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Abstract

We define quasi-formations, a generalization of formations of finite groups. For a
quasi-formation C we construct an analogue of a free pro-C group.

Introduction

In the study of profinite groups (see [FrJ] or [RiZ]) one often considers pro-C groups for
a class C of finite groups. In order to have a good theory, one has to impose several
reasonable conditions on C. The minimal requirement in the literature seems to be that C
be a formation, that is, closed under quotients and fiber products. One then has free pro-
C groups; these have nice properties (e.g. the embedding property) and play an important
role in Galois theory: For instance, if K is a Hilbertian field with a projective absolute
Galois group of rank at most Ry, then Gal(Ky/K) = F,,(C) where C is the formation of
all solvable finite groups and K,y is the maximal solvable extension of K ([FrJ, Corollary
24.8.4]). In particular, Gal(Quopv/Qap) = F,,(C) ([FrJ, Example 24.8.5(a)]).
Can one make a similar statement about Gal(Ky) and, in particular, about Gal(Qgoly)?

In the latter case the problem is that the family C’ of finite quotients of Gal(Qgoly) is not
even a formation, since it is not closed under taking fiber products (Corollary 1.10). More
generally, let C be a formation and let C’ be the class of all finite groups which have no
nontrivial quotients in C. Then C’ need not be closed under taking fiber products. Nev-
ertheless (Lemma 3.2), C’ satisfies the following weakening of the formation conditions:

Definition. A class of finite groups C’ is a quasi-formation if it is closed under taking
quotients and compact cartesian squares. The latter condition means that if

G- Gy

GlT‘A

is a cartesian square of epimorphisms of finite groups with G1,Gy € C’, then G € (',
provided there is no subgroup H < G with m;(H) = G;,i =1, 2.

Another natural example of a quasi-formation is the class Im(G) of all finite quotients
of a profinite group G with the embedding property (Proposition 4.3).

*Research supported by ISF grant No. 696/13.
TA part of a Ph.D. Thesis [Fri] done at Tel Aviv University under the supervision of the second author.



For every formation C there exists a free pro-C group F = F,(C). Tt is well known
that F' has the embedding property, Im(F') = C and F' with these properties is unique up
to an isomorphism. The construction of F' is based on the fact that C is a formation. We
generalize it to quasi-formations: For every quasi-formation C’ there exists a pro-C’ group
E = E(C') with the embedding property and Im(E) = €, and such E is unique up to an
isomorphism (Theorem 4.4). Its rank is the supremum of the ranks of the groups in C’
(in particular, E is of at most countable rank). We call it the free pro-C' group. We
show (Theorem 5.5):

Theorem. Let C' be the quasi-formation of finite groups which have no nontrivial quo-
tients in a Melnikov formation C. Then E(C') = FC.

In Section 6 we apply the theory of quasi-formations to countable fields for which a
generalization of Shafarevich’s conjecture is known to be true, namely, that the absolute
Galois group of the maximal abelian extension of the field is free; e.g. the function fields of
one variable over a countable algebraically closed field. For such a field K it immediately
follows that the absolute Galois group of the maximal solvable extension of K is E(C’ )
(the free pro-C’ group of rank Xg), where C is the formation of all finite solvable groups.

Shafarevich’s original conjecture asserts that the absolute Galois group of the maximal
abelian extension of Q is free. In this case the conjecture is still open, but if it is true, then
the absolute Galois group of the maximal solvable extension Qg of Q is again E (ch.

It may be worthwhile to mention that the same conclusion regarding the absolute
Galois group of Qg1 follows also from a different conjecture, namely that Qs is ample.
This result appears in [Fri] and uses, among other ingredients, a generalization of the
Hilbertianity notion.

Groups in this work are tacitly assumed to be profinite groups, their subgroups are
assumed to be closed and all the homomorphisms between profinite groups are continuous.

1 Maximal pro-C quotients

We begin by recalling some well-known definitions and facts (cf. [FrJ] and [RiZ]).

Definition 1.1. Let C be a nonempty class of finite groups (this will always mean that
C contains all the isomorphic images of the groups in C).

(a) C is called a formation if it is closed under taking quotients and fiber products.

(b) Let 1 - N — G — G — 1 be a short exact sequence of finite groups. We call
C extension-closed if from N,G € C it follows that G € C. If, in addition, the
converse holds, i.e., from G € C it follows that N,G € C, we call C a Melnikov
formation.

(¢c) A Melnikov formation C which is closed under taking subgroups is called a full
formation.

(d) A pro-C group G is an inverse limit G = @Gi, where G; € C for every i, such
that the connecting homomorphisms G; — G; are epimorphisms.

Notice that a Melnikov formation is indeed a formation ([FrJ, p. 344]). We refer the
reader to [FrJ, Example 17.3.3 and Remark 17.3.4] for examples of formations.

Definition 1.2. [FrJ, Definition 17.3.2] Let C be a formation and let G be a profinite
group. Put
= (1 N
N<G, G/NeC

Lemma 1.3. Let G, H be profinite groups and let C be a formation.



(a) G/GC is the largest pro-C quotient group of G, i.e., if K <G and G/K is a pro-C
group, then G¢ < K.
(b) If o: G — H is an epimorphism, then o(G¢) = HC.

(c) Suppose C is a full formation and let p: G — H be a homomorphism. Then ¢(GC) <
HC.

(d) Assume C is a Melnikov formation. Then, if G¢ < K <G, we have G¢ = K€.
Proof. See [RiZ, Lemma 3.4.1]. O
Definition 1.4. Let C be a formation. Put

C' = {G | G is a finite group with G¢ = G}.
Clearly, a finite group is in C’ if and only if it has no nontrivial quotients in C.

Lemma 1.5. Let C be a formation. Then
(a) C' is closed under taking quotients.
(b) C' is extension-closed.

(c) If C is a Melnikov formation, then C' = {GC | G is a finite group} and for every
profinite group G we have that G€ is pro-C'.

Proof. (a) If a group G has no nontrivial quotients in C, then also a quotient of G has no
nontrivial quotients in C.

(b) Let 1 =+ N — G — G — 1 be a short exact sequence of finite groups and assume
N,G € C'. By Lemma 1.3(b), it induces the short exact sequence 1 — NG¢/G¢ —
G/GC = G/GC — 1. As G/GC = 1, we have

N/(NNG®) = NG°/G° ~G/GC eC.

But N has no nontrivial quotients in C. Thus, N/(NNG¢) = 1. Conclude that G/G¢ = 1.

(¢) By Lemma 1.3(d), (G€)¢ = G€ for every profinite group G. Now let p: G¢ — A
be an epimorphism with A a finite group. By Lemma 1.3(b) and (d), A = ¢(G¢) =
©((G€)¢) = AC. Hence, A € C'. Tt follows that G€ is pro-C’. O

Remark 1.6. Let C be a formation. It may well happen that C’ is trivial, i.e., ' = {1}.
Obviously, this happens if and only if C contains all finite simple groups. If C is a Melnikov
formation, then by [FrJ, Remark 17.3.4], this happens if and only if C is the class of all
finite groups.

In general, if C is a formation, C’ need not be a formation, for it need not be closed
under taking fiber products. This is demonstrated in Example 1.9 below.

Proposition 1.7. Let 1 — P — H 55 S — 1 be a central extension of groups. Put
H=H xgH. Then

(o) H= P x H.

(b) Let C be a formation such that 1 # P € C and H® = H. Then H® # H. In
particular, C' is not a formation.

Proof. (a) Let A be the image of the diagonal map H — H given by x — (x,z). Clearly,
(1 x PYNA = 1. Moreover, H = (1 x P)A. Indeed, let (h,h') € H. Then n(h) = n(h')
and therefore b/ = gh for some g € P. Thus, (h,h') = (1,g9)(h,h) € (1 x P)A. As1x P
is central in H, it follows that H = (1 x P) x A~ P x H.

(b) By (a), H has a nontrivial quotient in C. O

Lemma 1.8. Let p be a prime number and let P = Z/pZ. Then there exists a central
extension 1 - P — H — S — 1 of a finite simple group S by P such that H is perfect.



Proof. By Dirichlet’s Theorem ([Ser, p. 61]), there exists a prime number ¢ > 5 such that
plg — 1. Let H = SL,(F,) and S = PSL,(FF;). By [Rot, Theorems 8.13 and 8.23|, S is
simple. By [Rot, Theorems 8.9 and 8.10], H is a central extension of S by P. By [Lan,
Chapter XIII, Theorems 8.3 and 9.2], H is perfect. O

Example 1.9. If C is the class of all finite p-groups for a fixed prime p, or abelian
or nilpotent or solvable groups, then C’ is not a formation. Indeed, in each of these
four cases there is a prime p such that P = Z/pZ € C. Consider a central extension
1—-P— H— S —1asin Lemma 1.8. Since a nontrivial group in C has a nontrivial
abelian quotient, the perfect group H is in C’, that is, HC = H. By Proposition 1.7, C' is
not a formation. (Notice that the last three cases produce the same class C’.)

Corollary 1.10. The class C of all finite images of Gal(Qgoly) s not a formation.

Proof. By [Son, Theorem 3], H = SLa(F5) € C. Let S = PSLy(F5) and P = Z/2Z. By
Lemma 1.8, 1 - P — H — S — 1 is a central extension. By Proposition 1.7(a), H xg H
has P as a quotient. But Q. has no nontrivial solvable extensions. Thus, H xg H is
not realizable over Qv and therefore C is not a formation. O

On the other hand, we show in Proposition 1.13 below that if C is a Melnikov for-
mation generated by non-abelian finite simple groups ([FrJ, Remark 17.3.4]), then C’ is a
formation. To that end we need the following two lemmas:

Lemma 1.11. Let G be a group and let K1, Ko and N be normal subgroups of G. Assume
KiNKy=1and NKy = NKy =G. Then G/N s abelian.

Proof. Let T,y € G/N. By assumption, there exist z € K,y € Ks that lift z,y5. As K,
and Ky are normal, [z,y] € [K1, K3] € K1 N Ky = 1. Hence, [7,y] = 1. O

Lemma 1.12. Let m;: G; — A,i = 1,2 be two epimorphisms of finite groups and let
G = G1 x4 Gy. Let C be a Melnikov formation generated by finite non-abelian simple
groups. Then G¢ = G x 4c GS.

Proof. By Lemma 1.3(b), 7;(GS) = A€ for i = 1,2. Thus, G’ = G x 4c G§ and G =
(G1/GS) X A/AC (G2/GS) are well defined. Moreover, the quotient maps G; — G;/G¢ for
i = 1,2 induce an epimorphism G — G with kernel G’. As G € C, it follows from Lemma
1.3(a) that G¢ < G'. Since G’ is a normal subgroup of G, by Lemma 1.3(d), G¢ = (G")°.
Thus, it suffices to show that G’ = (G’)¢. Replacing G,G1,G2 and A by G',GS,GS and
AC | respectively, we may therefore assume that G = Gf, Gy = GS and A = A°. Thus,
G = G'. Suppose G # GC.

For i = 1,2 let K; be the kernel of the canonical projection G — G;. Then G°K; = G.
Indeed, as a homomorphic image of G/G¢ € C, G/GCK; € C. On the other hand, G/GCK;
is a homomorphic image of G/ K; = G; which, by Definition 1.4, has no nontrivial quotients
in C. Hence, G/GCK; = 1 and therefore G°K; = G.

It follows from Lemma 1.11 that G/ GC is abelian, in contradiction to the assumption.

O

Proposition 1.13. Let C be the Melnikov formation generated by finite non-abelian simple
groups. Then C' is a formation.

Proof. By Lemma 1.5(a), C’ is closed under taking quotients. It remains to show that if
G = G1 x4 Go where G1,Go € C’, then G € C'. Fori = 1,2, Gic = G;. Furthermore,
A€ = A since A is a quotient of G;. By Lemma 1.12, G¢ = G, that is, G € C'. O



2 Compact cartesian squares

We recall the definition and basic properties of a cartesian square ([FrJ, Proposition 22.2.1
and Definition 22.2.2)):

Definition 2.1. A commutative diagram of epimorphisms of profinite groups

a—-a, (1)

G17|_—1>A

(abbreviated as (G,G1,Ga, A)) is called a cartesian square if G = G x 4 Go, that is,
whenever H is a profinite group and ¢: H — G1, ¥: H — G5 are homomorphisms such

that m o p = g 09, there exists a unique homomorphism 7: H — G such that com = ¢
and Som = 1.

The following is taken from [FrJ, p. 570]: Let G; and G4 be profinite groups. Consider
the collection P of all triples (w1, 72, A) with m;: G; — A an epimorphism, i = 1,2.
Partially order P by (w1, m2, A) < (7}, mh, A") if there exists an epimorphism 7: A" — A
which makes the diagram

Gl G2 (2)

commutative. Write (mq,m2, A) ~ (7], 7, A’) if 7 is an isomorphism. Then < induces a
partial ordering on the quotient set P(G1,Gs) := P/ ~.

Let pr;: G1 x G2 — G; be the projection onto the ith coordinate, ¢ = 1,2. Define
H = H(G1, G2) to be the collection of all closed subgroups H of G1 x Gy with pr;(H) = Gj,
i = 1,2. Partially order H by inclusion.

The definition of quasi-formations in the next section is based on the following defini-
tion:
Definition 2.2. A cartesian square (1) is called compact if one of the following equivalent
([FrJ, Lemma 24.4.1]) conditions is satisfied:
(a) Gy x4 G2 is minimal in H(G1, G3).
(b) (1,72, A) is maximal in P(G1, G2).
Notice that if 7 or mg is an isomorphism, then (b) holds, so (1) is compact.

Lemma 2.3. Let1 = (G,G1, B, By) and 11 = (B, By, G2, A) be two commutative diagrams
of epimorphisms of profinite groups. Let 111 = (G, G1,Ga, A) be the induced commutative
diagram

L. *.q (3)
[ ol n
Ch—= B —— A

Then:



(a) If two of the commutative squares are cartesian, then so is the third.

(b) Assume 1, IT and 11T are cartesian. Then III is compact if and only if both 1 and 11
are compact.

Proof. (a) Assume both I and II are cartesian. We show that III is cartesian. Let H
be a profinite group and let p: H — G and ¢: H — G5 be homomorphisms such that
(odop =no. As Il is cartesian, there exists a unique homomorphism my: H — B such
that £ome = 1) and yomy = o . As 1 is cartesian, there exists a unique homomorphism
m: H — G such that fom =m and aom = . It follows that cor =g and (o fom =
fom =1.

In order to see that 7 is unique, assume there exists 7’: H — G such that {oSon’ =)
and a o’ = ¢. Define 7, = fon’: H — B. Then {onl = £ofon’ = 1 and
vyormh=~ofon’ =foaon’ =dop. As m is unique with this property, 75 = m2. Thus,
9 = Bon’. Since aon’ = ¢, it follows from the uniqueness of 7 applied to I that 7’ = .

Assume both I and IIT are cartesian. By [FrJ, Lemma 22.2.4] we may assume that (3)
is of the form

G

G/K, G/L

|

G/K, ——G/K1Ky——G/K|L

with K7, K9, L <G such that Ko < L and K1 N Ky = K1 N L = 1. It suffices to show
that K1 KoL = K1L and K1Ks N L = Ks. The former equality is obvious. Let g € Kj
and h € Ky such that gh € L. As Ko < L, we have g € K1 N L = 1. It follows that
gh =h € Ks.

Assume both II and III are cartesian. Again, we may assume that (3) is of the form

G G /Ky G/L
G/K, G/M G/K\L

with K1, Ko, L, M < G such that Ky < L, Ky, Ko < M,KyNL =1,MNL = K5 and
ML = Ky L. It suffices to show that K1 Ko = M and K; N K9 = 1. The latter equality
is obvious. Let g € M. Then g = hl for some h € K1,l € L. As h € M, alsol € M and
therefore [ € M N L = K. It follows that g € K1 Ko.

(b) Assume both I and IT are compact. Let H be a subgroup of G such that a(H) = G4
and o3(H) = Go. Put H = B(H). Then {(H') = (o8(H) = Go and y(H') = voB(H) =
doa(H) = B;. By the compactness of II, H' = B. By the compactness of I, H = G.
Thus, III is compact.

Assume IIT is compact. Let H be a subgroup of G such that a«(H) = G and §(H) = B.
Then £ o B(H) = Go. By the compactness of III, H = G and therefore I is compact. Now
let H' be a subgroup of B such that £(H') = Gy and v(H') = By. Let H = 3~1(H').
Then { o B(H) = G2 and By =y o S(H). Denote K; = ker(a) and Ky = ker(3). By [FrJ,
Lemma 22.2.4], ker(yo ) = K1 Ky. As (yo 8)(H) = B, we have HK1 Ky = G. But
K5 < H and therefore HK; = G. Thus, a(H) = G;1. By the compactness of 111, H = G.
Hence, H' = (H) = B(G) = B. Conclude that II is compact. O

The following notion helps to characterize compact cartesian squares:

Definition 2.4. An epimorphism ¢: A — B of profinite groups is called indecompos-
able if whenever ¢: A — C and p: C — B are epimorphisms such that ¢ = p o1, then
either 1 or p is an isomorphism. In particular, an isomorphism is indecomposable.



Lemma 2.5. Consider a cartesian square (1).

(a) If mo: Go — A is indecomposable, then (1) is compact if and only if either mo is an
isomorphism or there exists no epimorphism 0: G1 — Gy such that w1 = my 00.
(b) Assume both m: Gi — A and ma: Go — A are indecomposable and not isomor-

phisms. Then (1) is compact if and only if there exists no isomorphism 0: G1 — Go
such that w1 = w9 0 0.

Proof. (a) Let 8: G; — G2 be an epimorphism such that m; = 79 0 6 and assume that 7o
is not an isomorphism. Then (7,72, A) < (6,id, G2) in P(G1,G2):

Thus (1) is not compact.

Conversely, assume (1) is not compact. Then there is a commutative diagram (2) of
epimorphisms with 7 not an isomorphism. As 79 is indecomposable, 7} is an isomorphism.
Thus, 73 is not an isomorphism. Put § = (75)~!tor)]. Then #: G; — Gs is an epimorphism
such that 7 = my 0 6.

(b) If 8: G1 — G4 is an epimorphism such that 7 = 72 06, then 6 is an isomorphism,
since m; is indecomposable and 7o is not an isomorphism. Hence, the assertion follows

from (a). O

Lemma 2.7 below is used in the next section to characterize quasi-formations. The
following technical lemma is needed in its proof:

Lemma 2.6. Consider a cartesian square (1). If there exist either
(a) epimorphisms 61: G1 — B and d2: B — A such that d3 0 6 = my; or
(b) epimorphisms f1: G — D and B2: D — Go such that B30 1 = 3,
then there exists a commutative diagram with three cartesian squares
B
— o T

G B1 B2

>

G (4)

[0} ™ T2

o1 B 1)

\_/

1

G A

Proof. (a) Let D = B x4 G2 and let f2: D — Ga,m: D — B be the canonical pro-
jections. Then (D, B,Gs,A) is a cartesian square. By Definition 2.1, there exists a
unique homomorphism S1: G — D such that o081 = 8 and mo 81 = 61 oa. As
(G,G1,Ga, A) is cartesian, by [FrJ, Lemma 22.2.4], ker(m; o a) = ker(a) ker(8). Thus,
ker(m; o o) < ker(d; o a)ker(5). By [FrJ, Lemma 22.2.6(b)], (1 is surjective. By
Lemma 2.3(a), (G,G1, D, B) is a cartesian square.

(b) Let B = G1/a(ker(f1)) and let d1: G1 — B be the canonical projection. We have
ker(d; o o) = a~(ker(d1)) = a (a(ker(B1))) = ker(a) ker(B1). Thus, ker(B;) C ker(d; o
a). Tt follows that there exists a unique epimorphism 7: D — B such that §; o = wo ;.
Moreover, ker(a) Nker(51) C ker(a) Nker(8) = 1. Hence, ker(d; o o) = ker(a) x ker(51).

7



By [FrJ, Proposition 22.2.4|, (G,G1, D, B) is a cartesian square. Furthermore, by [FrJ,
Lemma 22.2.5], a(ker(f)) = ker(m1). It follows that ker(d;) = a(ker(51)) C a(ker(B)) =
ker(7r1). Hence, there exists a unique epimorphism do: B — A such that dy 0§ = m1. We
have doomo By =dy0doa=moa=my0f =mg0 320 P1. Hence, 2 o™ = 7wy 0 B2. By
Lemma 2.3(a), (D, B,G2, A) is a cartesian square. O

Lemma 2.7. Consider a cartesian square (1). Then
(a) a (resp. B) is an isomorphism if and only if my (resp. w1 ) is an isomorphism.
(b) « (resp. B) is indecomposable if and only if wa (resp. m1) is indecomposable.

Proof. (a) By [FrJ, Lemma 22.2.5], ker(m;) = ker(f). By symmetry, ker(m) = ker(a).

(b) We prove the claim in the parentheses, since diagram (4) is better suited to this
proof. The other case follows by symmetry.

Since isomorphisms are, by definition, indecomposable, by (a), we may assume that
both 7 and 5 are not isomorphisms.

Suppose § is indecomposable and let §1: G1 — B,d2: B — A be epimorphisms such
that d200; = m. By Lemma 2.6(a), there exists a commutative diagram (4) with cartesian
squares. As 3 is indecomposable, either $; or (5 is an isomorphism. By (a), either §; or
09 is an isomorphism. Hence, 71 is indecomposable.

Conversely, suppose w1 is indecomposable and let 81: G — D, 82: D — (G2 be epimor-
phisms such that 53 0 f; = f. By Lemma 2.6(b), there exists a commutative diagram (4)
with cartesian squares. As 7 is indecomposable, either §; or Jo is an isomorphism. By
(a), either f; or [y is an isomorphism. Hence, § is indecomposable. O

3 Quasi-formations

Definition 3.1. Let C be a class of finite groups. We call C a quasi-formation if it is
closed under taking quotients and compact cartesian squares (i.e., if (G,G1,G2,4) is a
compact cartesian square with G1,Go € C, then G € C).

We have seen in Proposition 1.13 that if C is a Melnikov formation generated by finite
non-abelian simple groups, then C’ is a formation. If we take out the non-abelianity
assumption, we get a quasi-formation:

Lemma 3.2. Let C be a formation. Then C' is a quasi-formation.

Proof. By Lemma 1.5(a), C’ is closed under taking quotients. Consider a compact carte-
sian square (G, G1, G2, A) with G1,G2 € C'. By Lemma 1.3(b), for ¢ = 1,2, the image
of G¢ in G; is GY = G;. Thus, G¢ € H(G1,G2). By the compactness, G = G, that is,
GeCl. O

Example 3.3. Let C be the class of all finite p-groups for a fixed prime p, or abelian, or
nilpotent, or solvable groups. Then C’ is a quasi-formation but not a formation. Indeed,
by Example 1.9, C’ is not a formation. By Lemma 3.2, C’ is a quasi-formation.

Definition 3.4. Let C be a class of finite groups. Define the rank of C as
rank(C) = sup{rank(G) | G € C}.

For a cardinal number d define C; = {G € C | rank(G) < d}.
(Here rank(G) denotes the minimal number of elements in a generating set of G, cf.

[FrJ, p. 328].)
This definition gives rise to new quasi-formations:

Lemma 3.5. Let C be a quasi-formation and d a cardinal number. Then Cq is a quasi-
formation.



Proof. As all groups in C are finite, if d > N, then C; = C and the assertion follows.
Assume d < Ng. Obviously, C4 is closed under taking quotients.

Let (G,G1,Ga, A) be a compact cartesian square with G1,G2 € Cy4. Then G =2 G X4
G9 € C. By assumption, there exist ¢1,...,94 € G1 that generate G;. By Gaschiitz
Lemma ([FrJ, Lemma 17.7.2]), the images of g1,...,g4 in A can be lifted to generators
hi,...,hq of Ga. Let G' = ((g91,h1),- ., (94, ha)) < G. For i = 1,2 the projection G — G;
maps G’ onto G;. Thus, by the compactness of the cartesian square, G’ = G and therefore
G is generated by d elements. It follows that G € Cy. O

In fact, a quasi-formation (modulo isomorphisms) can even be a finite set:

Example 3.6. Let p be a prime number and d a nonnegative integer. Let C be the
class of all finite elementary abelian p-groups. Clearly, C is a formation. By Lemma 3.5,
Ca =A{(Z/pZ)" | 0 < n < d} is a quasi-formation. Thus, modulo isomorphisms, C4 is a
finite set.

In contrast, a formation is always an infinite set (modulo isomorphisms):

Lemma 3.7. Let C be a class of finite groups, closed under taking direct products that
contains a nontrivial group. Then rank(C) = Ng. In particular, a formation that contains
a nontrivial group is infinite (modulo isomorphisms).

Proof. Let G € C be a nontrivial group. By assumption, G™ € C for every n € N and by
[Dey, Theorem 2|, rank(G"™) tends to infinity with n. As direct products are a particular
case of fiber products, the last assertion follows. O

The following characterization of quasi-formations will be used in the next section.

Lemma 3.8. Let C be a class of finite groups, closed under taking quotients. The following
conditions are equivalent:

(a) C is a quasi-formation.

(b) For every pair of indecomposable epimorphisms (6: B — A,v: C — A) with B,C €
C there exist G € C and indecomposable epimorphisms ng: G — B, m¢: G — C such
that B omp = yomc.

(c) For every pair of epimorphisms (f: B — A,v: C — A) with B,C € C there exist
G € C and epimorphisms np: G — B,wc: G — C, such that fonpg = vyong.

Proof. “(a) =(b)”: Let G = B x4 C and let mg: G — B, m¢: G — C be the canonical
epimorphisms. If § (or ) is an isomorphism, by Lemma 2.7(a), so is m¢ (or 7g), hence
G € C. So we may assume that 5,7 are not isomorphisms. If there is no isomorphism
0: C — B such that o6 = =, then (G, B,C, A) is compact by Lemma 2.5(b), hence
G € C. If there is such 6, put G = C € C, g = 0 and w¢ = id.

“(b) =(c)”: First assume that one of the maps f3,+, say -, is indecomposable. There
is a sequence

B=B, B, 22 2 B py— A (5)
of indecomposable epimorphisms such that gy o --- o 8, = 8. We complete it to a
commutative diagram of epimorphisms of groups in C
G=——=Gp 2 Gy == © GGy C (6)
7B Ym "le 71 Yo Y
B——B,,— By, — e B By——A
mTg, Cmlg T B2 1778 0

with 79,71,...,7m indecomposable: Suppose ¢ > 1 and Gj,v;,m; have already been
constructed for j < i. By (b), there exist G; € C and indecomposable epimorphisms
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vi: Gi = By, mi: G; — G;_q1 such that v;_1 om; = B; 0. Then g = =, and
o =T 0+ 0 My, satisfy fong =y ome.

In the general case in which both 8 and v are decomposable we proceed similarly.
Let (5) be a decomposition of 8 into indecomposable epimorphisms. We complete it to a
commutative diagram (6) of epimorphisms of groups in C: Suppose ¢ > 1 and G;,v;,;j
have already been constructed for j < i. By the preceding paragraph, applied to the pair
(v: Gi—1 — Bj_1,0i: B; — B;_1) instead of the pair (8: B — A,v: C — A), there exist
G; € C and epimorphisms ~;: G; — By, m;: G; — G;_1 such that v;,_1 om; = B; 07;. Then
TR = Ym and mg =m0 - oy, satisfy fonmp =y omc.

“(c) =(a)”: Let (B: B — A,~v: C — A) be two epimorphisms such that B,C € C.
Let pp: B x4 C — B and po: B x4 C — C be the canonical projections and assume
(B x4 C,B,C,A) is compact. By assumption, there exist G € C and epimorphisms
mg: G — B,mc: G — C, such that f o g = v o mo. By Definition 2.1, there exists a
homomorphism 7: G — B x 4 C such that pgom = 7 and pcom = 7c. Let H = w(G).
Then pp(H) = 75(G) = B and pc(H) = n¢(G) = C. Since (Bx4C, B,C, A) is compact,
Bx,C=HEeC. O

Remark 3.9. For every class of finite groups C there exists the smallest quasi-formation
that contains it, namely, the intersection of all quasi-formations containing C. Indeed,
the class of all finite groups is a quasi-formation containing C and any intersection of
quasi-formations is also a quasi-formation.

4 Free groups over quasi-formations

Let C be a formation and let m < N be a cardinal number. In [FrJ, Lemma 17.4.2] a
pro-C group F' of rank m is constructed. It follows from its definition that Im(ﬁ’ ) = Cp.
In [FrJ, Lemma 24.3.3] it is shown that F has the embedding property. Furthermore,
[FrJ, Theorem 24.8.1] shows that a pro-C group G of at most countable rank with the
embedding property and such that Im(G) = C is unique up to an isomorphism. These
results remain true if we replace C by a quasi-formation. This is the content of Theorem
4.4.

The following definition is taken from [FrJ, Definitions 22.3.1 and 24.1.2] and [FrJ, p.
506].

Definition 4.1. Let G be a profinite group and let C be a class of finite groups.
(a) An embedding problem for G is a pair

(p: G— A,a: B— A) (7)

in which ¢ and « are epimorphisms. We call (7) a C-embedding problem if G, A, B
are pro-C groups, finite if B is finite, and split if there exists a homomorphism
o1 A — B with acd/ =id. A weak solution to (7) is a homomorphism v: G — B
such that a oy = ¢. A weak solution v to (7) is a solution if v is surjective.

(b) We say that G has the embedding property if every finite embedding problem
(7) for G such that B € Im(G) has a solution.

(c) A profinite group G is projective if every embedding problem (7) for G has a weak
solution.

The following easy lemma seems to be nowhere explicitly stated:

Lemma 4.2. Let C be a class of finite groups, closed under taking quotients. If every
finite C-embedding problem (7) with « indecomposable has a solution, then every finite
C-embedding problem has a solution.
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Proof. Let (pg: G — By,a: B — By) be a finite C-embedding problem. There exists a
sequence
B=B, % ... 2 B, %% By

of indecomposable epimorphisms such that oy o --- o o, = «a. By induction on the
assumption for each 1 < ¢ < m there exists an epimorphism ¢;: G — B; such that
a; 0 p; = w;—1. Then a o ¢, = ¢g. O

Profinite groups with the embedding property give rise to quasi-formations:

Proposition 4.3. Let G be a profinite group with the embedding property. Then Im(G)
s a quasi-formation.

Proof. Clearly, Im(G) is closed under taking quotients. That Im(G) is closed under taking
compact cartesian squares follows from [FrJ, Lemma 24.5.1(a)]. O

Conversely, quasi-formations give rise to profinite groups with the embedding property:

Theorem 4.4. Let C be a quasi-formation of finite groups. Then there exists a pro-C
group E(C) of at most countable rank, unique up to an isomorphism, with the embedding
property and Im(E(C)) = C.

Proof. The cardinality of C, modulo isomorphisms, is at most countable. Given B, A € C
there is only a finite number of epimorphisms a: B — A. Thus, the cardinality of all
epimorphisms «: B — A, up to composition with isomorphisms, is at most countable. We
may therefore construct a sequence €& = (aq, o, ...) of all indecomposable epimorphisms
aj: B — A; with A;,B; € C, that contains each element, up to composition with
isomorphisms, countably many times.

Part A: Construction of the group: Inductively construct a sequence (possibly finite)

©3,2 P21 ©1,0

Ga Gy Gop=1

of indecomposable epimorphisms (denoting ¢y ; = @iy1,i0---0o@pir—1: G = G, for i < k)
of groups in C and a sequence

o> G >791>50=0

of integers in the following way: Assume Gj, ¢;;—1, and j; have already been constructed
for each 0 < i < k. If there exists no j € N such that

(a) j > jk, and

b) there exists i € {0,1,...,k} such that G; = A,, and the finite C-embedding problem
J
(¢r,i: G = Gy, a5: Bj = G = Aj) has no solution,

end the construction and let G = Gj; thus, G = lim G;. Otherwise let ji11 be the minimal
Jj that satisfies (a) and (b), set Gr11 = Bj X, Gk, and let g1 be the canonical projec-
tion G41 — Gj. By (b) and by Lemma 2.5(a), the cartesian square (Gy41, Bj, Gk, G;) is
compact. As C is a quasi-formation, Gy11 € C.

If the sequence (Gg,G1,...) is infinite, let G = l&nGz For every G; in the sequence
let w;: G = G; be the canonical map of the inverse limit.

In any case, by [FrJ, Example 17.1.7(a)], rank(G) < Ny.
Part B: Every finite C-embedding problem (¢;: G — G;,a: B — G;) with « indecom-
posable has a solution: Assume no solution exists. Then for every k > i (such that Gy
is defined) the finite C-embedding problem (¢ ;: Gy — G;,: B — G;) has no solution.
As « appears infinitely many times in &, there exists j > jj;1 such that o = «a;. Let
k > i be maximal such that j > ji. Then j satisfies conditions (a) and (b). Moreover, j
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is minimal with that property. Indeed, if j/ < j is minimal, then j' = ji11, S0 j > jki1, @
contradiction to the choice of k. By Part A, we have the following cartesian square:

Pk+1,k

Grt1 Gy,

TB Pk,i

B @ G;

Thus, 7 solves the finite C-embedding problem (g1, Gr41 — Gy, a0 B — Gy), con-
trary to the assumption.

Part C: Every finite C-embedding problem (7) has a solution: By Lemma 4.2, we may
assume that « is indecomposable. There exist ¢ € N and an epimorphism ¢: G; — A
such that ¢ = ¢ o ;. If there exists an epimorphism : G; — B such that a0 0 = ¢,
then 6 o ¢; solves (7). If no such epimorphism exists, by Lemma 2.5(a), the cartesian
square (B x4 G;,B,G;, A) is compact. As C is a quasi-formation, B x4 G; € C. Let
ma;: Bxa4G; — G (resp. mp: B x4 G; — B) be the canonical projection onto G; (resp.
B). By Lemma 2.7, 7g, is indecomposable. It follows from Part B that the finite C-
embedding problem (p;: G — G;, g, : B x4 G; — G;) has a solution. Thus, there exists
an epimorphism v: G — B x 4 G; such that ng, oy = ¢;. Then g o+ is a solution of (7).
Part D: Every B € C is a quotient of G: Put A =1 in Part C.

Part E: Uniqueness: Since G is pro-C, it follows from Part D that Im(G) = C. By Part
C, G has the embedding property. In Part A we have seen that rank(G) < Ny. By [FrJ,
Lemma 24.4.7], G with these properties is unique up to an isomorphism. O

Definition 4.5. We call the group E(C) of Theorem 4.4 the free pro-C group.
Remark 4.6. As Im(E(C)) = C, we have rank(E(C)) = rank(C).

Lemma 4.7. If C is a formation, then E(C) = F,(C) and E(Cq) = F4(C), for every
deN.

Proof. By [FrJ, Lemma 24.3.3], E, (C) has the embedding property. Clearly Im(Fw €)=
C. Hence, the first assertion follows from the uniqueness in Theorem 4.4. The second

assertion follows from [FrJ, Lemma 17.7.1] (we tacitly assume that there is G € C such
that 1 < rank(G) < d, otherwise F;(C) is not defined). O

5 Some properties of E(C)

We examine projectivity and connection to smallest embedding covers.

Recall ([FrJ, Definition 22.5.1]) that an epimorphism ¢: G — H of profinite groups
is called a Frattini cover if for every closed subgroup Gq of G satisfying ¢(Go) = H it
follows that Gg = G.

By [FrJ, Lemma 22.5.6], if ¢: G — H is an epimorphism of profinite groups, then G
has a closed subgroup Gq such that ¢|g,: Go — H is a Frattini cover.

Definition 5.1. We call a class C of finite groups Frattini-closed if the following holds:
Let ¢: G — H be a Frattini cover of finite groups such that H € C. Then G € C.

Notice that in [FrJ, Exercise 11 on p. 541] the term “admissible” is mentioned in a
similar situation.

Lemma 5.2. Let C be a formation. Then C' is Frattini-closed.

Proof. Let ¢: G — H be a Frattini cover of finite groups such that H € C’. By Lemma
1.3(b), p(G€) = H® = H. Since ¢ is a Frattini cover, G¢ = G, that is, G € C'. O
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Lemma 5.3. Let G be a profinite group with the embedding property and let C = Im(G).
Then G is projective if and only if C is Frattini-closed.

Proof. Suppose G is projective and let a: B — A be a Frattini cover of finite groups with
A € C. As C = Im(G), there exists an epimorphism ¢: G — A. By assumption there
exists a homomorphism ¢: G — B such that a« o9 = ¢. As « is a Frattini cover, ¢ is
surjective. Hence, B € Im(G) =C.

Conversely, assume C is Frattini-closed and let (¢: G — A,a: B — A) be a finite
embedding problem for G. Then A € Im(G) = C. Let By be a subgroup of B such that
ap = a|p,: By — A is a Frattini cover. By assumption By € C. As G has the embedding
property, there exists an epimorphism ¢ : G — By such that ag o) = . We may regard
1 as a homomorphism into B. It follows that every finite embedding problem for G has
a weak solution. Thus, G is projective ([FrJ, Lemma 22.3.2]). O

Recall ([FrJ, p. 565]) that a profinite group is called superprojective if it is both
projective and has the embedding property.

Proposition 5.4. Let C be a formation such that C' is nontrival. Then E(C') is super-
projective of rank Rg.

Proof. By Lemma 3.2, C’ is a quasi-formation. By Lemma 5.2, C’ is Frattini-closed and
by Lemma 1.5(b), it is extension-closed. In particular, C’ is closed under taking direct
products. Therefore, by Lemma 3.7, rank(C’) = Rg. By Theorem 4.4, E(C’) has the
embedding property and Im(E(C’)) = C'. By Remark 4.6, rank(E(C’)) = Ro. By Lemma
5.3, E(C') is projective. O

For Melnikov formations C there is a deep connection between maximal pro-C kernels
of free profinite groups and free pro-C’ groups:

Theorem 5.5. Let C and D be two Melnikov formatiops such tAhat CuUl' CD. Suppose
C is different from the class of all finite groups. Then E(C') = Fy(D)¢ for every cardinal
2 <d < Wy such that there exists G € C with rank(G) < d.

Proof. It suffices to prove the assertion only for d = Ny. Indeed, let F = Fd(D) and
N = FC. By [FrJ, Lemma 17.4.10], F/N = F4(C). By [FrJ, Corollary 17.6.5], F;(C) is
infinite. Thus, (F' : N) = co. By a result of Melnikov [FrJ, Proposition 25.8.3|, there
exists a normal subgroup K of F which contains N and is isomorphic to Fw(D). By
Lemma 1.3(d), K¢ = N. Thus, F€ = (F,(D))C.

So assume F = (D). By Lemma 1.5(c), N is pro-C’. By Lemma 3.2, C’ is a quasi-
formation. Thus, by Theorem 4.4, it suffices to show that C’ C Im(N), that N has the
embedding property and that rank(N) = No.

Let A € ' C D. By [FrJ, Theorem 24.8.1], there exists an epimorphism ¢: F — A.
By Lemma 1.3(b), (N) = A® = A. Thus, C’ C Im(N). By Remark 1.6, C’ is nontrivial.
It follows that N is nontrivial.

Let (p: N = A, a: B — A) be a finite C-embedding problem for N. By [FrJ, Lemma
1.2.5(c)], o extends to an epimorphism ¢’: N’ — A where N’ is an open normal subgroup
of F containing N. By [FrJ, Proposition 25.2.2], N’ = F. By [FrJ, Lemma 24.3.3], N’ has
the embedding property and by [FrJ, Theorem 24.8.1], B € Im(N"). Thus, there exists an
epimorphism v': N’ — B such that a0y’ = ¢'. By Lemma 1.3(d), (N')¢ = N. Therefore,
by Lemma 1.3(b), 7/(N) = ~/((N")¢) = B¢ = B. It follows that v = 7/|y: N — B is an
epimorphism with oy = ¢.

Finally, since N is a nontrivial closed subgroup of F' of infinite index, rank(N) = N
([FrJ, Theorem 25.4.7(b)]). O

Remark 5.6. (a) The previous theorem gives an alternative proof of Proposition 5.4 in
the case of a Melnikov formation C: Free profinite groups are projective ([FrJ, Corollary
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22.4.5]) and every closed subgroup of a projective profinite group is projective ([FrJ,
Proposition 22.4.7]). Thus, E(C’) = FC is projective.

(b) By [FrJ, Corollary 24.9.4], every closed normal subgroup N of a free profinite group
F' has the embedding property. We give a different proof of this fact in the special case
N = (F, (D)) that uses the properties of maximal pro-C quotients (Lemma 1.3).

We have seen (Theorem 5.5) that —for Melnikov formations C different from the class
of all finite groups— free pro-C’ groups arise as maximal pro-C kernels of free profinite
groups. It turns out that for quasi-formations C the free pro-C groups are related to
smallest embedding covers as well. Recall ([FrJ, Definition 24.4.3]) that an epimorphism
@: H — G of profinite groups is called an embedding cover if H has the embedding
property. An epimorphism e: F — G is called a smallest embedding cover if ¢ is an
embedding cover and if for every embedding cover ¢: H — G there exists an epimorphism
~v: H — E such that e oy = .

By [FrJ, Proposition 24.4.5], every profinite group G has a smallest embedding cover
E. By [FrJ, Lemma 24.4.6(b)], rank(FE) = rank(G). By [FrJ, Corollary 24.4.8], if G is of
at most countable rank, then F is unique up to an isomorphism. It turns out that in this
case FE is the free group constructed in this section:

Proposition 5.7. Let G be a profinite group of at most countable rank. Let C be the
smallest quasi-formation containing Im(G). Let e: E — G be a smallest embedding cover

of G. Then E = E(C).

Proof. For the existence of C see Remark 3.9.

We first show that there exists an epimorphism : E(C) — G. By [FrJ, Example
17.1.7(a)], there exists a sequence of epimorphisms of finite groups in C - - - SENE LI
G1 =% Gy =1 such that G = @Gl We construct inductively a family of epimorphisms
P;: E(C) — G with ¢;_1 = m;_1 o 1; for each i: Let 1)q: E(C) — Go = 1 be the trivial
map. Assume we have already constructed )y, ...,1;. By Theorem 4.4, E(C) has the
embedding property, hence there exists an epimorphism ;1 : E (C) — Git1 such that
i = m; 0 iy1. By [FrJ, Corollary 1.1.6], there exists an epimorphism t: E(C) — G.

By assumption, F is a smallest embedding cover. Thus, there exists an epimorphism
v: E(C) — E such that ¢y = £ o~. By Proposition 4.3, Im(E) is a quasi-formation.
As G is a quotient of E, Im(G) C Im(E). Therefore, C C Im(F). It follows that
Im(E) C Im(E(C)) = C C Im(E). Hence, Im(E) = Im(F(C)). By [FrJ, Lemma 24.4.6(b)],
rank(E) = rank(G). As both E and E(C) are of at most countable rank and have the
embedding property, by [FrJ, Lemma 24.4.7], £ = E ©). O]

Corollary 5.8. Let G be a profinite group of rank Ry. Let E be a smallest embedding
cover of G.

(a) Suppose C is a Melnikov formation such that Im(G) = C'. Then E = (F,)C.

(b) Suppose C =Im(G) is a formation. Then E = E,(C).
Proof. (a) By Lemma 3.2 and Proposition 5.7, £ = E(C'). By Theorem 5.5, E(C) =

(F)C.
(b) By Proposition 5.7, E = E(C). By Lemma 4.7, E(C) = F,(C). O

6 Connection to Shafarevich’s conjecture

During a series of talks in 1964 I. R. Shafarevich posed the following assertion, now called
the Shafarevich’s conjecture: The absolute Galois group Gal(Qap,) of the maximal abelian
extension of Q is free. As of 2017, the conjecture remains open.
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If the conjecture is true, we immediately get Gal(Qgoly) = A(C’ ), where C is the
Melnikov formation of all finite solvable groups. Indeed, Gal(Qsolv) < Gal(Qap) < Gal(Q);
by Lemma 1.3(d) and Theorem 5.5,

A

Gal(Quory) = Gal(Q)° = Gal(Qap )¢ = (F,)¢ = E(C).

Shafarevich’s conjecture has a natural generalization to global fields which asserts that
the absolute Galois group of the maximal abelian extension of any global field is free. It
was proven in the function field case by D. Harbater [Ha2, Theorem 4.1]. In this case
the conjecture follows from the fact that the absolute Galois group of the function field
of every curve over the algebraic closure [F,, of I}, is free.

In [Hal], [Pop], and [HaJ] even more is shown: The absolute Galois group of the
function field of every curve over any algebraically closed field is free. This fact naturally
leads to the question what happens over fields K which are “almost” algebraically closed,
i.e, [K : K] is finite, where K is an algebraic closure of K. By Artin-Schreier theory
such fields are precisely the real closed fields. In [Ha2, Theorem 4.2] it is proven that the
absolute Galois group of a function field of a curve X over a real closed field K is free if
and only if X has no K-points.

While the above generalizations of Shafarevich’s conjecture concern one-dimensional
function fields, it is possible to consider fields of higher dimension: In [Ha2, Theorem 4.5]
it is proven that if K is a separably closed field, then the absolute Galois group of the
maximal abelian extension of K ((z,y)) is free.

The theory of quasi-formations developed in the previous chapters and, in particular,
Theorem 5.5 together with the above mentioned proven cases of Shafarevich’s conjecture
immediately give the following:

Theorem 6.1. Let C be a Melnikov formation different from the class of all finite groups
and let F' be a function field in one variable over a countable algebraically closed field
K. Then the absolute Galois group of the maximal C-extension Fe of F' is isomorphic to

E(C).

Proof. By definition, F¢ is the compositum of all finite Galois extensions E of F with
Gal(E/F) € C. By [Hal, Theorem 4.4] or [HaV, Theorem 4.6], Gal(F") = F,,. Hence, by
Theorem 5.5, Gal(F¢) = (F,)¢ = E(C'). O

Remark 6.2. (a) Theorem 5.5 does not apply to the result concerning K ((z,y)) since
K ((z,y)) is uncountable for every field K.

(b) Suppose C is the Melnikov formation of all finite solvable groups. It is then possible
in Theorem 6.1 to replace K with any subfield of E: Let F' be a function field in one
variable over K. Then F' = FI’F; is a function field in one variable over the algebraically
closed field I/F; and F’ is a Galois extension of F, contained in Fg. By Lemma 1.3(d),
Fe¢ = F,. Thus, we may apply Theorem 6.1 to the function field F’ over ﬁ;.

References
[Dey] I. M. S. Dey, Embeddings in non-Hopf groups, J. London Math. Soc. 2, 1 (1969),
745-749.

[Fri] S. Fried, &£-Hilbertianity and quasi-formations, Ph.D. Thesis, Tel Aviv University,
2017.

[FrJ] M. D. Fried and M. Jarden, Field Arithmetic, Ergebnisse der Mathematik (3) 11,
Third Edition, revised by Moshe Jarden, Springer, Heidelberg, 2008.

[HaJ] D. Haran and M. Jarden, Regular split embedding problems over function fields of
one variable over ample fields, Journal of Algebra 208 (1998), 147-164.

15



[HaV] D. Haran, H. Volklein, Galois groups over complete valued fields, Israel Journal of
Mathematics 93 (1996), 9-27.

[Hal] D. Harbater, Fundamental groups and embedding problems in characteristic p, In
“Recent developments in the inverse Galois problem”, (M. Fried et al., eds.), AMS
Contemp. Math. Series 186 (1995), 353-370.

[Ha2] D. Harbater, On function fields with free absolute Galois groups, Crelle’s J. 632
(2009), 85-103.

[Lan] S. Lang, Algebra, Third Edition, Addison-Wesley, Reading, 1997.

[Pop] F. Pop, Etale Galois covers of affine smooth curves, Invent. Math. 120 (1995),
555-5H78.

[RiZ] L. Ribes and P. Zalesskii, Profinite groups, Ergebnisse der Mathematik III 40,
Springer, Berlin, 2000.

[Rot] J. J. Rotman, An introduction to the theory of groups, Fourth Edition, Springer-
Verlag, New-York, 1995.

[Ser] J.-P. Serre, A course in arithmetic, Graduate Texts in Mathematics 7, Springer-
Verlag, 1973.

[Son] J. Sonn, SLao(5) and Frobenius Galois groups over Q, Can. J. Math. 32 (1980),
281-293.

16



