Assume thatu e C2(D) nC(D) is a solution of the problem
Au=—(X"+Yy%), (xy)eD,
u(x,y)=0, (x,y)edD,
in the squareD = (-1,1)x (- 1,1) (here D =[-1,1]x[-1,1]). Prove that

ig u(0,0)g—l.
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Hint: one can use the auxiliary function(x, y) = u(x, y)+1—12 (x*+y").

Question 3 (a) (15 points) Solve the Cauchy problemeg< x < «,t > 0)
u =a’u,,
T, X<X,
u(x,0)=+<T,, X, <X<X,,
T, X> X,

where T, T,, andT, are some constants.



(b) (10 points) Using the energy integral method prove uniqugeéshe solution of

the Dirichlet problem for the following heat equati(k is a positive constant)

u, —ku,, = F(x,t), O<x<Lt>0,
u(O,t) = a(t),u(L,t) =b(t), t=0,
u(x,0) = f (x), 0<x<L

L
Hint: Show that the energl(t) = %'[Wz(x,t)dx satisfiesE'(t) < 0.
0

Question 4 (a) (17 points) Solve the following problem

Au=0, 1< X’ +Yy®< 4,
ou
on
u=0, xX*+vy°=4.

=x+y, X +y’ =1,

(b) (8 points) Prove that the solution of the above problemmisjue.

Question 5 (25 points) Solve the following non-homogeneous heat problem

u —a‘u, =0 O<x<1t> 0,
u(x,0)= 0, 0<x<1],
uO,t)=0,u (It)=2 t=>0.



