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ABSTRACT. It is known that the Kurosh Subgroup Theorem does
not hold for pro-p groups of large cardinality. However, a subgroup
G of a free pro-p product is projective relative to the Kurosh family
of subgroups. In this paper we prove the converse of this fact.
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1. INTRODUCTION

It is well-known that the Schreier theorem does not hold for free
profinite groups, i.e., a subgroup of a free profinite group need not be
free. Subgroups of free profinite groups are groups of cohomological di-
mension 1; they are called projective, as they satisfy the same universal
property as projective modules.

Similarly, the Kurosh Subgroup Theorem does not hold for free prod-
ucts of profinite groups. This led the first author to introduce in [2] the
notion of a profinite group projective relative to a family G of its sub-
groups, closed under conjugation (see Definition ; these groups are
also discussed in [4], ¢f. Remark([3.3)). Then [2, Corollary 5.4] has shown
that a subgroup G of a free profinite product H = [, H, is projec-
tive relative to the family of subgroups G = {H"NG| h € H,z € X}.
An analogous result holds for subgroups of free pro-p products.

However, the converse, that is, whether a profinite group G, projec-
tive relative to a continuous family G of its subgroups, is a subgroup
of a free product in the above manner, has been treated only partially.

Assuming that G is a continuous family closed under conjugation,
we have G = {G, | t € T}, where T is a profinite space on which G acts
continuously so that the map ¢t — G; is G-equivariant and injective
on {t € T'| Gy # 1} ([2, Lemma 3.5]). Then the answer to the above
question is positive, if T has a closed subset Tj of representatives of the
G orbits ([2, Theorem 9.5]). In particular, this is the case if G is second
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countable ([2, Theorem 8.5]). Moreover, if G is a second countable pro-
p group, then G is even a free pro-p product G' = ([ [, G¢) ILF, where
F is a free pro-p group ([2, Corollary 9.6]).

On the other hand, the second author has produced an example of a
pro-p group G, projective relative to a family G = {G; | t € T'}, where
the action of G on T has no closed subset of representatives of the
G-orbits. Nevertheless, GG is a subgroup of a free pro-p product in the
above manner ([7, Proposition 4.6]).

The objective of this paper is to give a positive answer to the above
question for pro-p groups.

First we note (Lemma that if G is a subgroup of a free profinite
(or pro-p) product H = [,y H,, then, denoting G = {H! NG| h €
H x e X},

(a) there is a profinite space T on which G acts continuously so that
the family of the stabilizers {G;| t € T'} of this action satisfies
(al) the map ¢ — G is injective on T = {t € T'| Gy # 1};
(a2) G {1} ={G| t € T'};
and, as remarked,
(b) G is projective relative to G.

Conversely:

Theorem 1.1. Let G be a pro-p group and G C Subgr(G). Assume
(a), (b). Then there exists an embedding (: G — G = LI F into a
free pro-p product of a copy L of G and a free pro-p group F such that
{C(G) [t eTy ={L7N¢(G)] 0 € G} {1}

Theorem shows that relatively projective pro-p groups can be
characterized as subgroups of free pro-p products. However, the factors
of the free product in Theorem are as complicated as the original
group. Our methods however show that one can find a simpler free
product, provided the map t — G, does not vary too much, in a sense:

Theorem 1.2. Under the assumptions of Theorem|[I.1|let p: G — L be
a homomorphism into a pro-p group such that pc, is a monomorphism
foreacht € T. Then there exists an embedding (: G — G = LILF into

a free pro-p product of L and a free pro-p group F' such that {((G,) | t €
Ty ={L°N¢G)]| o e G} {1}

Using Theorem one can try to index the family of subgroups
G = {G,| t € T} of a relatively projective pro-p group G such that G
embeds into the free pro-p product of the new family according to the
following
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Theorem 1.3. Let G be a pro-p group projective relative to a continu-
ous family G = {G,| t € T} of its subgroups closed under conjugation.
Letp: G — L = [1,cx Lz be a homomorphism into a free pro-p product
such that pig, is a monomorphism into some conjugate of L,. Then
there exist a free pro-p group F' and a monomorphism (: G — LI F
such that ((Gy) is conjugate to a subgroup of some L, for everyt € T.

Using the notion of pile (Definition we have another characteri-
zation of relatively projective groups:

Theorem 1.4. Let a pro-p group G act continuously on a profinite
space T and let G = {Gy| t € T}. Then the following statements are
equivalent:

(1) G is projective relative to G and (al), (a2) above hold;

(i) (G,T) is a projective pile;

(iii) there exists a profinite space T that also satisfies (al), (a2)
and (G,T) = lim (G, T;), where G; = (I1,ex,(Gi)x) 1L E}, is
a second countable free pro-p product with X; a closed set of
representatives of the G;-orbits in T; and F; a free pro-p group;
in particular, if © < j, then the map m;; of the inverse system
maps every (G;), into a conjugate of (Gi)r,; () i Gi;

(iv) G acts on a pro-p tree with GN{1} being the family of nontrivial
stabilizers of vertices and with trivial edge stabilizers.

To illustrate Theorem [I.2) consider the following

Ezample 1.5. Let G be a pro-p group and let G C Subgr(G). Assume
(a), (b) above and assume that the point stabilizers G, are abelian.
By Theorem [1.4] G is an inverse limit of free pro-p products G; of
abelian groups; here we use the fact that a free pro-p group F; is a free
pro-p product of copies of the abelian group Z,. Each G; is an inverse
limit of free pro-p products G;; of finitely many abelian factors. As
[Gij, Gi;] intersects factors trivially (say, because the projection on a
factor is injective on that factor and maps the commutator into 1) one
deduces that [G,G]NG; =1 for each t € T. Let L = G/|G, G] be the
abelianization of G. Then the quotient map p: G — L is injective on
Gy, for every t € T.

Thus, by Theorem [I.2] there exists an embedding (: G — LII F,
where L is abelian and F' is pro-p, such that ((G) is conjugate to a
subgroup of L for every t € T.
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Let C be a family of finite groups closed under quotients, subgroups,
and extensions. In most of our application C will be the family of p-
groups, for a fixed prime p, but sometimes a more general treatment
seems to be more appropriate.

Given a subset X of a profinite group H, we denote by (X)# the
smallest closed normal subgroup of H containing X.
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2. PROFINITE SPACES AND ACTION

Remark 2.1. Let T be a profinite space. A partition of T is a finite
family X = {7;}, of nonempty clopen subsets of 7" such that T" =
Ui, T; (a disjoint union). It induces a continuous map ¢: T — X,
by mapping every t € T; onto T; € X. Conversely, a continuous map
p: T — X into a finite discrete space X defines a partition, namely,
[o{({a]) | o € 9(T) C X},

A partition Y is finer than (or a refinement of) the partition X of
a space T, if every T” € Y is a subset of some T” of X.

Remark 2.2. Let G be a profinite group acting continuously on a profi-
nite space T'. If Z is a closed subset of 71", then the stabilizer

GZ:{QGG|ZQIZ}

of Z in GG is a closed subgroup of G if Z is clopen, then G is open.
For t € T' we write G, instead of Gy. Thus, Gy = {g € G | t = t}.

A partition X = {T;}, of T is a G-partition if for every ¢ and
every g € G either T = T; or T, N TY = (). Tt defines an obvious
G-action on X. A partition X of T is a G-partition if and only if the
induced map ¢: T — X is G-equivariant.

An element of a G-partition is called a G-block.

Lemma 2.3. Let G be a profinite group acting continuously on a profi-
nite space T. Lett € T and let B(t) = {U | U is a G-block, t € U}.
(a) Every partition of T can be refined by a G-partition.

(b) T is the inverse limit of its G-partitions.
(c) B(t) is a basis of neighborhoods of t.

(d) {t} = Nveswy U-
(e) If U C T is a G-block and Z C T is a non-empty closed subset,
then Gz < Gy; in particular, Gy < Gy for every t € U;

(f) Gy = mUeB(t) Gu.
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Proof. (a) [4, Lemma 7.1.1], Claim B.

(b) [, Lemma 7.1.1].

(c) Follows from (a).

(d) Follows from (c).

(e) Let g € Gz. Then @ # Z =29 CUNUY, so UNUY # (), and
hence U = UY; thus g € Gy.

(f) By (e), Gt < Nyep Gu- Conversely, if g € (\ycp,) Gu, then

€ Nuesw U = Nuesy U = {t}, by (d), so g € Gr. O

The next lemma is an analogue of [4, Lemma 2.1.3].

Lemma 2.4. Let a finite group G act continuously on a profinite space
T and let X be a partition of T. Then there is a G-partition Y of T,
finer than X, such that for every V€Y there ist € V with Gy = G;.

Proof. By induction on the size of G = {G,| t € T'}.

For every maximal I' € G let C(I') = {t € T'| Gy = T'}. Thisis a
closed subset of T', because it is the complement of the open subset
Uregrzr{t €T Gy <T"} of T If g € G, then I'Y is also maximal in
Goand C(I')Y9 =C(IY) ={teT| G, =T19}.

The union €' = {J, ., C(I')? is also closed; it is G-invariant. Clearly,
C = J,er C(I')?, where S = Ng(I') is the stabilizer of C(I') in G and
R is a set of left coset representatives of G modulo S. Thus this is a
G-partition of C'. Deduce that if C" C C(T'), then G = Ser.

By Lemma [2.3(a) we may assume that X is a G-partition.

By Lemma [2.3(d),(f), every ¢ € C(I') is contained in an S-block C;
of C(T') with S¢, = S; = G, =T. As C(I') is compact, finitely many
of these C} cover C(I'). Their intersections constitute a partition X’
of C(T'). By Lemma 2.3(a), C(I') has an S-partition C(I') = [JI, C;,
finer than X’ and finer than the partition induced by X on C(T").

Choose t' € C; and ¢t € C(T) such that C; C C;. By Lemma [2.3(e),
I'=5y <S¢, and S¢;, <S¢, =T'. Thus S, =T' = G, for every t € C;.

Now C =,z lJ; € is a G-partition of C' and Ges = Sgig = G, for
every t € C7. We write this partition as {C;} .

There are disjoint open subsets 11, ..., T, of T such that C; C T; for
every i. Let 1 < i <n. Every t € (; has a clopen neighborhood in T;
such that Gy < T for every ¢’ in that neighborhood. As C; is compact,
we may replace T; by a union of finitely many such neighborhoods, so
that T; is clopen in T and Gy < T', for every t' € T;.

If 1 <i,k <n,and CY = Cy, for some g € G, then, without loss of
generality, 7Y = T}, otherwise replace T; by its subset V; = ﬂ( i) TJhA,
where (j, h) runs through all pairs of 1 < j < n and h € G such that
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Ch = ;. Indeed, if CY = Cy, then

p=(N Y= N
C(i:hé 97(31:) C‘(’J:gg'k
i J Ck :Cj k
Thus U = |J_, T; is is a G-invariant clopen subset of T', and {7;}?; is
its G-partition, such that G, = G, for every i. Choose t; € C; C T;,
then G, = Gy, for every 1.

Also T" =T\ U is a clopen G-invariant subset. As the set {G;|t €
T'} does not contain I, its size is strictly smaller than |G|. Therefore,
by induction on |G|, there is a partition of 7", which, together with the
partition {7;} , of U, gives the required G-partition of 7' O

Let F(T), resp. F(T,x), denote the free pro-C group on a profinite
space T, resp. pointed profinite space (7, %) ([9, Section 3.3]).

Lemma 2.5. Let G be a pro-C group acting on a profinite space T' and
let G = F(T) x G be the induced semidirect product. Then Cpry(G) =
(TY) = F(T%), where T® is the subspace of points of T fived by G.

Proof. As Cpir)(G) = (,eq Crr)((0)) and by [8, Proposition 5.5.3],
Noee F(T) = F(N,eq T'), it suffices to prove the assertion for G
procyclic. Since the centralizer is contained in the normalizer, it suffices
to prove in this case a stronger assertion, namely, that Np@)(G) =
F(T%); equivalently, N&(G) = F(T%) x G.

First assume that 7' is finite.

Suppose G acts on T transitively. If G acts trivially on T', then
Npr)(G) = F(T). Thus it suffices to show that if G acts nontrivially
on T, then Np1)(G) = 1; equivalently, Nz(G) = G. Replacing G by
its image in Sym(7") we may assume that G is finite and acts faithfully
on T. In particular, since G is cyclic, it acts freely on T', and so, by [4]
Lemma 4.7.4], G’ = (t) I1 G. Hence, by a theorem of Herfort and Ribes
([5, Theorem A]), Ns(G) = G.

Now write 7' as the disjoint union 7" = (J;_, T; of its G-orbits.

Then F(T) = -, F(T;), hence G = [z Gi is a free product amal-
gamating G, where G; = F(T}) x G for each i. By [I, Proposi-
tion 2.8] Ng(G) = [lg,; Ng,(G) and so Ng(G)/G = [[;(Ng, (G)/G).
Since Ng(G) = Npr)(G) x G and Ng (G) = Npr,)(G) x G, one has
Npr)(G) 2 Ng(G)/G = [1;(Ng,(G)/G) = [1; Ner;)(G). By the pre-
ceding paragraph Npr,)(G) = F(TF) for each i and so the lemma is
proved if T is finite.



RELATIVELY PROJECTIVE PRO-p GROUPS 7

In the general case T is an inverse limit of finite G-spaces, T' = @ Ty
Then T¢ = lim T, and F(T) = lim F(T}) and G :r%n(F(Tk) x G).

Lemma 2.6. Let F = F(T,%) be a free pro-C group on a pointed
profinite space (T, *). Then there is a profinite space Y such that F is
F(Y), the free pro-C group on'Y.

Proof. 1f T is finite, then Y = T ~ {x} satisfies F' = F(Y’). So assume
that T is infinite. By [9], 3.5.12], F(T, *) and F(T') are free pro-C groups
of the same rank, and hence F(T,*) = F(T). O

3. RELATIVELY PROJECTIVE GROUPS

Let G be a profinite group and (G,T) = {G¢| t € T'} be a family of
subgroups indexed by a profinite space T'. For a group A, we shall find
it convenient to indicate by A € G the existence of t € T with A = G;.
Following [8, Section 5.2] we say that (G,7T) is continuous if for any
open subgroup U of G the subset {t € T'| G; < U} is open.

For instance, (G, T) is continuous if it is locally constant, i.e., if T
is the disjoint union of finitely many clopen subsets T; and for each i
there is a subgroup A; of G such that G; = A; for every t € T;.

Lemma 3.1 ([8, Lemma 5.2.1]). Let G be a profinite group and let
{G| t € T} be a collection of subgroups indexed by a profinite space
T. Then the following conditions are equivalent:

(a) {Gi| t € T} is continuous;

(b) The set G ={(g,t) e GxT|teT,ge G} is closed in GxT;

(¢c) The map ¢: T — Subgr(G), given by o(t) = Gy, is continuous,

where Subgr(G) is endowed with the étale topology;
(d) U,er Gt is closed in G.

The set G in (b), together with the projection 7: G — T on the
second coordinate, is a sheaf of profinite groups. Given a profinite
group H, a sheaf morphism «a: G — H is a continuous map such
that the restriction of a to G(t) = 7~ 1(¢) is a group homomorphism,
for every ¢ € T. For instance, the map G — G, given by (g,t) — g, is
a sheaf morphism. These notions are instrumental in the construction
of free profinite products ([8, Section 5.1]).

By abuse of notation we write simply G instead of (G,T) and also
instead of G.

For a family G of subgroups of a profinite group G' we denote by
Env(G) its envelope, the family of all closed subgroups of the groups

in G.
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Definition 3.2. Consider the category of profinite pairs (G,G),
where GG is a profinite group and G is a continuous family of closed
subgroups of G, closed under the conjugation in G. We denote by
GY the set of all G-conjugates of the groups in G, that is, G¢ =
{¢7'Tg| T € G, g € G}. A morphism ¢: (G,G) — (A, A) in this
category is a homomorphism ¢: G — A of profinite groups such that
©(Env(G)) C Env(A), that is, for every I' € G there is A € A such
that o(T') < A; it is an epimorphism, if p(Env(G)) = Env(A).

An embedding problem for (G, G) (cf. [4, Definition 5.1.1} or [2]
Definition 4.1]) is a pair of morphisms

(G,9) (3.1)

|+

(B.B) —— (4, A)

such that « is an epimorphism and for every I' € G there exists A € B
and a homomorphism ~r: T' = A such that a oy = ¢|r.

We say that is finite, if B is finite. We say that is rigid,
if o is rigid, i.e., a|a is injective for every A € B.

A solution of is a morphism v: (G,G) — (B, B) such that
aoy =g

We say that G is projective relative to G or G-projective, if every
finite embedding problem for (G,G) has a solution. Equivalently
([4, Corollary 5.1.5]), every finite rigid embedding problem for
(G,G) has a solution. Moreover, replacing A by the subset Ay of
maximal groups in A, and B by {A € B| a(A) € Ay}, we may assume
that o maps every A € B isomorphically onto some group in A.

Remark 3.3. We remark that [4] uses the term strongly G-projective
instead of G-projective and both [4] and [2] do not assume that G is
a continuous family, only that it is étale compact. We do not know
whether this is the same ([4, Problem 2.1.11 and Proposition 2.1.8]).
However, since we do assume here that G is indexed by a profinite
space, it would be desirable to take this space into account in the above
definition. This is the purpose of the following two sections.

4. PILES

Definition 4.1. A pile G = (G, T) consists of a profinite group G, a
profinite space T', and a continuous action of G on T' (from the right).
Denoting by G; the G-stabilizer of ¢, for every ¢ € T, we note that
G = {G:| t € T} is a continuous family of closed subgroups of G ([8,
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Lemma 5.2.2]) closed under the conjugation in G, such that Gy = GY
forallt e T and g € G.

A pile G = (G, T) is finite if both G and T are finite.

A morphism of group piles a: B = (B,Y) — A = (A, X)) consists
of a group homomorphism «: B — A and a continuous map a.: Y — X
such that a(y?) = a(y)*® for all y € Y and b € B. This implies
a(By) < Ay for every y € Y in particular, denoting A = {A, | z €
X} and B={B,|y €Y}, we have a(Env(B)) C Env(A).

The kernel Kera of « is the kernel of the group homomorphism
a: B— A.

The above morphism « is an epimorphism if a(B) = A, a(Y) = X,
and for every z € X thereisy € Y such that a(y) = z and a(B,) = A,.
(Then a(Env(B)) = Env(A).) It is rigid, if o maps B, isomorphically
onto Ay, for all y € Y, and the induced map of the orbit spaces
Y/B — X/A is a homeomorphism.

Remark 4.2. Let a: B=(B,Y) — A = (A, X) be a morphism and let
K be its kernel. The quotient map 7: B — B/K = (B/K,Y/K) is
an epimorphism of piles and there is a unique morphism a: B/K — A
such that a« = @ o 7.

Moreover, « is a rigid epimorphism if and only if & is an isomorphism
and KN B, =1 foreveryy €Y.

Construction 4.3. Let G be a profinite group and {G;| t € Ty} a con-
tinuous family of subgroups of GG. We construct the standard G-
extension 7" of T such that (G,T) is a pile, T} is a set of represen-
tatives of the G-orbits in T', and G, is the G-stabilizer of t, for every
te To.

Let T = {(t,Gig)| t € Ty,Gig € G/G;} and let G act on T by
(t,Gig)° = (t,Gygo). Then the G-stabilizer of (t,G;g) € T is {0 €
G| Gigo = Gig)} = GY.

Identifying t € Ty with (t,Gs1) € T we may view Tj as a subset of
T such that Ty is a set of representatives of the G-orbits in T". Then
G, is the G-stabilizer of ¢, for every t € Tj.

If G and Tj are finite, and we regard T as a discrete space, then the
above map and the action are continuous, and hence (G, T) is a finite
pile.

In the general case we view T as the quotient space of the profinite
space Ty X G via the map 7m: Ty x G — T given by (t,g9) — (t,G.g).
By [8, Proposition 5.2.3] this is a profinite space. The G-action on T is
induced via 7 from the continuous G-action on Ty x G by multiplying
the second coordinate from the right, and therefore is continuous.
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Hence (G,T) is a pile. The embedding 7, — T is also continuous,
and hence, as every continuous map of profinite spaces is closed, Ty is
a closed subset of T

Moreover, the above construction is functorial in the following sense.
Let H be another profinite group, with a continuous family of sub-
groups H = {Hs| s € Sy}, and let ¢: G — H be a homomorphism
and ¢': Ty — Sy a continuous map, such that ¢(Gy) < Hy ) for every
t € Ty. Let S be the standard H-extension of Sy. Then ¢, ¢’ induce a
continuous map 7" — S, namely, (t,G:g) — (¢'(t), Hy@)p(g)), which,
together with ¢, form a morphism of piles (G,T) — (H, S).

Later we shall need the following, easily verified, lemma:

Lemma 4.4. Let G = (G,T) be a pile and A = (A, X), B= (B,Y)
finite piles. Let ¢: G — A be a morphism and ¢¥: G — B an epimor-
phism. Assume that Ker(y) < Ker(p) and the partition {1~ (y)| y €
Y} is finer than {o ' (x)| = € X}. Then there is a morphism o: B —
A such that co ) = .

Lemma 4.5. Let G = (G, T) be a pile and let Ny be an open normal
subgroup of G.
(a) Let X be a partition of T. Then there is a finite pile B = (B,Y)
and an epimorphism ¥: G — B such that Ker(y)) < Ny and
the partition {v " (y) | y € Y} is finer than X.
(b) Let ¢: G — A be a morphism into a finite pile. Then there is
a finite pile B, an epimorphism ¢ : G — B such that Ker(¢) <
Ny, and a morphism o: B — A such that a o = .

Proof. (a) If N is an open normal subgroup of G, then (G/N,T/N) is
a pile and the pair of quotient maps (G — G/N,T — T/N) is a rigid
epimorphism G — (G/N,T/N).

As T is the inverse limit of T'/N, where N runs through the open
normal subgroups of G, there is an open N < G such that N < Ny
and the map 7' — X factors through 7/N ([4, Lemma 1.1.16(b)]).
Thus, replacing G by (G/N,T/N), we may assume that G is finite and
No=1.

Put B = G and let ¢»: G — B be the identity. By Lemma [2.4] there
is a G-partition Y = {T1,...,T,} of T finer than X, and for every i
there is ¢; € T} such that G, = G,,.

Then B = (G,Y) is a finite pile and the identity of G together with
the map T — Y define an epimorphism ¢: G — B with the required
properties.

(b) Write A = (A, X). By (a) there is a finite pile B = (B,Y) and
an epimorphism 1 : G — B such that Ker(¢)) < Ny and the partition
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{7 y)| y € Y} is finer than the partition {¢"'(x)| z € X}. By
Lemma [4.4] there is a morphism a: B — A such that a0ty = ¢. O

Lemma 4.6. Let G = (G,T) and A = (A, X)) be piles, A finite. Let
v: G — A be a morphism. Assume that Gy, NGy, =1 for all distinct
t1,to € T. Then there is a finite pile A = (A, X) and a factorization of
@ into an epimorphism ¢: G — A and a morphism Yo A — A such
that if 1,29 € X satisfy ©o(T1) # po(T2), then fl@l N 121562 < Ker .

Proof. Let R = {(t1,t2) | ¢(t1) # @(t2)}. This is a clopen subset of
T x T, since X is finite. If (¢1,t3) € R, then ¢; # t3, and hence
Gy, N Gy, = 1. Therefore there is an open N <G such that

Gy, N NGy, N < Ker . (4.1)

If (t],t5) € T x T is sufficiently close to (t1,?s), then Gy N < Gy, N, for
i =1,2, hence Gy N NGy N < Ker ¢ as well.

As R is compact, there is an open N <G such that holds simul-
taneously for all (¢1,t2) € R.

By Lemma (b) there is a ﬁnitei pile A = (/1, X ), an epimorphism
0 G — A, and a morphism wo: A — A such that pgop = ¢ and
Kerp < N.

Let #1, %5 € X such that ©o(Z1) # wo(Z2). Then there are t1,t, € T
such that ¢(t;) = &; and $(Gy,) = A;,, for i = 1,2. Then (t1,t,) € R,
hence holds. Since Ker¢ < N, we have Ker¢ < Gy, N, G, N, for
1 = 1,2, and hence

~

Ai‘l N Ai2 = @(Gh) N @(Gtz) < @(th ) QD(G 2N) =
(G, N NG N) < p(Ker @) = Ker ¢y.
O

Definition 4.7. A commutative diagram of piles
B—> A
B A
is called a cartesian square if, up to an isomorphism, B =B xa A

that is, B = B x4 A YV =Y xx X and p, & are the coordinate
projections.

~

B=(BY) A=(4X), (4.2)

B=(B,Y), A=(4X)

Lemma 4.8. Let (4.2)) be a cartesian diagram. If o is a rigid epimor-
phism, then so is &.
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Proof. Let (y,#) € Y xx X. Then

By ={(b,a) € B| (4,3 = (y,2)} =
{(bya) € B|be By, a € Ay} = B, x4, As,
where z = a(y) = ¢o(2). As o maps B, isomorphically onto A,, &
maps By, X 4, A; isomorphically onto A;.

Asa:Y — X is surjective, so is &: Y — X, and therefore also the
induced map Y / B—X / A. We have to show that it is injective, i.e.,
that (y,2), (y/,4') € Y xx X, such that # = &% for some G € A, are in
the same B—orbit.

Replacing (i, ) by (i, )", where a(b) = a, we may assume that
¥ = 2. Put x = po(), then a(y) =ay) =z. AsY/B — X/A
is a bijection, there is b € B such that 3 = y*. Apply o to get that
z = x*®. Therefore a(b) € A, = a(B,), whence b = Sk, where 3 € B,
and k € Ker(a).

It follows that (', 2') = (y°F, %) = (v*,2) = (y, 2)"V. O

5. PROJECTIVE PILES

Definition 5.1. An embedding problem for a pile G is a pair
(p:G— A, a: B— A) (5.1)
of morphisms of group piles such that « is a rigid epimorphism. It is
finite, if B is finite.
A solution of (5.1]) is a morphism v: G — B such that a oy = ¢.

A pile G is projective, if every finite embedding problem for G has
a solution.

Ezxample 5.2. Let C be a family of finite groups closed under quotients,
subgroups, and extensions. Let {G;|t € Ty} be a finite family of C-
groups and F' a finitely generated free pro-C group. Form the free pro-C
product G = F'II ([ [,y Gt) and let T be the standard G-extension of
T (Construction [4.3)). It is easy to see that G = (G, T) is a projective
pile.

We call a pile of this type a basic pro-C pile.

Lemma 5.3. Let &: B — A be a rigid epimorphism. Assume that
Ker & is a finite group. Then there is a cartesian square (4.2)) in which
a: B — A is a rigid epimorphism of finite piles.

Proof. Write B = (B , Y) and let K = Ker &. By Remark we have
(Ugey By) N (K ~\ {1}) = 0 and we may assume that A = B/K and &
is the quotient map. By [8, Lemma 5.2.1], U,y Ey is a closed subset
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of B. As K is finite and (Uyer By) N (K ~ {1}) = 0, there is an open
N < B such that KNN =1 and (Ujer By)N (K~ {1})N = 0, whence
BQN N KN = N, for every y € Y. For every such N the diagram

T ¢ . B/K=A
B/N—>]§/i(N)

is cartesian and by Remark [4.2]the bottom map is a rigid epimorphism.
Since a composition of cartesian diagrams is again a cartesian diagram,
we may replace B by B/N to assume that B is a finite group.

As & is rigid, K = 1 for every g € Y. Thus, by Lemma m, applied
to the pile (K,Y), there is a partition ¥ = {Y;}", of Y such that
Ky =1 for every i. Replacing Y by a refinement we may assume that
Y is a B—partition. Thus Y — Y, together with the identity of B,
induces a morphism of piles p: B — B := (E, Y). Then

B B/K

|

B——~B/K

is a cartesian square, because Ky, = 1 implies that ffiﬂfff = () for every

1 # k € K, hence Y; contains at most one element of every K-orbit
in Y. Moreover, K' N By = Ky = 1, hence the bottom map is a rigid
epimorphism. O

Proposition 5.4. Let G be a projective pile. Then every embedding
problem (not necessarily finite) for G has a solution.

Proof. Let ($: G — A, 4: B — A) be an embedding problem for
G = (G,T). We may assume that & is the quotient map B — B/K
for some K < G.

If K is finite, then by Lemma we have a commutative diagram

G (5.2)
¢

_* A
4001
A

_—

P

B
|
B
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with a cartesian square, in which « is a rigid epimorphism of finite
piles. By assumption there is a morphism v: G — B such that aoy =
@ = g o ¢. By the universal property of fiber products there is a
unique morphism 4: G — B such that ¢o4 = ¢ (and po4 = ~). Thus
4 is a solution of the given embedding problem.

The general case is verbally identical with Part IT in the proof of [3]
Lemma 7.3]. O

Lemma 5.5. Let p: G — A and ao: B — A be morphisms of piles,
B = (B,Y) and A = (A, X) finite, and G = (G, T). Let¢: G — B be
a group homomorphism such that co = ¢. Then ¢ can be completed
to a morphism ¢ : G — B such that ooy = @ if and only if for every
t €T there isy € Y such that

a(y) = ¢(t) and ¥(Gy) < B, (5.3)

Proof. If ¢ extends to G — A, then holds with y = (¢).

Conversely, assume that the condition holds. Let ¢t € T'and fixy € Y
that satisfies . As p: T — X is continuous and X is finite, there
is a clopen neighborhood U, of ¢ in T such that ¢(U;) = {a(y)}. As
¥(G,) < By, by Lemma[2.3)c),(f) we may assume that ¢(Gy,) < B,

As T is compact, {U;| t € T} has a finite subcovering. Therefore
there is a partition 7' = |J;_, T; and there are yi,...,y, € Y such that
o(T;) = {a(y;)} and ¥(Gr,) < B,,, for every i.

If we now define ¢»: T'— Y by mapping T; onto y;, then v is contin-
uous and oy = on T.

By Lemma [2.3(a) we may assume that {7;}, is a G-partition.
Without loss of generality, if T; = 77, with g € G, then y; = yzp(g). In-
deed, we fix a representative 7; of a G-orbit in {T;}! , and for T; = T?
redefine y; to be y; = y;p(g). This definition is good: If T = TP,
then hg~' € Gr,, hence ¢(h)Y(g)~' = ¢(hg™') € B,, = B,,, whence

SO e,
It then follows that ¢ (t9) = ¥(t)¥\9) for every g € G. O

Corollary 5.6. Let G = (G, T) be a pile, B = (B,Y) a finite pile,
and ¢: G — B a group homomorphism. Assume that for everyt € T
there is y € Y such that (G,) < B,. Then 1) can be completed to a
morphism ¥ : G — B.

Moreover, let X be a partition of T, and put B = {B,|y € Y}.
Then there is N € N such that if

H{yeY| B,=DB'}| > N forall B € B, (5.4)

then v can be completed so that the partition {p"*({y})|y € Y} is
finer than X.
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Proof. Let A = (1,{}) be the trivial pile and let ¢: G — A and
a: B — A be the unique morphisms of piles. Then the group homo-
morphisms satisfy a o1 = ¢, and a(y) = * = ¢(t) for all t € T and
y € Y. By Lemma 5.5, ¢ can be completed to a morphism of piles.
Moreover, given a partition X of T, by Lemma [2.3] we may replace
{T;}_,, in the proof of Lemma for this particular case, by a parti-
tion finer than X. Then, if holds for a sufficiently large N, we can
choose y1,...,y, above from distinct B-orbits in Y. Then y,...,y,
remain distinct even after we replace them by their conjugates, and

hence {¢™'({y}) | y € Y} = {7 ({m: )Ly = {Ti}Ls- O
Proposition 5.7. A pile G = (G, T) is projective if and only if

(a) G is {G| t € T'}-projective; and
(b) if t,t" € T are distinct, then G, NGy = 1.

Proof. Assume that G is projective. Thus every finite embedding prob-
lem (5.1)) for piles has a solution. Put G = {G,| t € T'}.
(a) We have to show that every finite rigid embedding problem

(0: (G.G) = (A, A), a: (B,B) = (4, 4)) (31)

for the pair (G, G) has a solution.

Write B as {B, | y € Yo} and for every y € Yj let A, = «(B,). Then
A={A,|y € Yo}, and A = A% B = BE. Let Y be the standard
B-extension of Yy with respect to B, and let X be the standard A-
extension of Y; with respect to A (Construction[t.3). Then B = (B,Y))
and A = (A, X) are piles and the identity map Yy — Yj extends « to
a rigid epimorphism a: B — A.

As ¢ is a morphism of pairs, for every ¢t € T there is x € X such
that ¢(G;) < A,. Hence by Corollary [5.6, ¢ can be completed to a
morphism ¢: G — A.

As G is projective, there is a morphism ¢: G — B such that a oy =
. In particular, the group homomorphism v¢: G — B satisfies a0t =
¢ and ¥(Gy) < By, for every t € T, that is, ¥(G) C Env(B). Thus ¢
solves .

(b) Let t,¢ € T be distinct. It suffices to show that G; N Gy is
contained in every open normal subgroup N of G.

By Lemma (4.5(a) there is an epimorphism ¢: G — A onto a finite
pile A = (A, X)) such that Ker(¢) < N and ¢(t), p(t') € X are distinct.

Let Yy be a set of representatives of the A-orbits of X. Let B =
ATl (II,ey, A,) and let o: B — A be the epimorphism that maps A, A,
identically to the corresponding subgroups of A. Put B = {4} |y €
Yo, b € B}. Let Y be the standard B-extension of Yy with respect
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to B, so that B = (B,Y) is a pile. Using the functoriality in Con-
struction 4.3}, a together with the identity of Y, extend to a morphism
a: B — A. It is easy to see that « is a rigid epimorphism.

By Proposition [5.4] there is a morphism ¢: G — B such that aoy) =
. Then (t) # ¥(t'), because aoty(t) = ¢(t) # ¢(t') = act('). By [,
Lemma 3110], B?/)(t)mb(t’) = 1. Thus @(GtﬂGﬂ) = a(¢(GtﬂGt/)) S
a(Y(G) NY(Gy)) < By N Bywy) = 1, whence GyNGy < Ker(p) <
N.

Conversely, assume that (a) and (b) hold. Let be a finite em-
bedding problem (¢, @) for G, with A = (A, X) and B = (B,Y).

Let A = (A, X) and ¢, gy be as in Lemma Then there is a
commutative diagram with a cartesian square

G 62

B—%-A |»
B—*-A
By Lemma 4.8 (¢, &) is also a finite embedding problem for G.

As G is G- prOJectlve there is a group homomorphlsm @D G — B
such that & o 2/1 ¢ and for every t € T there is y € Y such that

$(Gy) < By, (5.5)

Put ¢ = pot and y = p(y) €Y. Thenao¢ ¢ and Y(G;) < B,

If o(Gy) =1, use a(Y) = X to choose 3y € Y such that a(y) = gp(y’).
We have a(w(Gt)) = p(Gy) = 1, and «a is injective on By, hence also on
Y(Gy), so ¥(Gy) =1 < B,. Thus condition of Lemma [5.5 holds

with ¢ instead of y.
If ©(Gy) # 1, then $(Gy) £ Ker(pp). But, by (5.9)),

0).
$(Gy) = aodh(Gy) < a(By) = Aagy)

and ¢(Gy) < A¢(t), hence Ad(g) N A¢(t) £ Ker(pg). By Lem,
wo(a(9)) = @o((t)), that is, a(y) = ¢(t). Thus condition (5.3)) of
Lemma [5.5] holds.

By Lemma , 1 can be completed to a solution of . 0

Remark 5.8. If G is a G-projective group, then ' NIV = 1 for all
distincet I', I € G ([4], Proposition 5.5.3(b)]). Hence we can replace (b)
in Proposition [5.7] by

(b’) the map t — Gy is injective on T" = {t € T'| G # 1}.
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Lemma 5.9. Let G = (G,T) be a projective pile. Let N be a normal
subgroup of G and N = (N NG|t € T). Then the quotient pile
G/N := (G/N,T/N) is projective.

Proof. Let m: G — G/N be the quotient map. We have to find a
solution vy of a finite embedding problem (¢x,a) as depicted in the
lower part of the following diagram

G (5.6)

T G/N

y/_,.v‘ IN

B—=A.

Then (pn o 7, ) is a finite embedding problem for G. Since G is
projective, this embedding problem has a solution 7.

Note that N NGy < Ker(ye,) < Ker(y) (as (pnom)(NNGy) =1
and ayy(nna,) s injective), for every ¢ € T Hence ~(N) = 1, whence ~
factors via m, and so we obtain a solution of (py, a). O

Since projective pro-p groups are free pro-p ([9, Theorem 7.7.4]), we
get:

Corollary 5.10. In the above setting N/N s a projective profinite
group. If G is pro-p, then N/N ‘s free pro-p.

Corollary 5.11. In the above setting G/{G; | t € T) is a projective
profinite group. If G is pro-p, then it is free pro-p.

Proof. Let N = (G, |t € T). Then N = (NNG,|t e T) = N. By
Lemmal5.9) G/N is projective. By Proposition[5.7, G is {1}-projective,
i.e., projective. U

Lemma 5.12. Let H be a free pro-C product of a continuous family
H of its subgroups and let G be a closed subgroup of H. Put G =
{GNA"| A€ H, he€ H}. Then there is a profinite G-space T such
that

(a) G={G, =G| teT};

(b) if t,t' € T are distinct, then Gy NGy = 1;

(c) the map t — Gy is injective on {t € T'| Gy # 1};

(d) G is G-projective.

Thus, G = (G,T) is a projective pile.
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Proof. (a) Write H = {H¢|t € Ty} and let T be the standard H-
extension of Ty. Then HY = {H,|t € T}. Fort € T put G; = G N H,.
Then G = {G,| t € T'}. Furthermore, G, as a subgroup of H, acts on
T. By Construction (a), G,=GNH,=GNH, =G,

(b) By [8, Corollary 7.1.5(a)], Hy N Hy = 1. As Gy < Hy and Gy <
Hﬂ, also Gt N Gt/ =1.

(¢) Follows from (b).

(d) By [4, Proposition 5.2.2], H is H"-projective. (This result is
stated in [4] only for a free profinite product H, but the proof goes
through, mutatis mutandis, also for a free pro-C product.) Now apply
[4, Proposition 5.4.2].

It follows from (b) and (d) by Proposition [5.7| that G is projective.

O

Lemma 5.13. Let G be a G-projective pro-p group. Let p: G — L be
an epimorphism, injective on every I' € G. Fxtend p to an epimorphism
pr: GIIL — L by the identity of L. Then Ker py, is a free pro-p group.

Proof. Let H = GII L and K = Ker(p,). Put H = GU{L} C
Subgr(H).

Clearly, L is {L}-projective. By [4, Lemma 5.2.1], H is H-projective,
and hence also H-projective ([4, Lemma 5.2.4]). As py, is injective on
every I' € H, and hence on every I' € H, we have K NT" = 1 for
every I' € HH. By [4l, Proposition 5.4.2], K is {1}-projective, that is,
projective. Therefore K is free pro-p. 0

6. HNN-EXTENSIONS

Let G be a pro-C group, let G = {G;| t € T'} be a continuous family
of its subgroups, and let ¢: G — G be a sheaf morphism such that
o1 = ¢|lg,: Gy — G is injective, for every t € T.

A pro-C HNN-extension G := HNN(G, T, G, ¢) is a special case of
the fundamental pro-C group of a profinite graph of pro-C groups (G, T")
(see [8, Example 6.2.3(e)]). Namely, G can be thought of as II¢(G, T'),
where

(a) T' is a bouquet of loops (i.e., a profinite graph having just one
vertex v) with 7" as the space of edges, such that T is closed in
I'={v}UT;

(b) G turns into a sheaf over I' by putting G, = G;

(c) the boundary maps 0y, 0;: G — G are the inclusion and ¢,
respectively.

Thus an HNN-extension can be explicitly defined as follows. Let
F(T') denote the free pro-C group on T (see [9], Section 3.3]).
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Definition 6.1. The HNN-extension G := HNN(G,T,G, ¢) is the
quotient of the free pro-C product G II F(T') modulo the relations

¢lg) =9, g €G, tel. (6.1)

We call G the base group, 7' the set of stable letters, and the
subgroups Gy and ¢(G;) associated. The inclusion G — G II F(T)
induces a homomorphism &: G — G, the base map.

Obviously, G has the following universal property: Given a pro-C
group L, a homomorphism $: G — L, and a continuous map ¢: T" — L,
such that 8(¢:(g:)) = B(g:)°W, for all g, € G; and all t € T, then there
exists a unique homomorphism 5’ : G — L such that g = 5’ o&.

We call the HNN-extension special, if ¢ is the inclusion (so that
every t centralizes G;) and G is locally constant, that is, there is a
partition 7' = |J;_, T; of T and there are subgroups Gi,...,G, of G
such that G = U?:l T; X G;. In particular, G; = G; for every t € T;. In
this case we usually write G := HNN(G, T, G), omitting ¢.

Remark 6.2. One could conceive a more general definition of a bouquet
[' and an HNN-extension G. Namely, (a) I' = {v} U T is a profinite
graph having just one vertex v, with T as the space of edges, this
time not necessarily closed in I'; (b) G is a sheaf over I' such that
G, = G; and (c) above holds. Let ¢: ' — G be a morphism such that
¢, = idg and ¢,: Gy — G is injective, for every t € T. Then G :=
HNN(G, T, G, ¢) is the quotient of the free pro-C product G II F(T',v)
modulo the relations , where F(I',v) is the free pro-C group on
the pointed profinite space (I', v) (see [9, Section 3.3]). (We could also
add the relations ¢,(g,) = g2 for all g, € G, = G, but v, as an element
of F(T',v), is 1, and ¢, = id¢, so these relations are redundant.)

In this more general setting the definition of a special HNN-extension
is the same as in Definition [6.1] except that the sets T; in the parti-
tion ' = |J!_, T; are not only clopen in T, but also open in I' (or,
equivalently, the sets T; U {v} are closed in T').

This definition of a special HNN-extension is the one adopted in [10]
(see [10, Definition 2.9, Remark 2.10]), from which we are going to
quote some results. However, it turns out that it is equivalent to a
special HNN-extension of our Definition [6.1]

Indeed, let T = ;" T; with sets T; U {v} closed in I' = {v} U T. If
¢ is the inclusion, then (|6.1)) is equivalent to

=t  geG,teT, 1<i<n,

that is,
19t =1, g € G, tGF(E,U).
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Then F(T; U{v},v) = [, F(T;U{v},v). By Lemmal[2.6] there are
profinite spaces, T7,..., T} such that F(T; U {v},v) = F(T}) for each
i. Put 7" =JI_, T/, then F(I',v) = F(T").

=1 "1

Remark 6.3. Let G := HNN(G, T, G) be a special HNN-extension. The
identity of G extends to an epimorphism ¢: G — G that maps T to
the trivial element of G. Then G = G x Ker(:). In particular, the
map G — G is injective. On the other hand, the identity of F(T)
together with the map that maps G to the trivial element extend to
an epimorphism G — F(T) = G/(G)%, and so the map F(T) — G is
injective.

Moreover, if G = G x F is another expression as semidirect product,

then we can choose the space of stable letters to be in F. Indeed,
for every t € T we have t = ht', for unique h, € G, t' € F, and so
T" = {t'| t € T} is the needed space of stable letters, homeomorphic to
T, with associated subgroups Gi“. Thus F becomes the normal closure
F={(T)%of T'in G.
Theorem 6.4. [10, Corollary 5.2] Let G = L x F' be a semidirect
product of a finite p-group L and a free pro-p group F. Suppose that
every torsion element of G is F'-conjugate into L. Then G is a special
pro-p HNN-extension with base group L.

Lemma 6.5. Let L = {Ls| s € S} be a continuous family of subgroups
of a finite group L, and let G = HNN(L, S, L) be the pro-p special
HNN-extension. Put F' = (S)¢ and let

S'={seS|L,#£1}, " =855, R =(CqL,)|seSs)°
Then
(a) For M < L we have Cp(M) = (s'| s € S, 1 € L, M < L}).
() B = (5)C.
(c) G/(S"¢ = LI F(5").

Proof. (a) By [I0, Proposition 2.11], F is the free pro-p group on its
subspace S = {s'| s € S, 1 € L}, and the L-stabilizer of s' € S is L.
Therefore by Lemma , Ca(M)= (st S| M < IL).

(b) Let M = L,. Then M # 1, hence, by (a), Cz(M) is contained
in ((s) €S|ses e, Ly #1)<(S)C¢. Thus R < (5')¢. But
s e Cp(L,) forall s € ', s0 (8")¢ < R

(c) From the presentation of a special HNN-extension

G/(S"YC = LIL F(S") 1L F(S)/(S)¢ = LI F(S"). O
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Apart from special HNN-extensions we shall be using HNN-exten-
sions only of the following two kinds:

Definition 6.6. Let G = (G, T) be a pile of pro-C groups, Tj a closed
subset of T, and p: G — L be a homomorphism of pro-C groups,
injective on Gy, for every t € Tj.

Put G = {G;| t € Ty} and let G, = GII L be the free pro-C product
of G and L. Then G,L C G. Hence G is also a continuous family of
subgroups of Gy and p can be viewed as a sheaf morphism G — GT.
This point of view allows us to form the HNIN’-extension

ANN(G, Ty, p, L) := HNN(G1, Ty, G, p). (6.2)

Thus, explicitly, I?NT\T(G ,To, p, L) is the quotient of the free pro-C prod-
uct GII LI F(T,) modulo the relations

plg) =9t @ €Gy, teTy. (6.3)

The inclusion G — GI LII F(1}) induces the HNN-map ng: G —
HNN(G, Ty, p, L). Recall that the inclusion GII L — G II L IT F(Ty)
induces the base map : GII L — HNN(G, Ty, p, L).

—~—

By (6.3), p extends to a homomorphism p: HNN(G, Ty, p, L) — L,
the HNN-extension of p, that maps L identically onto itself and T’
to 1.

Remark 6.7. Both Tj and G are subsets of the above mentioned group
GULIF(Ty). If Ty = T, then G also acts on 7. In this case the
notation t9 € GULILF(T), fort € T and g € G, is ambiguous: It could
be either the outcome of the action of g on ¢ or the conjugate g~ 'tg
oftin G LII F(T).) To avoid this ambiguity we write henceforth ¢*9
for the former and reserve the notation ¢9 for the latter.

If Ty = T and g € G, then each relation p(g;) = g, for g, € Gy,
produces the conjugate relation p(g;)?@ = ¢, in addition to the
relation p(gf) = (¢f)*", which follows from (6.3)) observing that g/ €
Gyes. This produces a lot of centralizers (gt*?)(tp(g))~" of Gy, which
makes it difficult to embed G into a free pro-p product in such a way
that G, is embedded in one of the free factors, because in a free pro-
p product the centralizer of a factor is contained in this free factor
cf. [8 Corollary 7.1.6(b)]). Therefore we shall give a definition of an
HNN-extension of a pile, which is an HNN’-extension with set of stable
letters Tp, the image of a continuous section T//G — T, if such a section
exists.
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Definition 6.8. Let G = (G, T) be a pile of pro-C groups, and p: G —
L be a homomorphism of pro-C groups, injective on Gy, for every t € T.
The pile HNN-extension

G = HNN(G, T, p, L)

is the quotient of the free pro-C product G II L IT F(T) modulo the
relations:

g 'tp(g) =t forallt € T and g € G. (6.4)
Here t*9 ¢ T C F(T) < GU LI F(T) is the outcome of the action
of g € G ont e T, which is a part of the definition of G; we reserve
the notation ¢ to denote the conjugate g~'tg of t in G II L II F(T).
We call G II L the base group, T the set of stable letters, and the
subgroups G; and p(G¢) associated. The inclusion G — GIILIIF(T)
induces the HNN-map (g: G — G and p extends to p: G — L, the
HNN-extension of p, that maps L identically onto itself and 7" to 1.

This construction has an obvious functorial property:

Lemma 6.9. Let G = (G, T),G' = (G',T") be piles of pro-C groups
and let p: G — L and p': G' — L' be homomorphisms of pro-C groups,
injective on every Gy, resp. every G4. Put G := HNN(G, T, p, L) and
G' .= HNN(G",T",p', L) and let p,p' be the HNN-extensions of p, ',
respectively. Let 1) = (Ya,¥r): G — G’ be a pile morphism and let

G—L>1 (6.5)

W

G/ L/

p
be a commutative diagram of homomorphisms of profinite groups. Then
Ya, A\, Y induce a homomorphism v : G — G’ such that

G-.qg-"op (6.6)

commutes.

Proof. The maps ¢g: G — G', \: L — L', and ¢r: T'— T" extend to
a homomorphism ¢v: G LI F(T) - G'IIL'II F(T"). Let t € T and
g € G. The commutativity of (6.5) gives

D(g'tp(9)) = valg) r()Np(9)) = valg) Wr(t)p (Yalg))
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and, as v is a morphism of piles, zﬂ(t'g) = p(t)*¥9). Therefore ¥
preserves relations and hence induces a homomorphism v¢: G —
G'. Diagram commutes because zﬂ is Yg on G, A on L, and
Yr(T) €T O

In the situation of Lemma we say that the homomorphisms p
and p’ are compatible, if diagram (6.5) commutes.
Using the left-exactness of the lgn—functor we get:

Corollary 6.10. Let {G; = (G, T;) }ier be an inverse system of piles
and G = (G,T) = hm G;. Let {pi: G; — L}ier be a compatible
system of homomorphisms, and let p: G — L = ml pi. Assume that
for every i € I and every t; € T; the restriction of p; to (G;), is
injective. Then the restriction of p to Gy is injective for every t € T

and HNN(G, T, p, L) = lim HNN(G,, T;, pi, L).

Remark 6.11. In (6.4)), if g € Gy, then t* = ¢, so (6.4]) reads g~ 'tp(g) =
t, that is, p(g) = ¢, relation (6.1). Thus for a closed subset T, of

T the identity maps of G, L and Ty — T induce a homomorphism
0: INN(G, Ty, plzy, L) — ANN(G, T, p, L). I T = {0 | t € Ty, g € G},
then 6 is an epimorphism. By , Ker f is the normal closure of
{(t*)~ g~ tp(g) | t € Ty, g € G}

Lemma 6.12. Let G = (G,T) be a pile of pro-C groups. Suppose
that there is a closed set Ty of representatives of the G-orbits of T'. Let
G =HNN(G, T,p,L) and G = ﬁN/N(G, To, pl1y, L). Then the identities
of G, L, and Ty induce an isomorphism G—G.

Proof. By Remark , these identities induce an epimorphism 0: G —
G.

Conversely, define a continuous map T — G by t*9 g tp(g), for
t € Ty and g € G. It is well defined: If t* = ¢, then g € G;, hence
plg) = ¢' in G, that is, g~ 'tp(g) = t; it follows that if t*9 = ¢*", then
g 'tp(g) = h~'tp(h) in G. Thus this map, together with the identities
of G and L, defines a homomorphism \: G — G. Notice that \ is the
identity on T and we have G = (G, L, Ty), by . Therefore A is the
inverse of 6. O

We shall later need the following simple observation:

Lemma 6.13. Let G be a pro-p group and L a subgroup of G. Suppose
G = Mie[ G, where G; = F; 11 L; 1is the free pro-p product of a free
pro-p group F; and the image L; of L in G;. Then there is a free pro-p
subgroup F' of G such that G is the free pro-p product G = FII L of F
and L.
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Proof. Put K = LY. Then K <G. Note that G/K = hm, G /LY =
@ie ; F} is a free pro-p group. Therefore the quotient map G — G /L%
splits. We denote by F' the image of this splitting. Then G is the

semidirect product of F' and K. The natural embeddings of F' and L
into GG induce the homomorphisms of cohomology groups

HY(G,F,) — H'(F,F,) & H'(L,F,), (6.7)
H?(G,F,) — H*(L,F,) ® H*(L,F,).

We first claim that the map in (6.7)) is an isomorphism.

To show that it is injective, let p: G — I, be a homomorphism such
that p|r = 0 and p|, = 0. Then, for all x € L and 0 € G, we have
p(x?) = —p(o) + p(z) + p(o) = p(x) = 0, hence p|x = 0. Since also
p|F =0 and G = FK, we have p = 0.

To show that the map in is surjective, let ¢p: F© — F, and
Y: L — I, be two homomorphisms. We have to show that ¢, 1 extend
to a homomorphism p: G — ).

Since F, is finite, there is i € I such that 1 factors as ¢ = o,
where ;1,0 L — L; is the restriction to L of the map m;: G — G,
of the inverse system and v¢: L; — F, is a homomorphism. Since
G; = F; 11 L;, we can extend 1 to a homomorphism ¢': G — F,. Then
Y =1 om;: G — F, is a homomorphism that extends .

For all € L and o € G we have ¢(27) = ¢(z2)¥@) = ¢(2). There-
fore, ¥(x7) = ¢(z), for all z € K and o0 € G. Finally, we extend 9|
and ¢ to a homomorphism p: G = FK — F, by p(yz) = p(y)y(z),
fory € Fand x € K.

Now, the map in is an isomorphism as well. Indeed, since
G = @iel G;, L = @z , Li, H*(F,F,) = 0, and H*(F;,F,) = 0 for
every i € I, the map in (6.8)) is the direct limit of the homomorphisms

H2<Gi?Fp> - HQ(LDFP) D HQ(E>FP)7

that are isomorphisms by [9, Theorem 9.3.10]. Hence by [9, Theorem
9.3.10] again, G = F'1I L. O

7. HNN-EXTENSIONS OF RELATIVELY PROJECTIVE PRO-p GROUPS

In this section we fix a prime p. Unless otherwise stated, all groups
and free constructions will be carried out in the category of pro-p
groups. Thus, for any profinite space T', let F'(T') denote the free pro-p
group on 1.

For the rest of this section we fix the following setup:
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Setup 7.1. We fix a projective pile G = (G, T) (Definition of pro-p
groups. Denote the action of G on T by t*9, for t € T and g € G.
Let p: G — L be a homomorphism of pro-p groups, injective when
restricted to the point stabilizers Gy, for every t € T'.

According to Definitions [6.6] and [6.8] we form two variants of HNN-

extensions
G =HNN(G,T,p,L) and G =HNN(G,T,p,L), (7.1)

the corresponding HNN-maps ng: G — G and (¢: G — G, as well as
the base map &: GII L — G, and the HNN-extensions p: G — L and
p: G — Lof p. Let F =Kerp, F =Kerp, and F = Ker 5. Then

G=FxL and G=FxlL. (7.2)
By [6, Lemma 10], F is a free pro-p group.
Lemma 7.2. G/L° = G/(G, |t € T) 11 F(T/G).

Proof. Let K = (G|t € T). This is a normal subgroup of G. Using
the presentation (6.4) we see that G/LY = (GIL F(T))/N, where N =
{9t gl teT, ge G)FID),

If g€ Gy, thent =1*,s0 g € N, and hence K < N. If gh € G
satisfy ¢ = h (mod K), then ¢ = h (mod N), hence t*9 = g~ 't =
h='t = t*" (mod N). Thus G/L¢ = (G/K 11 F(T/K))/(N/K).

As K contains the stabilizers of all ¢ € T, the action of G/K on
T/K is with trivial stabilizers, and hence T/ K has a closed set T of
representatives of the G/K-orbits (see [9, Lemma 5.6.5]).

Now note that the homomorphism

G/KUF(Ty) = (G/KUF(T/K))/(N/K)

has an inverse, induced from the homomorphism (G/K 11 F(T/K)) —
G/K 11 F(Ty) given by the identity of G/K and mapping t*9 + g~ 't,
for t € Ty and g € G/K. So G/L¢ = G/K 11 F(Ty). )
The quotient map T/K — (T/K)/(G/K) = T/G maps 1, homeo-
morphically onto 7/G. Hence we may write G/L% = G/K 11 F(T/G).
O

Lemma 7.3. Assume that there exists a closed set of representatives
To of the G-orbits in T. Then G = EXL LI F(Ty), where E < G is a
free pro-p group isomorphic to G/(Gy |t € T).

Proof. By [2, Theorem 9.5], G (HteTO G:) I E for some free pro-

p group E. By Lemma |6 , G = HNN G, Ty, ¢|1, L). From the
presentation of this group (see (6.3))) it follows that G = EIILILF(Ty).
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As (G| t € T) is the kernel of the projection ([[,cs, G¢r) I E — E,
we have E = G/(Gy |t € T). O
Lemma 7.4. Assume that L is finite and let X' be a partition of T.
Let A be a finite p-group and let ¢: G — A be an epimorphism. Then

(a) there exists a commutative diagram of piles

G = (G,T) (7.3)

-
(B,Y)=B -2~ A = (4, X)

in which A = (A, X) is a finite pile, B = (B,Y) is a basic pro-p
pile (see Example , and a: B — A s a rigid epimorphism.
Moreover, o(T) = X, and the partition {p;'(z)| z € X} is
finer than X'.

(b) Let pa: A — L be an epimorphism such that p = pa o ¢
and put pp = paoa. Let A = HNN(A, X,pa, L) and B =
HNN(B,Y, pg, L). Then there is a commutative diagram

(7.4)

/_’B
i which p, pa, pp are the HNN-extensions of p, pa, pg, respec-
tively.

Proof. Let G = {G;|t € T'}. Thus, p(G) C Subgr(A). Let X, be a fi-
nite set and for every z € X let A, € ¢(G) such that ¢(G) = {A%| z €
Xo, a € A}. Let X be the standard A-extension (Construction of
Xo. Then A = (A, X) is a finite pile, with {A, | z € X} = p(9).

Replacing X with the union of suitably many copies of X, if nec-
essary, we may assume that [{z € X | A, = A’}| is sufficiently large,
for every A’ € p(G). Thus, by Corollary we can complete ¢ (by a
continuous map ¢r: T — X) to a morphism of piles ¢: G — A such
that the partition {p;'(z)| z € X} is finer than X’. Replace X by
or(T) to assume that ¢r is surjective.

Let P be a free pro-p group with an epimorphism o': Pg — A
and let B, be a copy of A,, for each z € X,. Form the free pro-p
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product B = PgII([[,cx, Az), and let a: B — A be the epimorphism
that extends o' and is identity on each A,. Let Y be the standard
B-extension of Xy. Then B = (B,Y) is a pile and the identity of
Xy extends the homomorphism a: B — A to a rigid epimorphism
a: B — A of piles.

Recall that G is a projective pile. By Proposition there is a
morphism ¢: G — B such that o) = ¢.

(b) By assumption p4 = po ¢ and pg = pa o a. Hence also

p=polag=paop=paoaot)=pgoi.
The existence of @, &, and 1) follows from this by Lemma , with the
pile morphism ¢ (resp. «, ¥) and the identity of L. The commutativity

of ([7.3]) ensures that ([7.4)) is commutative. O

Lemma 7.5. Assume that L is finite. Then the HNN-map (q: G — G
18 1njective.

Proof. First assume that G is basic (Example . By Lemma m, G
is an HNN’-extension of GG, that is, an HNN-extension of GII L. Extend
p: G — L by the identity of L to a homomorphism p,: GII L — L.
Notice that G II L = Ker(pz) x L. By Lemma [5.13] Ker(py) is a free
pro-p group. Thus, (¢ is injective, by [10, Lemma A.1].

In the general case it suffices to show that Ker((s) is contained in
every open normal subgroup K of G.

Put A = G/K and let ¢: G — A be the quotient map. Recall
that F' = Ker(p) is an open normal subgroup of G, because L is finite.
Hence we may replace K with K N F to assume that K < F', and hence
there is an epimorphism 7: A — L such that p = m o . By Lemma

there are commutative diagrams ((7.3)) and ([7.4)).
By the first paragraph of this proof (g is injective, hence by ([7.4])

Ker (¢ < Kerv o (e = Ker (g o) = Ker.

By (7.3)), Kery) < Kerp = K. Thus Ker (g < K. O
Lemma 7.6. Assume that L is finite. Then
G=LIE, (7.5)

where E = G/(G|t € T)I F(T/G).
Proof. If G is basic, this is Lemma [7.3]

Claim 1. G is a special HNN-extension (Deﬁnition with base group
L, say, 3
G = HNN(L, S, {Ls| s € S}) (7.6)

for some continuous family {L,| s € S} of subgroups of L.
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Proof of Claim 1. Claim 1 will follow from by Theorem ,
provided we show that every finite subgroup Lo of G is conjugate to a
subgroup of L.

Let G, = GII L. By [10, Lemma A.1], the map G, — G is injective,
hence, by [8, Theorem 7.1.2], Ly is contained in a conjugate of Gy.
Hence, by [5l Theorem A], Lg is contained in a conjugate of either L
or G. In the latter case Ly is contained in a conjugate of Gy, for some
t € T, by [4, Proposition 5.4.3], and thus, as G < L, again contained
in a conjugate of L.

By Remark [6.3| we may assume that F = (S).

Throughout the rest of the proof we use the following notation:
T'={teT| G, #1},
S'={seS|L;#1}, S"=5S\9
Ro=((t*) g tp(g) | t € T', g € G)©,
R=(Ca(Gy)| t € TC.
R = (Cs(Ly))| s € §")C.

Claim 2. Ry= R =R = (5')¢.
Proof of Claim 2.

Let t € T" and g € G. Let ¢, € Gy. Then ¢! € GY = Gyes. By (6.1)),
p(g:) = g; and p(gf) = (g7)"™, hence
(9)

g = plel) = p(g)"? = 9,"",
whence (t*9)"'g~'tp(g) € F centralizes Gy, and therefore is in R. As
R <G, this proves Ry < R.

By Lemma (C), there is an epimorphism G — LIIF(S") with ker-
nel ()¢, which is R/, by Lemma (b) This epimorphism is injective
on L, and hence on every Gy, since G, is conjugate to a subgroup of L
in G. Thus the image of G, is a non-trivial finite subgroup of L. The
centralizer in L IT F'(S”) of any non-trivial element of L is contained
in L, by [5, Theorem B], and hence trivially intersects (S”)“MF(") | the
image of F' = (S)% in L1I F(S"). Hence C(G,) < R’ for every t € T",
whence R < R'.

To show that R’ < Ry — as Ry is, by Remark [6.11] the kernel of the
canonical epimorphism 6 : G — G — we have to prove that fg(R') = 1,
that is, that 6(Cz(Ls)) = 1, for every s € S'. Since fg(F) = F and
since ¢ is the identity on L, it suffices to show that Cr(Ls) = 1, for
every s € S'.

t*9

(9)
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Fix s € S’. We will only use that L, is a finite nontrivial subgroup
of L.

If G is basic, then, by Lemma , G is the free pro-p product of L
with a free pro-p group. As L, is finite, by [5, Theorem A] L, < L9
for some g € G, and, as L, # 1, by [5, Theorem B] Cs(L,) < L9. But
LNF =1, hence LY N F = 1, whence C(L,) = 1, as contended.

In the general case we will show that Cz(Lg) is contained in every
open normal subgroup M of G. Let A\: G — C := G/ M be the quotient
map; we show that A(Cr(Ls)) = 1.

As F is open in G, we may assume without loss of generality that
M < F, that is, Ker A\ < Ker p. Thus there is an epimorphism 7: C' —
L such that 7oA = p. Let p: G — A be the epimorphism ¢ = X o (g,
where A := p(G) < C.

Let pa = m|a: A — L and pg = paoa: B— L. Then

p=polag=mololg=paoyp=paoaoy=pgoi.

By Lemma we can complete A to a finite pile A = (A4, X) and
complete ¢ (by a continuous surjective map ¢7: T — X) to a mor-
phism of piles ¢: G — A and obtain commutative diagrams and
(7.4) with a basic pile B. Moreover, the partition {p'(z)| z € X} is
finer than the partition induced by Ao (r: T — C, whence there is a
map p: X — C such that g o pr = Xo (7.

Since A satisfies the same defining relations as G, the homomorphism
ji: AIILII F(X) — C, which is the inclusion A — C on A, A| on L,
and p on X, induces a homomorphism fi: A — C, such that fio@ = .

Thus we have the following commutative diagram

G
wl \
B "~ L
In particular, A factors through ¢. So, to show A(Cr(Ly)) = 1, it
suffices to show that ¢(Cr(Ls)) = 1. As A is injective on L, so is 1,
hence D := ¢(L) is a finite nontrivial subgroup of B.

Let pp: B — L be the HNN-extension of pp = pgoa: B — L
and let g = Ker(pp). Then p = pp o %, whence ¥)(F') < Fp. Thus
Y(Cr(Ls)) < Cg, (D). But Cr, (D) =1, as shown above in the case of

a basic pile. This finishes the proof of R’ < R.
Finally, by Lemma (b), R = (9")¢.

Claim 3. G = L] F(S").

i

a

Lo
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Indeed, by Remark 6.1
By Lemma 6.5(c), G = L

I
5a
H

G/ Ry, so, by Claim 2, G = G/(S’)G.
S5").

Finally, by Claim 3, G/LE = F(S"), so, by Lemma [7.2] F(S") =
G/KUF(T/G). O

Theorem 7.7.

(i) G is proper, i.e., the base map &: GIIL — G is injective. Hence
also ng: G — G is injective.
(i) (a2 G — G is injective.
(iii)) G = LI E, where E 2 G/{(G;| t € T) 1 F(T/G).

Proof. Let U be the set of open normal subgroups of L. For every
UeUlet Ny = p~1(U). Since T is closed under G-conjugation, the
subgroup Ny = (Ny NG| t € T') is normal in G.

Claim. (o, Nv = {1}.

Indeed, let V' be an open subgroup of G. As {G;|t € T} is a con-
tinuous family, (J,ep Gy is a closed subset of G (see Lemma [3.1{(d)).
So is the kernel F' of p. Since pig, is injective for every t € T', we
have F N (U,er Gi) = {1}. Also F = ey Nus s0 Nyey (N N
(User G)) = {1} € V. By the compactness of G there is U such
that Ny N (U,er Gi) € V. In particular, Ny NG, C V for every t € T.
Therefore Niy = (G, N Ny | t € T) C V. Since V is an arbitrary open
subgroup of G, this implies that (o, No = {1}.

For every U € U set Ly = L/U, Gy = G/Ny, Ty = T/Ny, Gy =
(Gy,Ty), and let py: Gy — Ly be the homomorphism induced from
p. Then the Gy-stabilizer of ¢ty is (Gy)y, = GtNU/NU, where t € T is
a representative of ty € Ty.

It follows from the Claim that p = ILU yPU- Clearly, Kerpy =

NU/NU Let t € T and let ¢y be its image in T;. By the definition of

Ny we have Gy N Ny = G, N Ny, hence Niy N G, Ny = Ny, whence pU
is injective on (Gy)y,. Thus we may define

Gy = HNN(Gy, Ty, pu, Lv), (7.7)
GU = HNN(GU, TU, PU, LU) (78)

By Lemma Gy is projective and by Corollary [5.10] NU/NU is
free pro-p. Therefore, by [10, Lemma A.l], 7.7) is a proper HNN-
extension, i.e., the map &y : Gy I L — Gy is injective.
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We have commutative diagrams

GUL— G G q (7.9)

N

GUHLgU—>C~?U, Gy — Gy,

where the vertical maps on the right are induced from the quotient
maps G — Gy and T — Ty.

(i) Since & = l'geru &y, we deduce from Corollary that ¢ is

injective.

(ii) By Lemma the HNN-map (g, : Gy — Gy is injective. Since
in the above diagram (g = MUGU Cay,, we deduce that (g is injective.

(i) Put K = (G|t € T) and Ky = ((Gu)y, | tv € Tv), for every
U. By Lemma , GU = LU I EU; where EU = GU/KU HF(TU/GU)
By Lemma 5.11} G/ Ky, and hence also Ey, is free pro-p. But G =
1'mU Gy, L = IE.HU Ly, and G = @U Gy, hence by Lemma there
is a free pro-p group F such that G = LII F.

It follows that £ = G/LC, hence by Lemma E ~ G/K 11
F(T/G). O

In the next lemma we identify G with its image in G via the embed-
dlng Cg.

Lemma 7.8. Let o € G such that L° NG # 1. Then there is a unique
t € T such that L NG = Gy in G. It satisfies ot € L. Moreover,

{L°NG|loeGy~ {1} ={G|te T}~ {1}. (7.10)
Proof.

Claim 1. L' 'NG > Gy in G._
Indeed, Gt = p(G;) < L <@, so

L''NG>L" ' NG = (LnpG)) =plG) ' =G,
Clatm 2. If L NG < Gy, then ot € L and L NG = Gy.
Indeed, by the assumption, L7 NG = L7 N Gy, so
1#£ (L°NG) = (L°NGy) = L7 Np(Gy) = (L' N L) N p(Gy).

In particular, L' N L # 1 in G = LI E (Theorem [7.7iii)). By [0,
Theorem 9.1.12] this implies that ot € L. Therefore L? = L', hence
L° NG = Gy, by Claim 1. Thus, Claim 2 is established.

We are now going to verify the hypothesis in Claim 2.
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If L is finite, then L7NG is a finite subgroup of G. By [4, Proposition
5.4.3] there is t € T such that L NG < G;. So L NG = G, by Claim
2. By Proposition [5.7(b) such ¢ is unique.

In the general case we have G = @U Gy, T=1lim Ty, L= @U L_U,

Let my: G — Gy
and mpyv: Gy — Gy, for V. < U, be the maps of the inverse system.
We may assume that 7 (L7 NG) # 1 for every U. Since my (L NG) <
LZU(”) N Gy, we have LZU(U) N Gy # 1. So by the preceding case there
is a unique t;y € Ty such that LZU(U) NGy = (Gy)y, for every U.

If V< U and 7 = myy, then LTV NGy = (Gy )y, and 7(LTY 7)) =
L7, 7(Gv) = Gu, 50 (Gu)xay) = 7((Gv)iy) < (Gu)yy- By Propo-
sition [5.7(b), 7(ty) = ty.

It follows that there is a unique ¢ € T such that 7y (t) = ¢y for every
U. Therefore 7y (L7 N G) < my(Gy). Hence L7 NG < G. By Claim 2,
L° NG = Gy. As my(ot) € Ly = my(L) for every U, we have ot € L.

The above proves that the left-handed side of is contained in
the right-handed side. Conversely, let t € T such that G; # 1. By
Claim 1, G; < L' ' N G. In particular L' ' NG # 1. So there is a
unique s € T such that L' ' NG = G,. Thus, G; < G,. By Proposition
m(b)7 s=1t. Hence L' ' NG = G,. O

Proof of Theorem [1.3, By Proposition[5.7]and Remark[5.8) G = (G, T
is a projective pile. By Theorem , G = LI F, where F is free, and
( =(g: G — @ is injective. The rest is ((7.10)). O

Theorem [I.1]simply follows from Theorem [I.2]if one puts p to be the
identity map of G to its copy L.

Theorem follows from Theorem observing that (¢(G}) in its
proof is conjugate to p(Gy) for every t € T

and G = T&nU Gy, with finite Ly, as in Theorem

Proof of Theorem[1.4) (i) < (ii): By Proposition [5.7] and Remark [5.8|

ii) = (iii): Let (: G — G := LII F' be the embedding of Theorem
Put T = {L° | ¢ € G} and let G act on T by conjugation. Then
Gro = L% and if L% # L7, then L N L™ = 1 ([, Lemma 3.1.10)).
Hence the action of G on T via ¢ is such that G- = L N ¢(G) and,
by Theorem [1.1} it satisfies (a) for 7.

Write L = limL;, F = lim F; as inverse limits of finite quotient
groups of L and finitely generated free quotients of F', respectively.
Put G; = L; Il F; and let G; be the image of ((G) in G;. Then Gj,
and hence also G, is countably generated. Put T; = {L¢ | o € G}, for
every i, then (G,T) = @i(Gi, T;).
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By the pro-p version of the Kurosh Subgroup Theorem [2, Theorem
9.7] applied to the subgroup G; of G; = L; I1 F;, G; is a free pro-p prod-
uct G = [, cx,(Gz,) ILE], for some closed set X; of representatives of
the G;-orbits in 7; and some free pro-p group F;.

(iii) = (i): Put G = (G,T) and G; = (G;,T}), for every i. We
have to solve a finite embedding problem for G. But ¢ factors
via some G;. This means that there exist v;: G — Gy, p;: G; — A,
such that ¢ = ¢; o ;. By [4, Proposition 5.4.2], G; is {(G;).| t € T;}-
projective, so, by Proposition [5.7, G; is projective. Therefore there
exists a solution 1; of the embedding problem («, ;). Then 1; o v; is
a solution of .

(i) = (iv): Let again (: G — G := LII F be the embedding of
Theorem [I.1} Let X be a basis of F, that is, a profinite subspace of
F such that F' = F(X). Then G can be viewed as the special HNN-
extension G = HNN(L, X, £), where L is a family of copies L, of 1, for
every r € X. Thus G is the fundamental group of a bouquet of groups
I', with L attached to the unique vertex and X the space of edges, with
1 attached to each of them ([8, Example 6.2.3(e)]).

Let S be the standard pro-p graph of I" ([8, Section 6.3]). By [8,
Corollary 6.3.6], S is a pro-p tree. By [8, Lemma 6.3.2(b)] G acts on S,
with trivial edge stabilizers and vertex stabilizers being conjugates of
L. Then the restriction of this action to ((G) gives the required action.

(iv) = (i): Let G be a pro-p group that acts on a pro-p tree I'
with trivial edge stabilizers. Let V' be its set of vertices and let U
be an open normal subgroup of G. Then U = (U NG, | v € V) is
a normal subgroup of G and Gy = G/U acts on I'y = I'/U (with
vertex stabilizers of order bounded by the index (G : U)), hence by [8]
Proposition 4.1.1] Ty is a pro-p tree. Moreover, U/U acts freely on 'y
and hence is free pro-p [8, Theorem 4.1.2]. So Gy is virtually free pro-p
and every nontrivial torsion element g € Gy belongs to some vertex
stabilizer (Gy), by [8, Theorem 4.1.8].

In fact, even Cg, (9) < (Gu)y, since for any ¢ € Cg,(g), g(cv) = cv,
so 1 # g € (Gy)y N (Gy)e and since edge stabilizers are trivial, by [8]
Corollary 4.1.6] we have v = cv, that is, ¢ € (Gy),.

We can now apply [10, Corollary 6.3] to deduce the existence of an
embedding (: Gy — H = G/UILF for some free pro-p group F'. Then
by [.12(d) Gy is Gu = {(Guv).|v € V} = {GN(G/U)'| h € H}-
projective. Since (G,G) = @U(ngU)? G is G-projective, because
every finite embedding problem factors via some (Gy, Gy ). U



34

[1]

[10]

DAN HARAN AND PAVEL A. ZALESSKII

REFERENCES

V. Bessa, A. Porto and P.A. Zalesskii, Profinite genus of free products with
finite amalgamation, https://arxiv.org/abs/2305.16054.

D. Haran. On closed subgroups of free products of profinite groups. Proc.
London Math Soc. 55 (1987), 147-206.

D. Haran and M. Jarden, The absolute Galois group of a pseudo real closed
field, Ann. Scuola Norm. Pisa Cl. Sci. (4) 12 (1985), 449-489.

D. Haran and M. Jarden, The absolute Galois group of a semi-local field,
Springer Monographs in Mathematics, Springer, 2021.

W.N. Herfort and L. Ribes. Torsion elements and centralizers in free products
of profinite groups. J. Reine Angew. Math. 358 (1985) 155-161.

W.N. Herfort and P.A. Zalesskii, Profinite HNN-constructions, J. Group The-
ory 10 (2007) 799-809.

W.N. Herfort and P.A. Zalesskii, Cyclic extensions of free pro-p groups, J.
Algebra 216, (1999) 511-547.

L. Ribes, Profinite graphs and groups, Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge / A Series of Modern Surveys in Mathematics, volume
66, Springer, 2017.

L.Ribes and P.A. Zalesskii, Profinite Groups, Second Edition, Ergebnisse der
Mathematik und ihrer Grenzgebiete (3) 40, Springer-Verlag Berlin Heidelberg
2010.

P.A. Zalesskii, Infinitely generated virtually free pro-p groups and p-adic rep-
resentations. J. Topology 12 (2019) 79-93.

DAN HARAN, SACKLER SCHOOL OF MATHEMATICAL SCIENCES, TEL Aviv
UNIVERSITY, TEL AvIv, [SRAEL
Email address: haran@tauex.tau.ac.il

P. A. ZALESSKII, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BRASILIA,
70.910 BrasiLiA DF, BrRAZIL
Email address: pz@mat.unb.br



	1. Introduction
	Acknowledgement
	2. Profinite spaces and action
	3. Relatively projective groups
	4. Piles
	5. Projective piles
	6. HNN-extensions
	7. HNN-extensions of relatively projective pro-p groups
	References

