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Introduction

The Inverse Galois Problem asks whether every finite group is realizable over Q.
Although this has been shown to be true for many finite groups, including the symmetric
and alternating groups (Hilbert), we are still very far from the solution of the problem.
One could ask, more generally, what is the structure of the absolute Galois group of Q.
Here we do not even have a plausible conjecture.

However, we do know the structure of the absolute Galois group of certain dis-
tinguished algebraic extensions of QQ, or, more generally, of a countable Hilbertian
field K. We fix a separable closure K, and an algebraic closure K of K and let
Gal(K) = Gal(K/K) be the absolute Galois group of K. Our goal is to explore the
absolute Galois groups of large algebraic extensions of K having interesting diophantine
or arithmetical properties.

Our study is motivated by two earlier results. By the free generators theorem
Gal(K, (o)) is, for almost all o € Gal(K)¢, the free profinite group F. on e generators
(Jarden [FrJ, Thm. 18.5.6]). On the other hand, if K is a global field and S is a finite
set of primes of K, then the absolute Galois group Gal(Kiot,s,) of the maximal S;-adic
extension of K is a free product of local groups (Pop [Pop4, Thm. 3]). In this work
we simultaneously generalize both results and prove that Gal(K,(o) N Kiot,s,) is, for
almost all o € Gal(K)¢, the free product of F,. and a free product of local groups.

Here is a detailed account of our result.

THE MAIN THEOREM.

For each e-tuple o = (01,...,0.) € Gal(K)¢ we denote the fixed field in K
(resp. K) of o1,...,0. by Ks(o) (or K(o) if char(K) = 0). We know that for almost
all ¢ € Gal(K)¢ the field K (o) is PAC [FrJ, Thm. 18.6.1] and Gal(K,(o)) = F,
[FrJ, Thm. 18.5.6]. Here “almost all” is meant in the sense of the Haar measure of
Gal(K)¢ and we say that a field M is PAC if every absolutely irreducible variety V'
defined over M has an M-rational point. The PAC property of the field K¢(o) implies
that if w is a nontrivial valuation of K(o), then the Henselian closure of K (o) at w
is K, [FrJ, Cor. 11.5.5].

To bring valuations into the game we consider a finite set 57 of absolute values

1



of K. For each v € S; let K, be a completion of K at v. Then K, is C, R, a finite
extension of QQ,, or a finite extension of F,((¢)) for some prime number p. The latter
case does not occur if char(K) = 0. The case where the completion is C is uninteresting
in each of the following results, so we assume K, # C for each v € S;. Assume all of
the KU’S are contained in a common field. For each v € S; set K, = KN KU. Then K,
is a real closure of K at v or a Henselian closure of K at v.

First consider the field

M =K, (o)n [ K&
vEST

where (o, p) € Gal(K)t!51] are taken at random. Then

Gal(M') = F, « | Gal(K?)
vES,
where B and * denote free products in the sense explained after the Main Theorem.
(See [Gey, Thm. 4.1] for e = 0 and [Jar2, Thm. 21.3] in the general case.)
Next we assume that char(K) = 0 and that the absolute values in S; are inde-

pendent and consider the maximal totally S;-adic extension of K:

Ktot,81 = m ﬂ K,g

vEST peGal(K)

Finally we “dig deeper” to reach the field Kot s, (6) = K(0) N Kiot,s,- Then for almost
all o the field Kiots, (o) is pseudo-Si-closed (Proposition 12.3). This means that
every absolutely irreducible variety V' defined over Kot s, (o) with a simple K#-rational
point for all v and p has a Ko, g, (0)-rational point. It follows that Gal(Kiot,s, (o)) is
relatively projective with respect to the set {Gal(K?)| v € Sy, p € Gal(K)} [HIPb,
Proposition 4.1]. Thus, each finite embedding problem for Gal(Kiot,s, (7)) which has
a local weak solution for each subgroup Gal(K?) has a global weak solution. This is a

basic ingredient in the proof of the main result of this work:

MAIN THEOREM: Let K be a countable Hilbertian field of characteristic 0, e > 0 an

integer, and S a finite set of independent absolute values of K. Then for almost all
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o € Gal(K)¢ and for each v € Sy there exists a closed subset R, of Gal(K) such that

(1) Gal(Kior,5, (0)) = Gal(K (o))« | ] Gal(k)),

vES] pER,Y

and R, is a system of representatives of Gal(Kiot,s, (0))\Gal(K), and {Kf | p € R,} is
a closed system of representatives of the Gal(Kiot,s, (07))-orbits of {KF | p € Gal(K)}.

Here we use the notation H\G with G a profinite group and H a closed subgroup
for the space {Hg| g € G} of all right cosets of G modulo H. The inner free product in
(1) is meant here in the sense of Haran-Melnikov ([Har|, [Mel]): First, the intersection
of distinct factors is trivial, secondly, each continuous function

vo: |J | Gal(KY) — B

vES] pER,Y

into a profinite group B whose restriction to each of the groups Gal(K?) is a homomor-

phism uniquely extends to a continuous homomorphism ¢: B, ., H PR, Gal(K?) — B.

SKETCH OF PROOF.

The proof of the main theorem applies a blend of local and global properties of
the field M = Kiots, (o) and its absolute Galois group. In addition to the local fields
K,, v € S;, we consider also Ky = K (o) as a local field of M and write Sy = {0} and
S = So U S;. The common feature of the groups Gal(K,), v € Sy, and Gal(K)) is that
they are all finitely generated. Beyond that they are of a different nature. Here are the
main properties of the fields K,, v € S1, that enter in the proof of the main theorem:
(2a) The groups Gal(K,), v € S1, can be recognized group theoretically (up to conjuga-

tion and inclusion) by “big quotients” in each free product of the form F M, G,

where F is a free finitely generated profinite group and each G; is isomorphic to

Gal(K,) for some v € S; (Data 7.1).

(2b) If K, is algebraically closed in a field F' and Gal(F) = Gal(K,), then K, is an
elementary subfield of F' (a combination of results of Efrat-Koenigsmann-Pop and
Ax-Kochen-Ershov-Prestel-Roquette).

(2¢) For each v € S; the space of Gal(M)-orbits of G, = {Gal(K?)| p € Gal(K)} is

isomorphic to the Cantor middle third set, in particular it has no isolated points.
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The main properties of Ky used in the proof are the following:

(3a) Gal(Ky) is a finitely generated free profinite group.

(3b) Ky is pseudo algebraically closed over each set H N A where H is a Hilbert subset
of K" and A is a nonempty Si-adically open subset of K" (Definition 9.3).

In addition to the relative projectivity of the group Gal(M) drawn from the PS;C
property of M, we also apply the following consequence of being PS5 C:
(4) Each finite split embedding problem over M can be regularly solved over M(t),

where ¢ is transcendental over M.

We keep track of the local groups of Gal(M) by considering the “group pile”
G = (Gal(M),Gal(M,v))ves, where Gal(M,0) is the Gal(M)-orbit of Gal(Ky) and
Gal(M,v) is the Gal(K)-orbit of Gal(K,). Finite group piles, A = (A, A,)ves, are
modeled after finite quotients of G (Section 3). The key step in the proof of the main

theorem is proving that each “self-generated” “rigid” finite embedding problem
(5) (p:G— A, a:B— A)

of group piles which splits group theoretically is solvable. Without loss A = Gal(N/M)
is a Galois group over M. Using (4) and (2b) we find a finite Galois extension P
of M(t) which solves the group theoretic problem attached to (5) and such that the
local structure of Gal(P/M (t)) associated with S; is isomorphic to that of B. Using a
theorem of Efrat, we are able to choose By € By such that a(By) = ¢(Gal(Ky)) and B
is generated by By and all of the groups belonging to B;. Let Py be the fixed field in P
of the subgroup of Gal(P/M/(t)) corresponding to By. Then, we may assume that B =
Gal(P/M(t)). An application of Hilbertianity, (2a), (3b), and the rigidity assumption
(Section 4) gives a homomorphism v: Gal(M) — Gal(P/M(t)) which commutes with
restrictions such that v(Gal(Ky)) = Gal(P/Py) and v(Gal(M,v)) = B, for each v € 5.
By assumption, the local groups generate Gal(P/M (t)), so v is surjective (Proposition
11.1).

We note that the use of property (3) and the Hilbertianity of K follows [FHV]
which proves the main theorem in the special case where e = 0 and all of the K, with

v € S are real closed fields.



Now, for each v € S; we choose a homeomorphic image T;, of the Cantor middle
third set and construct a free product G = FE*Hvesl HtETv Gr . with Gpy = Gal(K,)
(Proposition 11.1). We prove that each finite self-generated embedding problem for
group piles associated with G is solvable (Proposition 5.3(h)). The same holds for
Gal(M) (Proposition 11.1). It follows by an Iwasawa like argument (Proposition 6.3),
that Gal(M) = Gal(Gr). Consequently, Gal(M) is a free product of its local groups.

POSITIVE CHARACTERISTIC.

The proof of the main theorem we have just described does not work in positive
characteristic p. Here the completions of the local fields K, are finite extensions of
F,((t)), so the groups Gal(K,) are not finitely generated. Another problem is that no
analog for the Ax-Kochen-Ershov theorem is known in characteristic p.

The special case of the main theorem where e = 0 was proved by the third author
in all characteristics in a unified way [Pop4]. The unified proof is indirect. In order to
prove that Gal(Kio g, ) is a product of local groups one chooses a Galois extension N of
K in Kio,g, which is PS;C and properly contained in K. g,. For example* one may
choose N to be the maximal Galois extension Kio g, [o] of K in Kio g, (o), where o is
an element of Gal(K )¢ chosen at random. Let N’ be a finite proper extension of N in
Kiot,s,- Then N’ is Hilbertian (by a theorem of Weissauer) and PS;C [GeJ, Thm. A].
Under these assumptions [Pop4] proves that Gal(N’) is isomorphic to the free product
of F, and a free product of local groups. Moreover, it proves that the closed normal
subgroup generated by the second factor is the group Gal(Kiot,s,) and is isomorphic to

the first factor.

THE FIELDS Kiot,s, [O].

Another question left open in this work is the structure of the Galois group of the
field Kiot, s, [o], where o is taken at random in Gal(K)°. We wish to prove that the
structure of that group is given by an analog of (1) in which Gal(K (e)) is replaced by
Gal(K[o]). See Remark 12.5 for more details.

* Our argument at this point differs somewhat from the one given in [Pop4].
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1. Automorphisms of Finitely Generated Profinite Groups

Let I be a finitely generated profinite group and A a finite quotient of I'. We construct
a big quotient B of I' in a uniform way such that each automorphism of A which lifts
to an automorphism of B lifts to an automorphism of T'.

To that end we consider a positive integer n and observe that I' has only finitely
many distinct open subgroups of index < n [FrJ, Lemma 16.10.2]. Their intersection I'(,
is an open characteristic subgroup of I and I'™) =T /T (n) is a finite group. Furthermore,

I = F(l) Z F(g) Z F(g) Z and ﬂ,zozl F(n) =1.

LEMMA 1.1: Let I' be a finitely generated profinite group and n a positive integer.

Consider an open normal subgroup N of T" with N < T'(,,y. Then:

(a) (I'/N)@n) =Tm)/N.

(b) Let N’ be another open normal subgroup of T' such that T'/N = T'/N’. Then
N’ <T,.

(c) Assume that I' is a closed subgroup of a profinite group G and let K be an open
normal subgroup of G such that ' N K < T'(,,y. Then ('K/K)(,,) = '¢,) K/K.

Proof of (a): Let C,(I', N) be the set of all open subgroups M of I" with N < M and
(' : M) < n. The map M — M/N is a bijection of C,(I', N) onto C,(I'/N,1) that
commutes with intersections. By definition, I'(,,y (resp. (I'/N)(,)) is the intersection of
all the groups in C,(I',1) (resp. C,(I'/N,1)). By assumption, C,(I',1) = C,(I',T'¢,y) =
Cn(I', N). Therefore, I'(,y /N = (I'/N) ).

assumption, |C,(I', N')| = |C,(I'/N",1)| = |Co(I'/N,1)| = |Cp(I', N)| = |Cpn(T',Tryy)l.
Hence, C,(I', N') = Co (I, L)), s0 N € Nprec, vy M = ﬂMeCn(F’F(n)) M =T,).

Proof of (b): By definition, C,(I', N') € Cn(I',I'(,y). By the proof of (a) and by

Proofof (c): By (a), with N = 'NK = T'(,, N K, we have (I'/TNK) ) = ') /(FNK).
The isomorphism I'/T'N K — I'K/K maps the left hand side onto (I'K/K),) and the
right hand side onto I',,) K/ K. Hence (I'K/K)(,) = T, K/ K. |

LEMMA 1.2: Let I' be a finitely generated profinite group. Then for every m € N there
is an n > m such that every automorphism of I'"™) which lifts to an automorphism of

'™ lifts to an automorphism of T.



Proof: For each n > m there are natural maps Aut(I') — Aut(T'(™) — Aut(I'(™)) of
finite groups. Let B,, be the image of Aut(I'™) in Aut(I'"™). Then Aut(I'™) = B,, >
Bpg1 > Bgo > - and [, By is the image of Aut(I"). Indeed, since (,—, T'x) = 1,
we have I' = <ll_m k), If a € Mye,, B, then for each k > m the inverse image of « in
Aut(I'®)) is a nonempty finite set. The inverse limit of these images is nonempty [FrJ,
Cor. 1.1.4]. Each sequence in the inverse limit gives rise to a lifting of a to an element
of Aut(T"). Since B, is finite, there is an n > m such that B,, = B,,+1 = Bpy2 = -+,

hence B, is the image of Aut(I"). i
We will use the following reformulation of Lemma 1.2:

LEMMA 1.3: Let I' and A be finitely generated isomorphic profinite groups. Then for
each m € N there is an n > m with the following property: Let N < K be open normal
subgroups of I' and M < L open normal subgroups of A such that

(a) N <TI(,) or M < A,; and

(b) Ty < K or Agy,y < L.

Then every isomorphism I'/K — A/L that can be lifted to an isomorphism I'/N —
A/M lifts to an isomorphism I' — A.

Proof:  Each isomorphism I' = A maps I'(,,) and I'(,), respectively, onto A, and
A(py. Thus, we may assume that A = I'. For m € N we choose n > m as in Lemma
1.2. Let K, L, M, N be groups satisfying (a) and (b) as in the Lemma. We may assume
that there is an isomorphism I'/K = I'/L and an isomorphism a: I'/N — I'/M which
maps K/N onto L/M. Hence, (I'/N : K/N) = (I'/M : L/M).

Under these assumptions we may strengthen (a) and (b) to
(') N<I()and M <T(,; and
(b") Ty < K and I,y < L.

Indeed, the isomorphism I'/NV = I'/M and Lemma 1.1(b) imply that N < T, if
and only if M <T'(,). This proves (a’). In particular, N <T'(,,) and M < T'(,,.

The existence of « implies that (I'/N)(,,,y < K/N if and only if (I'/M),,) < L/M.
By Lemma 1.1(a), I'(,,) /N < K/N if and only if I'¢,,,y /M < L/M, that is, I'¢p,y < K if
and only if ',y < L. This proves (b’).



Now let #: T/N — T'/M be an isomorphism which induces an isomorphism

0':T/K — T'/L. Thus we have the following commutative diagram

I —TD/N—+T/T() — /T —T/K

I —T/M->T/T¢) —T/T —T/L

in which the horizontal maps are the quotient maps (and 6, and 6, are constructed
below).

By Lemma 1.1(a), Ker(n) = I'¢,)/N = (I'/N)(y,); similarly Ker(n') = (I'/M) ).
Therefore 6 induces an automorphism 6, of rc™ =r/ I'(,,) making the above diagram
commutative. The automorphism 6,,) of rm —r /T (m) is constructed similarly.

By Lemma 1.2, 6,,), hence also ', lifts to an automorphism of I'. |

2. Topologies

Let G be a profinite group. The set Subgr(G) of all closed subsets of G has two natural
topologies. A basis for the first topology consists of all subsets U(G1,N) = {H €
Subgr(G)| HN = G1N}, where G; € Subgr(G) and N is an open normal subgroup of
G. This topology is referred to in [HJPa] and [HJPb] as the strict topology. If G is
finite, the strict topology of Subgr(G) coincides with its discrete topology. In the general
case, Subgr(G) = lim Subgr(G/N), where N ranges over all open normal subgroups of
G. Thus, Subgr(G) is a profinite space under the strict topology. In particular, a subset
of Subgr(G) is strictly closed if and only if it is strictly compact.

In addition to the strict topology, Subgr(G) admits a weaker topology, called the
étale topology, which is in general not Hausdorff. A basis for the étale topology
consists of all the subsets Subgr(M) with M open in G. Thus, each étale open (closed)
subset of Subgr(G) is strictly open (closed), and each strictly closed subset of Subgr(G)
is strictly compact, hence étale compact.

We mainly use the strict topology, so we usually drop the reference to it.



LEMMA 2.1: Let G be a profinite group and G a closed subset of Subgr(G). Suppose
there are no inclusions between distinct groups in G. Then the étale topology of G

coincides with its strict topology.

Proof:  Since the strict topology of Subgr(G) is finer than its étale topology, it suffices

to prove for each G; € G that each basic strictly open neighborhood N of G7 in G

contains an étale open neighborhood of G;. In fact, Ny = {H € G| HN = G1N} for

some an open normal subgroup N of G. Let M be the set of all open subgroups M of

G with G; < M < G1N. It suffices to find M € M such that Subgr(M) C N.
Assume that such M does not exists. Then, for each M € M

Hy={HeG| H<M, HN # G1N} # 0.
The set Hys is the intersection of G with two strictly closed subsets
{H € Subgr(G)| H< M} and {H € Subgr(G)| HN # G1N}
of Subgr(G), so Hyy is strictly closed in G. For all My, ..., M, € M we have,
Harnennt, S Ha NN Hag,

and My N---N M, € M. Hence Hp, N---NHy, # 0. Since G is strictly closed, G
is strictly compact. Therefore, there exists H € ();cr¢ Har- In particular, H € G,
HN # G1N, and H < (G;. By assumption, H = ;. This leads to the contradiction
G1N # G1N. |

For a profinite group G and closed subgroup Hi, Hy we consider the space of the

double cosets H1\G/Hy with its quotient topology.

LEMMA 2.2: Let G be a profinite group, g € G, and Hy, Hy closed subgroups of G.
Then HygH, is an isolated point in the quotient space H1\G/Hz if and only if H{ H,
is open in G.

Proof: By the definition of the quotient topology, the point HigHy € H,\G/H; is

isolated if and only if its preimage HygH> in G is open. Since multiplication from the

left by g~ is a homeomorphism of G, this is equivalent to H{ Hs being open in G. |



3. Group Piles

One of the main objects in [HJPa] and [HJPD] is a group structure. A group structure
is defined to be data (X, G, G,).cs consisting of a profinite space X, a profinite group
G, and a closed subgroup G, of G for each x € X, satisfying certain conditions. Among
others, G acts continuously on X from the right such that G, = GZ for all 0 € G
and x € X and the stabilizer of each z is contained in G,. In this work we omit X,
retain the profinite group G and the collection G = {G, | * € X}, relax the conditions
imposed on the group structure, and call the structure obtained in this way a “group
pile”.

The group G acts continuously on Subgr(G) by conjugation from the right. A
G-domain of Subgr(G) is a subset of Subgr(G) closed under that action. In particular,
each conjugacy domain {G{| g € G} with a closed subgroup Gy of G is a closed G-
domain which we call a G-class.

We fix a finite set S containing 0 but not containing 1 and set Sy = {0} and
S; = S {0}.

A group pile is a structure G = (G, G, ),es consisting of a profinite group G, a
G-class Gy and a closed G-domain G, of Subgr(G) for each v € S;. We set G = UUGS G,
g, = Uve s G,, and assume that each H € G is finitely generated.

We call G finite if G is finite. We say that G is self-generated if there exists
Gy € Go such that G = (Go,G1) = (Go, G1| G1 € G1). We call G separated if the G,’s
are disjoint. Thus G = |-J,.¢ G, is a partition into open-closed sets. An epimorphism
0: G — A = (A, Ay, A1) of group piles is an epimorphism of profinite groups ¢: G — A
such that ¢(G,) = A, for each v € S. It is an isomorphism, if ¢: G — A is an
isomorphism of groups; equivalently, ¢: G — A has an inverse. Each epimorphism
¢: G — A is determined, up to an isomorphism, by Ker(y). If G is self-generated, so
is A. If A is separated, so is G.

We say that G is deficient if Gy consists of the trivial subgroup of G. In this
case we omit Gy from G and rewrite it also as (G, G,)yes,. Note that if o: G — A is
an epimorphism of group piles and G is deficient, then so is A. Likewise, in this case,

each of the assumptions about Gy done in the forthcoming definitions and all statements
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about Gy hold trivially. We will mention that in the sequel only occasionally.

Let A = (A, A,)ves be a finite group pile and p: G — A an epimorphism.
A decomposition of ¢ is a pair of epimorphisms ¢: G — A and @: A — A, where
A= (fl, /lv)veg is a finite group pile and pop = . The kernel of the decomposition
Ker(¢) is an open normal subgroup of G contained in Ker(y). Conversely, for each open
normal subgroup K of G contained in Ker(y) there is a decomposition of ¢ with kernel
K, unique up to an isomorphism. Namely, let A= G/K and let ¢: G — A be the
quotient map G — G/K. Put A, = ¢(G,) and A = (A, A,),es. Then the induced
epimorphism of groups ¢: A - A maps A, onto A, for each v € V, so it is an

epimorphism @: A — A of group piles.

LEMMA 3.1: Let G = (G,G,)ves be a separated group pile. Suppose that for each

v € S there is a finitely generated group I', with G, = T',, for every G, € G,,.

(a) Let n € N. Then there exists an open normal subgroup K of G such that, in the
notation of Section 1, HN K < H(y, for every H € G.

(b) There is an open normal subgroup K of G such that if ¢: G — A is an epimorphism
of group piles with Ker(p) < K, then A is separated.

Proof of (a): Consider H € G and let v be the unique index with H € G,. Then
H = T, so H is finitely generated. In addition, G, is open in G. Therefore, there
is an open normal subgroup K of G such that H N K < H(,) and if H' € G satisfies
H'K = HK, then H' € G,, hence H = T', = H. The equality HK = H'K implies
H/HNK = H'/H'N K. The isomorphism H = H' implies (H : H,)) = (H' : H{,).
Hence

(H/ : H'ﬂK) = (H:HHK) > (H:H(n)) = (H’:H(/n)).

By Lemma 1.1(b), H' N K < H{, .

Finally, since G is compact, we may choose K to be independent of H.

Proof of (b): By compactness each of the sets G, is the finite union of sets of the form
{H € Subgr(G) | HK}, = My}, where K}, are open normal subgroups of G and M}, are
open subgroups of GG. The intersection K of all of the K}’s has the required property.
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Indeed, let ¢: G — A be an epimorphism with Ker(p) < K, let v,v" € S be
distinct, and let G, € G, and G, € G,. There is a k such that G, K}, = M. Since
G, ¢ Gy, we have G,Kj, # My, so G,Kj, # G K. Since Ker(p) < K < Ky, this
implies G, Ker(y) # G Ker(p), so ¢(G,) # ¢(G, ). Thus, in the notation introduced

prior to the lemma, A, is disjoint from /lv/, which means that A is separated. |

LEMMA 3.2: Let G = (G,Gy)ves be a group pile. Suppose there are no inclusions
between distinct groups in G, = Uuesl G,. Let ¢: G — A be an epimorphism onto a
finite group pile A. Then there is an open normal subgroup N of G with the following
property: Let (¢, @) be a decomposition of ¢ with Ker(¢) < N. If G1,Gy € G; and
¢(G1) < ¢(G2), then p(Gr) = p(Ga2).

Proof: Let Ay, Ay € Ay = ¢(Gy) such that Ay # A,. Consider the compact subsets
G = {G1 € Gi| p(G1) = A1} and G®) = {G> € Gi| p(G2) = Az} of Gi. Let
G1€GW Gy € G Then G4 # (g, so0 G1 £ G4. Therefore there is an open normal
subgroup N = N(G1,Gs2) of G such that GiN £ GoN. If G} € G satisfies G\N =
G1N and G} € G satisfies GHN = GyN, then G/ N £ G4LN. By the compactness of
G x G2 there is an open normal subgroup N of G, such that G1N £ GoN for all
Gy € G, Gy € GP). This remains true if we replace N by any open normal subgroup
K of G contained in N. Thus, since A is finite, we may assume that N is good for all
Ay # As in A. Consequently, if ¢: G — A is an epimorphism with Ker(¢) < N, and
G1,Go € Gy satisty o(G1) # ¢(Ga), then $(G1) £ §(G2). i

4. Embedding Problems for Group Piles

We show how to dominate locally solvable embedding problems for groups piles with
rigid finite embedding problems having extra properties.

First we introduce an appropriate vocabulary. Let G = (G,G,)yes and A =
(A, Ay)ves be group piles. An epimorphism ¢: G — A is rigid if ¢: G — A is injective
on each G’ € G.

An embedding problem for G is a pair of epimorphisms of group piles

(1) (p:G— A, : B— A)
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which we eventually abbreviate as (¢, a). We say that (1) is rigid, if « is rigid, that is,
a: B — A is injective on each B’ € B. We say that (1) is finite, if B is finite. We say
that (1) splits group theoretically if there exists a group homomorphism o/: A — B
satisfying coa’ = id 4. We say that (1) is self-generated, if G, A, B are self-generated.
Groups B’ € B and G’ € G are compatible for the embedding problem (1)
if there exists an epimorphism ~': G’ — B’ such that oo v’ = ¢|gs; in particular,
©(G") = a(B’). Note that if B’ and G’ are compatible and B” is conjugate to B’, then
there is a conjugate G of G’ which is compatible with B”. Indeed, if B” = (B')®,
choose g € G such that ¢(g) = a(b). Then (G')? is compatible with B’. Similarly, if
G" is conjugate to G’, then G” is compatible with some conjugate of B’.
We say that (1) is locally solvable if the following holds for each v € S:
(2a) for every B, € B, there exists a compatible G, € G,,
(2b) for every G, € G, there exists a compatible B, € B,.

Note that it suffices to demand (2a) only for every B, in a system of representa-
tives of the B-classes of B,. Similarly it suffices to demand (2b) only for a system of
representatives of the G-classes of G, .

If both G and B in (1) are deficient, then for (1) to be locally solvable it suffices
that (2) holds only for v € Sj.

A rigid embedding problem is always locally solvable. A solution of (1) is an
epimorphism v: G — B such that aovy = .

Let (1) be an embedding problem. Another embedding problem

(3) (: G — A, &:B— A)
is said to dominate (1) if there exists a commutative diagram

(4)

G)
> o

& W>
1@
R
A

s
lg
>



of epimorphisms of group piles. If 4: G — B is a solution of (3), then S04 is a solution
of (1).

If B is a subgroup of the fiber product B x 4 A [FrJ, Sec. 22.2], B and & are the
restrictions of the projections on the corresponding components, and both B and G
are deficient, then so is A. In this case, B(BO) =1 and &(Eo) =1, so By = 1 for
each BO € 1’5’0. Therefore, B is deficient. We will often use this observation without
mentioning it.

The following result replaces G in a locally solvable embedding problem (1) by a
finite group pile.

LEMMA 4.1: Let (1) be a finite locally solvable embedding problem. Then there exists
an open normal subgroup N of G with the following property. Let G PLA %A
be a decomposition of ¢ with Ker(¢) < N. Then (¢: A — A, a: B — A) is a finite
locally solvable embedding problem.

Proof: Let v € S and consider the family {(B;,G;) € Bx G| i € I} of all compatible

pairs for (1) with B; € B, and G; € G,. For each i € I, choose an epimorphism

vi: Gi — B; with aov; = ¢|g,. Then Ker(y;) is an open subgroup of G;. Choose
an open normal subgroup N; of G satisfying N; < Ker(p) and G; N N; < Ker(y;).
Then G = {G' € G,| G'N; = G;N;} is an open-closed neighborhood of G; in G,

and ~y; extends to an epimorphism d;: G;N; — B; with kernel Ker(~;)N; such that

aod; = ¢|c;N;-

Since (1) is locally solvable, B, = {B; € B| i € I,} and G, = {G, € G| i € I,,},
so G, = Uz‘e I, GW . Since G, is compact, there is a finite subset J, of I, such that
G, = Uier G . Add more elements to J,, if necessary, to get B, = {BieB|iecJ,}

and put N, = N;. Let N =(),.¢ Ny. Then N is an open normal subgroup of G.

icd, ves

Now let v € S and consider a decomposition G P A P A of ¢ with Ker(¢) <
N. Let A’ € A,. There are i € J, and G’ € G C G, such that A’ = S(G).
Let ¢': G’ — A’ and 0}: G — B be the restrictions of ¢ and d; from G and G;Nj,
respectively, to G’. Since G'N; = G;N; and Ker(¢) < N, < Ker(9;), we have §;(G’) =

§;(G;) = B; € B, and ¢ induces an epimorphism 4': A" — B, such that &' o @ =4l
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Hence, a 00’ o 3/ = a0dl = p|a = o @'. Since ¢': G’ — A’ is an epimorphism,
aod = @| 4. Thus, (B, fl’) is a compatible pair.

Conversely, let B’ € B,. Then B’ = B, for some i € J,. Set A; = &(G;). Then
A; € A, and (BZ-,/L-) is a compatible pair. |

The following construction will be used several times to produce dominating em-

bedding problems.

LEMMA-CONSTRUCTION 4.2: Let (1) be a finite embedding problem and
G5 AL A

a decomposition of ¢. Let I,, v € S, be disjoint sets such that Iy = {0}. For each
i €1, let (B, AZ) € B, x A, be a compatible pair for the embedding problem (¢: A—
A, a: B — A) such that

(5) {(B’|iel,, be B} =B, and {A%|icl, acA}=A,.

Set B = B x4 A with the coordinate projections &: B — A and 3: B — B. For
each v € I, let ~;: AZ — B; be an epimorphism such that ao~y; = @|Ai' It defines a
homomorphism #;: A; — B such that

(6) ﬁo’%:’% and OéO’}/i:idA_.

3

Let B; = 4;(4;), B, ={B%| iel,, be B}, and B =(B,B,)ycs. Then:

(a) B is a group pile and (3) is a finite rigid embedding problem that dominates (1).

(b) Suppose {A;| i € I,} is a set of representatives of the A-classes of A,. Let i € I,
and B' € B,. If &(B') is conjugate in A to A;, then 3(B') is conjugate in B to B;.

(c) If B and A are deficient, then so is B.

~ A

Proof of (a): For each i € I, we have, 3(B;) = 80 %(4A;) = ~v(4;) = B; and
&(B;) = a0 4;(A;) = A; (by (6)). Hence, by (5), 8(B,) = B, and &(B,) = A,. Thus,
0: B — Band &: B — A are epimorphisms. Let ¢ € I. Since & o%; = idy , the

restriction of & to B; is an isomorphism onto A;. By conjugation, & is injective on each
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group in B,. Since the latter consequence holds for each v € S, the map & is injective

on each group in B.

Proof of (b): There exist j € I, and b € B such that B’ = B;’ Thus, &(B') = A?(b) is
conjugate to flj. On the other hand, by assumption, &(E’) is conjugate to A;. Hence,

j=1i,s0B(B) = Bf(b) is conjugate to B; = B;. i

Recall that G is said to be G;-projective if for every finite embedding problem
(p: G — A, a: B — A) satisfying
(7) for each I € G; there exists a homomorphism vp: I' — B with a oy = ¢,
there exists a homomorphism v: G — B such that a oy = ¢ [HJPb, Sec. 3].

The following result is a variant of [HJPb, Lemma 3.1].

LEMMA 4.3: Let (1) be a finite locally solvable embedding problem. Then there exists
an open normal subgroup N of G with the following property: Let K be an open normal
subgroup of G contained in N. Then (1) can be dominated by a finite rigid embedding
problem (3) in which B = B x4 A and Ker(¢) = K. If G is Gi-projective, then (3)
splits group theoretically.

Proof: Let N be an open normal subgroup of G as in Lemma 4.1. Consider an open
normal subgroup K of G contained in N. Decompose p: G — A into (¢: G —
A, 3: A — A) such that Ker(¢) = K. By Lemma 4.1, (, @) is a finite locally solvable
embedding problem. Then for each v € S we may choose a set {(B;, A;)| i € I,} C
B, x A, of compatible pairs such that Iy = {0}, the I, are disjoint, and (5) holds.
Lemma-Construction 4.2(a) gives Diagram (4) with B = B x 4 A such that (3) is rigid.

If G is Gi-projective, there exists a homomorphism v: G — B with aovy = .
We may assume N < Ker(y), so that Ker(¢) = K < N < Ker(y). Then v induces a
homomorphism 7: A — B with v =% o0 ¢. Hence, cojyop =aoy=p =@o¢p. Since
$ is surjective, & o ¥ = @. The universal property of the cartesian square in (4) gives a
homomorphism #: A — B such that 8o 4 =4 and & o% = id;. Thus, & splits group
theoretically. |

Notation 4.4: Let G = (G, G,)yes be a group pile. For each v € S and each G, € G, let
G, be the conjugacy class of G, in G. Let G, = {G, | G, € G,} be the corresponding
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topological quotient space. We may identify G, with a set of representatives of the

conjugacy classes in G,,. |

LEMMA 4.5: Let (1) be a finite locally solvable embedding problem for G = (G, G, )ves-
Suppose G, has no isolated points for each v € S;. Then (1) can be dominated by a
finite rigid embedding problem (4) with B = B x 4 A such that the following statement
holds for each v € Si:

(%) For every B, € B, there exists A, € A, with a(By) = cﬁ(flv) such that if B' € B,

and &(B') is conjugate to A,, then 3(B') is conjugate to B,.

Proof: By Lemma 4.1 there is a decomposition G LA 2 A of ¢ where A =
(A, Av)veg is finite and (@, ) is a locally solvable embedding problem.

Let v € S7 and let n be the number of conjugacy classes in B,. For each B’ € B,
there is an A’ € A, compatible with B’. The set {G’ € G,| $(G') = A’} is non-
empty and open-closed in G,. By assumption it contains infinitely many non-conjugate
subgroups of GG. Therefore there is a decomposition G i, A~ 5, A of 0 G — A
with A* = (A* A¥),cs finite such that there are at least n non-conjugate groups in
A mapped by ¢35 onto A’. Each of them is compatible with B’, with respect to the
embedding problem (@ o 3, ). Hence, replacing ¢: G — A by ¢7: G — A* and
p: A A by po¢s: A* — A, we may assume that there are at least n non-conjugate
groups in A compatible with B’. In fact, since By is finite, we may assume that the
latter statement holds for all B’ € B, and all v € 5.

This allows us to choose for each v € S; a family of compatible pairs {(B;, A;) | i €
I,} € B, x A, such that the set {B;| i € I,} meets all of the B-classes of B, and
{flZ | i € I,} is a system of representatives of the conjugacy classes of A,. Indeed, for
v e Sy let {B;| i€ J,} be a system of representatives of the B-classes of B,. By the
preceding paragraph, |J,| < n, so we may choose for each i € J, a compatible A e A
such that the A;’s, i € J,, are non-conjugate. Complete {AZ| i € Jy} to a system
{121Z | i € I,} of representatives of the A-classes of A, and choose for each A; € A, with
1 € I, ™ J, a compatible B; € B,. Finally we may change the sets [, if necessary, to

assume that they are disjoint and do not contain 0.
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Lemma-Construction Lemma 4.2 gives the required dominating embedding prob-
lem (4). Indeed, we choose a compatible pair (By, Ag) € By x.Ag and set B = (B, B, )ves
and {B;| i € I,} for each v € S as in Lemma 4.2. Then (1) is dominated by a finite
rigid embedding problem (4).

Now consider v € S. For each B, € B, there exist i € I, and b € B with B, = Bf )
Since the pair (B;, A;) is compatible, a(B;) = @(A;). By (6), &(B;) = &(%:(4A;)) = A;.
Choose a € A with a(b) = @(a) and set A, = A%. Then a(B,) = @(A,). If for some
B’ € B, the group &(B') is conjugate to A,, then &(B’) is conjugate to A;. Therefore,
by Lemma 4.2(b), B(B’) is conjugate to B;, hence to B,, as is required by (*). |

Remark 4.6: In Lemma 4.5 let (4) satisfy statement (k). Let
(7) (¢": G — A™, a™: B*" — A")

be another finite locally solvable embedding problem which dominates (3) such that
B* = B x ; A*. Then (7) dominates (1) and satisfies statement () of Lemma 4.5. This

allows us to replace (3) by an embedding problem with additional properties. |

5. Free Products

We follow Melnikov-Haran and define a free product of profinite groups indexed by a
profinite space. A special free product will be shown to have all necessary properties
entering in the definition of a Cantor group pile in the next section.

The basic notion underlying the free product of profinite groups is that of a sheaf
of profinite groups [Mel, (1.13)]. It is a triple (X, 7,7T") of profinite spaces X, T with
a surjective continuous map 7: X — T such that X7, = 77!(¢) is a profinite group for
each t € T' and the map (z,y) — 271y from {(z,y) € X x X | 7(z) = 7(y)} into X is
continuous.

The simplest sheaves of profinite groups are the constant sheaves [Mel, (1.13)]:
Let T" be a profinite group and let T be a profinite space. Consider the triple (I" x
T,pr,T), where pr: I' x T" — T is the projection on the second coordinate. For each

t € T the fiber pr=1(t) = ' x {t} is a profinite group isomorphic to I" by (v,t) — .
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DATA 5.1: 'We retain the finite set S from Section 3 and its partition S = SyU.S; with
So={0} and 1 ¢ S. For each v € S let I, be a finitely generated profinite group and
T, a profinite space such that To = {0}. Suppose I'y is profinite free, I', is nontrivial

for each v € Sy, and the T,’s, v € S, are disjoint. Thus, 71 = () T, is a profinite

vES,

space and T' = Ty U Ty = |, g T, are partitions of 7" into open-closed subsets. |

We combine the constant sheaves (I', x Ty, pr,T;,) to a semi-constant sheaf:
Set X1 = |J,cg(l'v x Ty) and let pr: X7 — T be the unique map which extends the
projection maps pr: I', x T, — T,,. Then X1 = (X, pr,T) is a sheaf of profinite groups
with X7, =T, x {t} forve Sand t € T,.
Let Gr = M, Xr be the free product of Xr [Mel, (1.14)]. Thus, Gr is a profinite
group together with a continuous map w: X — Gp with the following properties:
(la) The restriction of w to each fiber Xr, is an injective homomorphism X, — Grp
[Mel, (1.15)].
(1b) Given a profinite group B and a continuous map (3: X7 — B, whose restriction to
each fiber X7, is a homomorphism, there is a unique homomorphism v: Gy — B

such that yow = (.

For each t € T put G4 = w(Xr4). Then Gp, = T', for each t € T, and each
v e S. By [Mel, (1.16), (1.17)], G = M, G1,: is the (inner) free product of the groups
Grt, t € T. This means that the map @: T — Subgr(Gr) defined by @(t) = Gr, is
étale continuous and every continuous map from | J,., Gr,¢ into a profinite group H,
whose restriction to each G'r ¢ is a homomorphism Gr; — H, admits a unique extension
to a homomorphism G — H. By [Mel, (4.9)],

(2) Gy and Gy are non-conjugate if ¢,¢' € T are distinct.

The partition T = ()¢ T, into open-closed sets yields a free decomposition
Gr = Myes Mier Gt [Mel, (1.7)]. Since Ty = {0}, we get
(3) GT = GT,O * H H GTﬂg.

veSy teT,

For each v € S let G, = {Gr.| t € To}, Grp = {G9T7t| t eT, g€ Gr},
Gra1 = U,es, 970, and Gr = J,c5 G7.0-
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The following result of Efrat is an analog of a lemma of Gaschiitz [FrJ, Lemma

17.7.2]. We will have two opportunities to use this result.

LEMMA 5.2 ([Efr, Main Theorem)): Let a: B — A be an epimorphism of finite groups,
Aq,..., A, subgroups of A, and By, ..., B, subgroups of B. Suppose A = (A1,...,A,),
B = (By,...,By,), and «(B;) is a conjugate of A; for i = 1,...,n. Then there exist
bi,...,b, € B such that B = <B'1’1,...,BZ"> and oz(Bfi) =A;, fori=1,...,n.

PROPOSITION 5.3: The structure Gp = (Gr,Gr.y)ves is a group pile. It satisfies:

(a) The map w: T — Subgr(Gr) given by t — G, is strictly continuous (and not only
étale continuous).

(b) The map T x G — Subgr(Gr) given by (t,g) — G, is strictly continuous.

(¢) Gr = (Gry, Q}w | v €Sy); in particular G is self-generated.

(d) Suppose T = lim TGO and TV = |, 4 T, where each T is open-closed in
JjedJ
TG, Téj) = {0}, and the maps T — TY) map T, into T for allv € S and j € J.

Then G = (h_rn Gry. Moreover, for each j € J, ift € T and t() is its image in
=
TG then thje induced map G,y — Gr) ) is an isomorphism.

(e) If T has a countable basis for its topology, then G is countably generated.

(f) Gr = Jyes 91w, is a partition into open-closed subsets of Gr; moreover, for every
vesSand H € Gp, we have H =T,,.

(g) For each v € Sy, the set Gy, is a closed system of representatives of the Gr-classes
of G, and the space g_T,v of the G'r-classes of the groups in G, is homeomorphic
toT,.

(h) IfTy has no isolated points, then every finite self-generated locally solvable embed-

ding problem for G is solvable.

(i) Gr is Gr,1-projective.

Proof: First we note that for each v € S the subset Gr, of Subgr(Gr) is closed.
Indeed, by (b) proven below, (¢,g) — G%t is a continuous map of profinite spaces

T, x Gy — Subgr(Gr). As such it is a closed map, hence its image Gr,, is closed.
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Proof of (a): Lett € T, say,t € T, CT with v € S, and let N be an open normal
subgroup of Gr. The composed map wy: Xr — Gr/N of w: Xp — Gp with the
quotient map Gy — Grp/N is continuous. Since Gp/N is discrete, for each (v,t) €
X7+ =T, x {t} there are open-closed neighborhoods U of y inI', and V of ¢t in T, C T
such that wy(U x V) = {wn(7,t)}. By the compactness of X; we may assume that
V' does not depend on . Then, for all t € V, we have wy(Xr ) = wy(X7,). By
definition, w(t) = w(Xr). Hence, @(t')N = w(t)N. Consequently, w: T' — Subgr(Gr)

is continuous.
Proof of (b): This follows from (a).
Proof of (c): See [Mel, Lemma 1.15].

Proof of (d): The sheaf Xp = (Xp,pr,T) is the inverse limit of the sheaves X ) =
(X710, pr, TU)), where the maps X7 — Xy are induced from the maps T', x T, —
r, x Téj ); therefore they map the fibers of X — T isomorphically onto the fibers of
Xri) — TY. We have Gy = Hpo) Xro)- Then Gp = <11_m Gru [Mel, (2.4)].

(2

As for the last assertion, we have ¢t € T, for some v € S. Then t\9) € Téj). Both
X+ and Xpq) 4y are isomorphic copies of T',, (by (1a)) and the map Gp; — Gro 1)

is induced by the identity map of I';,. Hence it is an isomorphism.

Proof of (e): 1If T is finite, then by (c), Gr is generated by finitely many finitely
generated profinite groups, so it is finitely generated.

In the general case we may write T' as the inverse limit of a sequence of finite
sets TU) as in (d). By (d) and the preceding paragraph, G is the inverse limit of a

sequence of finitely generated profinite groups, hence is countably generated.

Proof of (f): Since a continuous map of profinite spaces is closed, by (b), the sets G
and Gr, are closed in Subgr(Gr). By [Mel, (1.17)], G is the free product of the groups
{Gr+}ier. Hence, by (2), the sets Gr, are disjoint. Therefore, the sets Gr, are open
in Gr as well.

Let t € T, and ¢ € Gp. Then Xp, = I',. By (la), Gry = Xr,. Hence

Gg“,t = GT,t = XT,t = Fv~
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Proof of (g): The map @ defined in (a) maps the profinite space T, continuously
onto the closed subset G, of Gr,. By (2), @ is injective, so it is a homeomorphism.
Moreover, by (2), 1, meets exactly once each conjugacy class in Gr,,. Hence, G, is a
closed set of representatives of the conjugacy classes of Gr,,. Since Q’T’U is homeomorphic

to Q_T,v, it is also homomorphic to T;,.
Proof of (h): Let
(4) (p: Gpr — A, a: B— A),

be a finite self-generated locally solvable embedding problem with A = (A, A, ),es and
B = (B, B,)ves- We break the proof that (4) is solvable into several parts.

PART A: Making (4) rigid. By (c), Gr = (G1,0,G1,0)ves,- Hence, A = (Ag, Ay)ves,
where Ay = ¢(Gr,). Since B is self-generated, there exists B € By such that B =
(B§, By)ves,- Next note that a(Bj) belongs to Ag, so a(Bg) is conjugate in A to Ayp.
Also, a(B,) = A, for each v € S;. Hence, by Lemma 5.2, there exists By € By such that
B = (B, B,)ves, and a(By) = Ap. Since (4) is locally solvable, there exist a g € G and
an epimorphism &q: G%O — By such that aoeg = 90|G§’170- In particular, rank(Gr) =
rank(G7 ) > rank(By). Since Gro = TI'g and T is free, we may apply Gaschiitz’
lemma [FrJ, 17.7.2], to find an epimorphism dy: G0 — By such that a o dy = ¢|g,.,-
By Lemma 4.1, there is a decomposition G %, A %5 A such that Ker(¢) < Ker(dg)
and (g A — A, oo B — A) is a finite locally solvable embedding problem. In
particular, with Ay = &(Gryp), the map dp defines an epimorphism ~y: Ay — By such
that o vy = @[ 4, . Thus, (Bo, Ag) is a compatible pair.

For each v € S we choose a finite set I,, and compatible pairs (B;, Al) € B, x flv,
i € I, such that Condition (5) of Lemma 4.2 is satisfied, the I,’s are disjoint, and

Iy = {0}. By that lemma, there is a commutative diagram

(5) G
@
—6‘>A<p
@

ﬁA

wu)’

=
-

o8]
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of group piles such that B is finite, & is a rigid epimorphism, and (3 is an epimorphism.

Unfortunately, B need not be self-generated. Nevertheless, by Lemma 4.2, there
exists a homomorphism #g: flo — B such that Bod = v and & oFy = id Ao Let
Bl = 40(Ag), B' = (B}, By)ves, By = {(By)? | ¥ € B'}, B, = B, for each v € Sy,
B' = (B',B))ves, 8 = B|p, and o = &|p,. Then B’ is a self-generated finite group
pile. Moreover, since B = (By, By)ves,, and 8/ (B}) = ' (50(4Ao)) = 70(Ag) = Bo, the
morphism 3: B’ — B is an epimorphism. Similarly, o/: B’ — A is an epimorphism.

Moreover, o is rigid, because & is rigid. In particular,
(6) (¢: Gp — A, o/: B’ — A)

is locally solvable. Every solution of (6) yields a solution of (4). Consequently, we may

assume without loss that (4) is rigid.

PART B: Selection of subgroups. For each v € S; consider again the closed subset G7. ,
of Gr,, and the subset A, = ©(G7,,,) of A,. Since Gr,, = (G,,), we have A, = (A],)*.
Moreover, with Ay = ¢(Gg) we get, by (c), that A = (Ap, A, | v € S7). Next we choose
By € By and subsets B, C B, v € Sy, such that
(7) B=(By,B.,| ve€S;) and B, meets every B-class in B, for each v € S
(e.g. B, = B,). Then a(B) C a(B,) = A, = (A,)?. Therefore, we may find disjoint
finite sets J,, v € S7, not containing 0 and for each v € Sy label the elements of A/ as
A, ; and the elements of B] as B, j, j € J,, where the A;’s need not be distinct, the
Bj’s need not be distinct, but a(B, ;) is a conjugate of A, ; in A, j € J,. In addition,
we put Jo = {0}, Bo,o = By, Ao,0 = Ao, and note that a(By ) is conjugate to Ago. By
(7) and by Lemma 5.2, we may replace the B; ,’s by appropriate conjugate subgroups
in B such that after the replacement
(7) B = (Bo,0,B,| veSi), Boo€ By, B, meets every conjugacy class in B, and
a(B, ;) =A,  forall j € J,and v eS.

PART C: Partition of T. By (a), for each v € S1, the map t — ¢(Gp,) from T, to A,
is continuous. Hence, each of the subsets T, ; = {t € T, | ¢(Gr+) = A, ;} of T}, is open-

closed. Moreover, T, ; # (), because ¢: G — A is surjective. However, T, ; = T, ; for
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distinct j, 5" € J, if A, ; = A, jo. Nevertheless, since T, has no isolated points, we may
partition each T;, ; such that they become disjoint and get a partition T, = ) jedy Tvj
into open-closed subsets such that ¢(Gr ) = A, ; for each t € T), ; and each j € J,. In
addition, we set Ty o = Tp = {0}. Then o(Gry) = A, fort € Ty, j, j € Jy, and v € S.

Let a;, ; be the inverse of the isomorphism a: B, ; — A, ;.

PART D: Solution of (4). For each v € S and j € J, let X, ; = pr~*(T, ;). Then,
X1 =Uyes UjeJU X, ;j is a partition of X into open-closed subsets. If x € X, ;, then
t=pr(z) € T, , w(r) € Gry, and p(w(z)) € Ay j, so that oy ;(p(w())) is well defined.

/
v,

We may therefore define a map #: X7 — B by flx,, =« jopo w|x, ;. It satisfies

(8) aofllx,, =aod, opouwlx, , =pouwlx,,

for v € S and j € J,. By (1b), § defines a homomorphism «: Gr — B such that
vyow = . By (8), (woy)ow = aoff = pow. Therefore, by the uniqueness property (1b),
a oy = ¢. Further, for each t € T}, ; we have X7 C X,, ;, s0 v(Gr) = y(w(X71y4)) =
B(Xtt) = jopow(Xryt) = ay ;0 p(Gry) = o, j(Ayj) = By j. It follows from (7°)
that v(G) = B. In addition, v(Gr,0) = By and v(Gr,) = 7((Q’T’U)G) = (B!)? = B, for
each v € §7. Consequently, v: G — B is an epimorphism solving embedding problem

(4).

Proof of (i): Let a: B — A be an epimorphism of finite groups and ¢: Gy — A be
an epimorphism. Suppose for each H € Gr; there exists a homomorphism vg: H — B
such that ao vy = ¢|g. We have to produce a homomorphism +: Gy — B such that
oy = .

To that end we write T" as the inverse limit of finite spaces lim T (). By (d),
¢ factors through G, for some 7 € J. Moreover, the map Gr —>j€C;’]T(j) is injective
on each H € Gr. By assumption, Gr is isomorphic to the free finitely generated
profinite group I'g. Hence, G is a free finitely generated profinite group and each
HU e 91 1 satisfies the condition of local solvability. We may therefore assume that T’
is finite and G = G *HteTl G, is the free product of finitely many profinite groups,

with G free. By [FrJ, Cor. 22.4.5], G is projective, so there exists vyo: Gr,o — B
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such that ooy = ¢|g,,. By assumption, for each ¢t € T} there is a group B; € B
and an epimorphism v;: G+ — By such that oy, = <P|GT,t- These maps extend to a

homomorphism v: G — B such that a oy = ¢, as claimed. |

6. Iwasawa criterion for Group Piles

Iwasawa has characterized the free profinite group F, of countable rank as a profinite
group of countable rank for which every finite embedding problem is solvable. Using
the language of piles and the same method of proof, we characterize the free product
of groups of finitely many isomorphism types over Cantor sets by essentially the same
condition, namely solvability of finite embedding problems, more precisely by Condition
(1) below.

Let (5, 50,51,Ty,Ty)ves be a data as in Data 5.1.

Definition 6.1: Let G = (G, G,)yes be a group pile. We say that G is a Cantor group

pile over (I'}),¢cg if it satisfies the following conditions:

(la) rank(G) < No.

(1b) For each v € Sy, the space G, of the G-classes of G, has no isolated points.

(1c) G =J,cg Gv, where, for each v € S, G, is an open-closed subset of G and H =T,
for every H € G,,.

(1d) G is self-generated and every finite locally solvable self-generated embedding prob-

lem for G is solvable. |

The name “Cantor group pile” is justified by Conditions (1a) and (1b). By [HalJl,
Lemma 1.2], they are equivalent to the spaces G,, v € S;, being homeomorphic to the
Cantor middle third set, which we refer to as the Cantor space. Thus, the following

result is a special case of Proposition 5.3.

COROLLARY 6.2: For each v € Sy let T,, be a homeomorphic copy of the Cantor space.

Then Gr = (Gr,Grw)ves is a Cantor group pile over (I'y),es.

Having constructed a Cantor group pile over (T';),cs wWe now prove its uniqueness.

The proof is modeled after the proof of [FrJ, Lemma 24.4.7].
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PROPOSITION 6.3: Let G = (G,Gy)ves and G' = (G',G)),es be Cantor group piles
over (I'y)yes. Then G = G'.

Proof: Choose descending sequences G = K1 > Ko > ---and G’ = K] > K} > -+ of

open normal subgroups of G and G, respectively, with ()7—; K,, = L and (|, K, = 1.
Inductively define descending sequences L1 > Lo > ---and L] > L, > --- of open

normal subgroups of G and G’ respectively, and isomorphisms 0,,: G/L,, — G'/L! , for

n =1,2,... satisfying the following conditions, for every n > 1:

(3a) L, < K,.

(3b) LI, < K],

(3c) If n > 2, then the following diagram, in which the horizontal arrows are the

/

quotient maps (and hence A\, o7, = 7,_1 and X, o7, = 7/ _), is commutative:

(4) G—"G/L, —"> G/Ln_1

len lenl
/ /

G = GL, =G L,

(3d) The following condition holds for each v € S: for each H € G, there exists H' € G/,
and for each H' € G/ there exists H € G, with an isomorphism ~y: H — H’ such
that 0, o m,|g = 7}, © 7.

Then G = lim G/L, and G’ = lim G’/L/, and the isomorphisms 61,65,03, . ..
— —

define an isomorph?sm 0: G — G'. (Thig follows already from (3a)-(3c); we need (3d)
only for the induction step.)

Forn=11let L; = G, L} = G', and set 0 to be the trivial map. Then (3a) and
(3b) hold trivially, (3c) is vacuous, and (3d) holds by (1c).

Now let n > 2 and suppose (3) holds for n — 1. In particular, L, 1, L/ and

n—1

the isomorphism 6,,_1: G/L,,—1 — G'/L!,_; have already been constructed and

(3’d) the following condition holds for each v € S: for each H € G, there exists H' € G,
and for each H' € G| there exists H € G, with an isomorphism ~y: H — H’ such
that 6,1 o mp_1|g = 7, _1 © 0.

Choose an open normal subgroup L! of G’ such that L! < K] NL! _,. This gives (3b).
Let m = (G’ : L!,). Then, for each H' € G', we have (H' : H'NL]) = (H'L], : L) < m,
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50, in the notation of Section 1, H(, , < H'NL}, < L. By (1c), each H’ is isomorphic to
one of the groups I';,, so H' is finitely generated (Data 5.1). Hence, by Lemma 1.2, there
is an r > m such that, for every H' € G', every automorphism of (H')(™) which lifts to
an automorphism of (H')(") can be lifted to an automorphism of H’. By Lemma 3.1(a)
there is an open normal subgroup L’ of G’ such that H' N L' < HET) for every H' € G'.
We may assume that L’ < L/,. This gives the following diagram in which all horizontal

maps are quotient maps.

TTn—1

(5) G G/Ln—1

len—l

G'/L, —= G'/L,

n—1

G —= G/l

In particular, N o’ =7/ and A, o N o’ = 7] _;.
By (3’d),

(On_10mpn_1:G— G /L N oN:G'/L' - G'/L )

n—1""'n n—1

is a finite locally solvable embedding problem. Hence, by (1d), there exists an epimor-
phism 7: G — G’/f/ such that A, o N o7 =60,,_1 0om,_1.

Let L be the kernel of 7: G — G’/L’ and let L,, be the kernel of Xom: G — G/ /L.
Then 7, X o 7 induce isomorphisms 0: G/L — G'/L’ and 0,,: G/L,, — G'/L’, such that

the following diagram commutes.

(5) G—">a/fL G/Ly, —2" G/L_:

N L

o —>a'/i X G/l — s GL

This gives (3c).

Now we verify (3d). Since 7(G,) = 7’(G)), the following condition holds for each
v € S: for each H € G, there is an H' € G, and for each H' € G there is H € G, with
é((w(H)) — 7/(H'). For such groups 6 induces an isomorphism H/HNL = H'/H' NL'.
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Thus we have the following diagram

(6) H-">H/HNL—=H/HNL, —> H/HN L,

TR

o =H/HnL —H/HNL,—~H/HNL

n—1

in which the horizontal maps are the quotient maps and é, 0,,0,_1 are the restrictions
of these maps defined above to the images of H.

We have H' N L/ < H(’r) < H(’m) < H'n L] . Hence, by Corollary 1.3, 6, lifts to
an isomorphism H — H'.

If (3a) holds, then we are done. If not, we replace L,_1, L!,_;, and 6,_1 by
L', Ly, and 6,;!. Reversing the roles of G and G’ in the above construction, we may
construct an open normal subgroup M, of G in L, N K,, an open normal subgroup

M) of G' in L/, (hence in K],) and an isomorphism u,,: G'/M/ — G/M,, such that the

following diagram (in which the horizontal arrows are the quotient maps) commutes

G/M,, —— G/L,

G'/M;, — G'/L;,
and where (3d) holds with respect to the quotient maps G' — G’/M/, and G — G/M,,
and to u, replacing 6,. Finally, we replace L,, L/ and 0, by M,, M! and pu,*,
respectively to obtain all conditions of (3).

This finishes the induction. [ |

PROPOSITION 6.4: Let (S, So, 51,14, Ty)ves be asin DATA 5.1, let G = (G, Gy)ypes be

a Cantor group pile over (I'}),es, and let Gy € Gy. Suppose T, is a homeomorphic copy

of the Cantor space, v € S. Then:

(a) G is isomorphic to the free product of the semi-constant sheaf X = (X, pr,T'), where
X =pesgToxTy,, T =

ves Lv, and pr is the projection on the second coordinate.

(b) G has a presentation as an inner free product

G:Go*H HGt

1)65'1 teTv
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such that for each v € Sy the set {G;| t € T, } is a closed system of representatives
of the G-classes of G,,.

Proof of (a): By Corollary 6.2, G is a Cantor group pile. By assumption, so is G.
Hence, by Proposition 6.3, there is an isomorphism 6: Gy — G of group piles. By
construction, G is the free product of the sheaf X, hence so is G.

Proof of (b): By (a), 8(Gr,0) = G for some g € G. Let ' = 1,-1 06 be the composition

of § with conjugation by g~ 1!.

Then 0': Gy — G is an isomorphism of group piles
satisfying ¢'(Gr,) = Go. Replacing 6 by 0', we may assume that 0(Gro) = Go. Now
let Gy = 0(Gr,) for each t € T1.

By (3) of Section 5, Gr = Gr,0 * M, c5, Mier, GT.t, 50 G = Go * M,es, Hier, G-
Moreover, for each v € S1, {Gr+| t € T,} is a closed system of representatives of the

Grp-classes of Gr, (Proposition 5.3(g)). Since 8(Gr ) = G,, the set {G;| t € T},} is a

closed system of representatives of the G-classes of G,. [ |

7. Big Quotients

Omitting the spaces T, from Data 5.1, we demand that the set {I',| v € S;} has
a “system of big quotients”. Big quotients enter in an essential way in the proof of

Proposition 7.5 which is one of the key steps in the proof of our main result.

Data 7.1: We continue to consider the finite set S = Sy J.S; with Sy = {0} and 1 ¢ S.
For each v € S let ', be a finitely generated profinite group. Put C; = {T', | v € S1}.
A finite quotient T',, of T, is said to be big if it satisfies the following condition:

(1) Let F be a finitely generated free profinite group and J a finite set. For each j € J
let A; € C;. Consider the free profinite product B* = F « HjeJ Aj. Let A be a
closed subgroup of B* with epimorphisms I, 2, A —T,. Then A is conjugate in
B* to a closed subgroup of a certain A; and + is an isomorphism.

The definition of “big quotients” depends on C;. The latter set will be always
clear from the context.
Note that if IV is a finite quotient of I', and I, is a quotient of I, then also I is

a big quotient of T',,.
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We assume that
(2a) T’y is a finitely generated free profinite group and that
(2b) each T, with v € S; has a big quotient T,,. |

LEMMA 7.2: Let B = (B,B,).,es be a finite group pile. Suppose each group in B,

is a quotient of T',. Then there exists a finite group pile B' = (B’,B]),cs and an

epimorphism (3: B" — B such that the following holds for each v € S:

(a) For every homomorphism v¢: I, — B with ¢(I',) € B, there is a homomorphism
V' T, — B with¢'(I',) € B, and o)/ =1).

(b) Suppose v € Sy. If a subgroup C" of B’ is a quotient of T', and 5(C’) is a big
quotient of Ty, then $(C") is a subgroup of some group in B;.

Moreover, if B is deficient, then B’ can be chosen to be deficient.
Proof: 'We divide the proof into three parts.

PART A: Free product. Choose a homomorphism v: I'g — B such that 1 (Ig) € By,
write Ty also as I'¥0) and let Ug = {¢0}. For each v € S; let ¥, be the set of all
homomorphisms ¢: I', — B such that ¢(I';) € By. For each ¢ € ¥, let '® be an
identical copy of I',. Then % is a homomorphism of I'¥) into B whose image lies in
B;y. Since I',, is finitely generated and B is finite, the set ¥, is finite. We consider the
various V¥, as disjoint and set ¥ = (), g ¥,. Finally consider a finitely generated free
profinite group F' with rank(ﬁ’ ) > rank(B) and let (: F — B be an epimorphism.

Now consider the free product B(>®) = F « Moes Hycw, I'®) and let
v: B(*®) — B be the epimorphism whose restriction to Fis ¢, and to each T'(¥) is .
Choose a descending sequence Ker(y) = NGO > NO > N@) > ... of open normal sub-
groups of B(*®) whose intersection is 1. For each j > 0 put BY) = B(*) /NU)  (We are
not using here BU) in the sense of Section 1.) Then let 4): B() — BU) gG). BU)
B, and 7,41 ;: BU*t) — BU) be the quotient maps. Then v) = ;.1 ; 0o U and
B o~U) =~. Since v is an epimorphism, so is each ). We may identify B with B(®)
and ~ with (9.

PART B: Construction of B’ and Proof of (b). We choose B’ to be BY) with j suf-
ficiently large. To that end we consider v € S7 and a subgroup C of B which is a big
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quotient of I';, but contained in no group belonging to B;. Assume, toward contradic-
tion, that for each j there is a subgroup C'¥) of B\) which is a quotient of I', such that
pU(CW) = C. Since for each j the group BU) has only finitely many subgroups, a
compactness argument allows us to choose the C)’s such that ;1 ,;(CUTY) = CU)
for all j. The inverse image of the CV)’s is a closed subgroup C(*) of B(>) satisfying
79 (C*)) = CU) for each j. In particular, y(C(>)) = C. Since I, is finitely gen-
erated, another compactness argument gives a compatible sequence of epimorphisms
§@W: I, — CU. That sequence defines an epimorphism 6: I' — C(°). Note that
B(®) = (F % T(0)) Moes, Hz/}e% I® and F «T'© is a finitely generated free profi-
nite group. By the defining properties of C; (Data 7.1), C(*) is conjugate to a closed
subgroup of T'¥) for some 1) € ¥, and v € S;. Then C = v(C(>®)) is conjugate to
a subgroup of y(I'¥)) = (T'¥)) € By. Since B is closed under conjugation, C' is
contained in a group in Bj, a contradiction.

The contradiction proves that there exists a positive integer j such that (b) holds

for B = BY) and g = Y.

PART C: Proof of (a). For each v € S let B) be the conjugacy domain of Subgr(B’)
generated by the groups yU)(I'¥)) with + € W,. If B is deficient, we choose B}, to be
the conjugacy class consisting of the trivial group.

Let 1: Ty — B be a homomorphism with ¥(I'g) € By. Then with By = ~(I'(%0))
and Bj) = yU)(I'(%0)) (or By = B}, = 1 if B is deficient), we have ¢(I'g) = B} for some
b € B. Choose b/ € B’ such that G(b') = b. Then, B}, € B}, rank((B})"") = rank(B}) <
rank(Ty), and B((B})") = B = 4(I'y). By assumption, Iy is a finitely generated free
profinite group. Therefore, by Gaschiitz, there exists an epimorphism v': I'g — (B(’))b/
such that 5o’ = [FrJ, Prop. 17.7.3]. This settles the case v = 0.

Now consider v € S; and let ¢: I';, — B be a homomorphism with ¢ (T',) € B,.
Then ¢ € ¥, and I, = T¥). Set ¢/ = W(j)|1“<w>. Then ¢/'(T',) € B, and Bo )/ =1, as
desired. |

Remark 7.3: Non-improvable. It is impossible to deduce in Lemma 7.2(b) that 5(C")

is a subgroup of some group in B, because, for example, I', can be isomorphic to
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a subgroup of T'y for distinct v,v’ € S;. We overcome this difficulty in Part F of
the proof of Proposition 7.5 by considering separated rigid finite embedding problems.
|

LEMMA 7.4: Let G = (G,Gy)ves be a separated group pile. Suppose each group in
G, is isomorphic to I',, v € S;. Then there exists an open normal subgroup K of G
with the following property: If p: G — A is an epimorphism onto a finite group A with
Ker(p) < K, then A = (A, p(Gy))ves is separated and ¢(H) is a big quotient of T',, for

every H € G, and each v € S;.

Proof: There is an n such that, in the notation of Section 1, R(,n) is a big quotient of
I', for each v € S;. Thus, H™ is a big quotient of H for each H € G;. Note that
the groups in Gy are conjugate to each other, hence isomorphic. Lemma 3.1 gives an
open normal subgroup K of G such that G/K is separated and K N H < H(,) for each
H € G,. Consider an epimorphism ¢: G — A with A finite and Ker(¢) < K. Let
H € Gy. Then H — H™ factors through ¢: H — (H), hence ¢(H) is a big quotient
of H. |

The following proposition is an essential step toward a solution of a finite locally
solvable embedding problem (3) for a group pile G. We cover the deficient group pile
associated with G by a deficient group pile H and solve the corresponding embedding
problem (4) for H assuming among others that the group theoretic embedding problem

for the underlying profinite groups is solvable.

PROPOSITION 7.5: Let G = (G,G,)yes be a separated deficient group pile, H =

(H, Hy)ves a deficient group pile, and \: H — G a rigid epimorphism. Suppose:

(a) Each group in G, is isomorphic to I';,, v € S.

(b) There are no inclusions between distinct groups in G .

(¢) G is Gi-projective.

(d) The space G, of the G-orbits of G, has no isolated points.

(e) For every finite split embedding problem (¢: G — A, a: B — A) of profinite
groups there exists a group epimorphism 0: H — B such that a« o = ¢ o \ and

A(Ker(6)) = Ker(yp).
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Then for every finite locally solvable embedding problem
(3) (p:G—> A, a:B— A)

of deficient group piles there exists an epimorphism 0: H — B of deficient group piles

such that a«od = @ o A and A\(Ker(d)) = Ker(p).

Proof: Let (3) be a finite locally solvable embedding problem of deficient group piles.
We want to solve the embedding problem

(4) (poXH— A, a: B— A).

Let us call a group epimorphism §: H — B which satisfies «0d = po A and A\(Ker(d)) =
Ker(y) a group theoretic regular solution of (4). It will be a regular solution if

d(Hy) = B, for each v € Sj.

PART A: Domination principle. If

()

S
> Q

& Uj)
i@»
R
A

os]
lQ
>

is a commutative diagram of epimorphisms of deficient group piles with B=Bxy4 fl,

then

(6) (poXxH—- A, &B—A)
is a finite embedding problem dominating (4). If § is a (group theoretic) regular solution
of (6), then 6 = 304 is a (group theoretic) regular solution to (4).

Indeed, suppose that & o8 = ¢ o A and A(Ker(d)) = Ker(p). We prove that
AKer(d)) = Ker(p). If g € A(Ker(d)), then ¢ = A(h) with h € Ker(d). Hence,
v(g) = ¢(A(h)) = a(d(h)) = 1. Conversely, suppose that g € Ker(y). Choose h € H
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with A(h) = g and set b = 6(h). Then a(B(b)) = p(A(h)) = ¢(g) = 1. By [FrJ, Lemma
22.2.4] we may write b = b1by with G(b;) = 1 and G(b) = 1. Choose hy € H with
0(h1) = by and set g1 = A(h1). Then ¢(g; ') = G(A(hy 'h)) = &(d(hy ")) = a(by'b) =
a(by) = 1. Since A(Ker(d)) = Ker(@), there exists hy € Ker(d) with g7lg = A(ha).
Thus, g = A(h1hs) and 6(hihs) = B(3(h1))B(6(hs)) = B(b1)B(1) = 1. Consequently,
g € AM(Ker(4)), as claimed.

Since fiber products over é&: B — A are fiber products over a: B — A, we may
iterate the same construction several times.

Similarly, if 8: B’ — B is an epimorphism of profinite groups, ¢’: H — B’ is a
homomorphism satisfying ao fo0d = o A, and § = F o, then A\(Ker(d')) = Ker(y)
implies A(Ker(d)) = Ker(yp).

PArT B: Without loss A is separated, ¢(G,) is a big quotient of I',, for each G, € G,
and each v € Sy, and « is rigid. Indeed, by Lemma 7.4 (here we use Assumption
(a)) and Lemma 4.3 there is a commutative diagram (5) of deficient group piles such
that A is separated, »(G,) is a big quotient of I',, for each G, € G, and each v € Sy,
B =B x4 A, and & is rigid. By Part A, a regular solution 6: H — B of (6) gives a
regular solution o é: H — B of (4).

PArT C: For every locally embedding problem (3) of deficient group piles, embedding
problem (4) has a group theoretic regular solution. In fact, Lemma 4.3 gives a commu-
tative diagram (5) in which & splits (here we use Assumption (c)). Assumption (e) gives
a group theoretic regular solution § to (6). By Part A, 6 = 04 is a group theoretic

regular solution of (4).

PART D: Embedding problem (4) has a group theoretic regular solution §: H — B
such that for each Hy € H; there is a By € By with §(H;) < B;. Indeed, by Lemma
7.2 there exists an epimorphism 3: B’ — B of deficient group piles such that (a) and
(b) of that lemma hold. Let G, € G, for some v € S;. Then there exists B, € B,
and an epimorphism ¢: G, — B, such that a o1 = ¢|g, (because (3) is locally
solvable). By (a) of Lemma 7.2, ¢ lifts to an epimorphism ¢': G, — B, for some
B! € B] with 8(B)) = B,. Thus G, is compatible with B,. Therefore B! = {B) €
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B! | B, is compatible with some G, € G, } is a B’-domain that satisfies 8(B]) = B,. If
necessary, replace B., by B to make (¢, ao3) a locally solvable embedding problem for
G.

Now consider Hy; € Hy. Put Gy = A(H1), B} = 0'(H;), and By = 3(Bf). Then
B; = 0(Hy) and «(B1) = ¢(G1). Since A is rigid, its restriction to H; is an isomorphism
H, — G;. Therefore B} < B’ is a quotient of G; € G;. By Part B, ¢(G1) is a big
quotient of T', for the unique v € S; with Gy € G,. By Lemma 7.2(b), Bj is a subgroup

of some group in By, as claimed.

PARrRT E: Embedding problem (4) has a group theoretic regular solution 6: H — B such
that 6(H1) C By. By Lemma 3.2 and Lemma 4.3, there is a commutative diagram (5)
with B = B x4 A in which & is rigid such that

(7) if Ay, Ay € Ay and A; < Ay, then G(A;) = @(As)

(here we use Assumption (b)). By Part D, the embedding problem
(8) (poXH— A &:B— A)

has a group theoretic regular solution 6: H — B such that for each H; € H; there is
B, € By with §(H,) < By. Fix such Hy, B;. Then

G(0(Hy)) < &(B1)  and  B(3(H:)) < B(By).

~

But a((0(H1)) = ¢(\(Hy)) € A; and &(By) € A;. Hence, by (7), ¢(a(3(H))) =
@(&(Bl)), that is, a(f S(Hl))) = a(ﬁ(Bl)). Since « is rigid, hence injective on 3(B;) €
B, this gives 6(Hy) = ﬁ(g(Hl)) = ﬁ(Bl) € By. Consequently, § = 304 has the required
property.

PArT F: Embedding problem (4) has a regular solution. By (d) and by Lemma 4.5
there is a commutative diagram (5) with B = B x 4 A in which & is rigid such that
(9) for every v € S; and B, € B, there exists A, € A, with a(By) = @(Av) such that

if B’ € B, and d(B’) is conjugate to A,, then Q(B’) is conjugate to B,.

By Part E, (8) has a group theoretic regular solution 6: H — B such that §(H,) C By.
We show that the group theoretic regular solution § = 304 of (4) satisfies §(H,) = B,

for each v € Sy. This will prove that ¢ is a regular solution of (4).
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The inclusion 5(7—[1) C B; implies that 0(H1) € By. Let v € S; and H, € H,.
Then there exists v’ € Sy such that §(H,) € By, so a(d(H,)) € A, . On the other hand,
since p o A H — A is an epimorphism of group piles, a(6(H,)) = o(A(Hy)) € A,.
Therefore A, N A, # (. But, by Part B, A is separated, so v = v'. Consequently,
6(Hv) € By.

Conversely, let B, € B,. Let A, € A, be as in (9). Then, there is an H, € H,
such that ¢ o \(H,) = A,. Since S(Hl) C 5’1, we have 5(Hv) € B, for some v € S.
Thus, &(6(H,)) € Ay and G(A(H,)) € A,. Since God = Ao @, we get A, N A, # 0.
Since A is separated, so is A. Therefore, v = v'. Finally, since & (H,) = A, Condition
(9) gives a b € B with §(H,) = B(6(H,)) = Bb. Let h € H with §(h) = b~!. Then
H" € H, and §(H") = B,.

It follows that §: H — B is the desired epimorphism. |

Remark 7.6: Galois theoretic interpretation of regularity. Let N/M be a finite Galois
extension and let ¢ be transcendental over M. Set G = Gal(M), A = Gal(N/M), and
H = Gal(M(t)). Let ¢: G — A and \: H — G be the restriction maps. Suppose 9 is a

group theoretic solution of (4), that is §: H — B is an epimorphism and cvo § = ¢ o .

Let P be the fixed field of Ker(d) in M(t). Then the condition A\(Ker(d)) = Ker(p) for
the regularity of d is equivalent to P N M = N. If char(M) = 0, the latter condition is

equivalent to “P is regular over N”. |

8. P-adically Closed Fields

Ordered fields and p-adically valued fields have common features. For example, both
have closures and the theory of these closures is model complete. In this section we
present a unified vocabulary for both types of fields and survey their basic properties.
Let (K,v) be an ordered field or a valued field. We call (K, v) P-adic if
(1) either (K,v) is an ordered field
(2) or (K,v) is a valued field and there exists a prime number p such that
(2a) the residue field of (K, v) is finite, say, with p/ elements (we call p the residue

characteristic),
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(2b) there is a m € K* with a smallest positive value v(m) in v(K*) (we call 7 a
prime element of (K, v)),

(2c) and there is a positive integer e with v(p) = ev(w) (we call e the ramification

index of (K, v)).

We refer to Case (1) as the real case and to Case (2) with p the residue characteristic
as the p-adic case. The type of (K,v) is (0,1,1) in the real case and (p,e, f) in the
p-adic case. In both cases we call ef the rank of (K, v).

Let (K,v) and (K’,v") be P-adic fields. We say that (K’,v’) is an extension of
(K,v) if K C K', v ='|g, and in Case (2) they have the same residue characteristic.
Let (p,e, f) and (p', €', f’) be the types of (K, v) and (K’,v"), respectively. Then p = p/,
ele/, and f|f’. Hence, (K’,v") and (K, v) are of the same type if and only if they are of
the same rank.

We say that (K, v) is P-adically closed if (K, v) is a P-adic field which admits no
finite proper P-adic extensions of the same type. In the real case (K, v) is real closed,
hence is elementarily equivalent to (R, <), where < is the standard ordering of the R
[Pre, Cor. 5.3]. In particular, an element z € K is nonnegative if and only if it is a
square. In the p-adic case K is elementarily equivalent to a finite extension of Q, [HJPb,
Prop. 8.2(j)] and v is the unique valuation of K such that (K,v) is P-adically closed
[HJPDb, Prop. 8.2(c)]. Occasionally, we denote v also by v.

A P-adic closure of (K,v) is an algebraic extension (K,v) of (K,v) which is
maximal P-adic of the same type, in particular (K,v) is P-adically closed. Zorn’s
lemma guarantees the existence of (K,v). In the real case (K,?) is unique up to a
K-isomorphism [Pre, Thm. 3.10]. This is not necessarily so in the p-adic case [PrR,
Thm. 3.2]; however, (K,%) is Henselian [PrR, Thm. 3.1], so each Henselian closure
(K,,v) of (K,v) is K-embeddable in (K, o).

Each P-adic closure of (K, v) is also called a P-adic closure of K.

By (1) and (2), char(K) = 0. Let K,,s = K NQ be the algebraic part of K.

LEMMA 8.1: Let (K, v) be a Henselian P-adic valued field. Then (K ,ps,v) is a Henselian

P-adic field of the same type as (K,v). Moreover, let K be a P-adic closure of K at v.
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Then Ks = Kaps. In particular, K, is P-adically closed.

Proof: By [PrR, Lemma 3.5(i)], (K,v) and (Kaps,v) have the same residue field. By
[PrR, Lemma 3.5(ii)], Kaps contains a prime element of (K,v). Hence, by (2c), the
ramification indices of (K,v) and (K,ps,v) are the same. It follows that (K,v) and
(Kabs, v) have the same type.

Now consider a P-adic closure (K,v) of (K,v). Then, (K, ) has the same type
as (K,v), say (p,e, f). By the first part of the lemma, this is also the type of (Kaps, v).
Thus, Qpabs € Kabs € Kabs and [Kabs : Qpabs] = ef = [Kabs : Qpans]. Therefore,

Kabs - Kabs- |

LEMMA 8.2: Let (K,v) be a P-adic field and (E,vg), (F,vr) two P-adic closures of
(K,v). Then (E,vg) and (F,vp) are elementarily equivalent as ordered fields in the

real case and as valued fields in the p-adic case.

Proof: By Tarski, all real closed fields are elementarily equivalent as ordered fields
[Pre, Cor. 5.3]. Suppose (K,v) is p-adic. Replace (K,v) by a Henselian closure and
(E,vg), (F,vr) by conjugate valued fields over K, if necessary, to assume that (K,v)
is Henselian. By Lemma 8.1, Eaps = Kaps = Fabs and (Kaps, v) is P-adically closed. It
follows from [PrR, Thm. 5.1 that (E,vg) = (Kabs,v) = (F,vp). |

Let F'/K be a field extension. A K-rational place of F' is a place ¢ of F with
residue field K such that ¢(a) = a for each a € K.

LEMMA 8.3: Let (K,v) be a P-adic field, (K,v) a P-adic closure of (K, v), F an exten-
sion of K, and o a K-rational place of F. Then F has a P-adic closure (F,w) extending
(K,v) and ¢ extends to a K-rational place of F.

Proof: By [FrJ, Lemma 2.6.9(b)], F' is a regular extension of K. Hence, ¢ extends to
a K-rational place ¢ of FK [FrJ, Lemma 2.5.5].

Proposition 7.4(c) of [HJPa] gives an algebraic extension F of FK and ¢ extends
to a K-rational place ¢ such that res: Gal(F) — Gal(K) is an isomorphism. In the
real case Gal(F) is of the same order of Gal(K), that is 2. Hence, F is real closed.

Denote the unique ordering of F by w. Then (F,w) extends (K, ). In the p-adic case,
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F is P-adically closed and F,ps = Kaps [Popl, Thm. E11]. Denote the unique P-adic
valuation of F by w. Then (F,w) has the same type as (K, ) (Lemma 8.1), so (F,w)
extends (K, ). |

LEMMA 8.4: Let K be a subfield of a P-adically closed field E. Then:

(a) ENK is the unique algebraic extension K of K contained in E which is P-adically
closed of the same type as E.

(b) In the real case let v and w be the unique orderings of K and E; in the p-adic
case let v and w be the unique P-adic valuations of K and E. Then (K,v) is an
elementary submodel of (E,w).

(c) Gal(E) is a nontrivial finitely generated group and the map res: Gal(E) — Gal(K)

is an isomorphism.

Proof of (a) and (b): Assertion (a) is [Pre, Lemma 3.13] in the real case and [PrR,
Thm. 3.4] in the p-adic case. Assertion (b) follows from [Pre, Thm. 5.1] in the real case
and from [PrR, Thm. 5.1] in the P-adic case.

Proof of (c): In the real case Gal(E) = Gal(K) = Z/2Z. In the p-adic case Gal(E)
is infinite, e.g. because it has a finite residue field. Nevertheless Gal(E) is finitely
generated [HJPb, Prop. 8.2(k)]. Hence, by (b), Gal(E) = Gal(K) [FrJ, Prop. 20.4.6].
Since res: Gal(E) — Gal(K) is surjective, it is an isomorphism [FrJ, Prop. 16.10.6(b)].
|

Each P-adic field (K, v) carries a natural v-adic topology. If v is an ordering <,
then a basic v-open neighborhood of an element a of K is {x € K| —e < x —a < &},
where ¢ € K and € > 0. In the p-adic case, a basic v-open neighborhood of a is

{r € K| v(x —a) > wv(c)}, where c € K*.

LEMMA 8.5: Let K be a field, t an indeterminate, F' a finite Galois extension of E =

K(t), and (E,v) a P-adically closed field containing E. Suppose K is v-dense in K =

ENK. Then K has a nonempty v-open subset A satisfying the following condition:

(3) For each a € A the K-specialization t — a extends to a place ¢ of F' with residue
field F' such that K N F' is the residue field of EN F.
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Proof: Put Fy = ENF. List the intermediate fields of F/Fyas Fo, Fy, ..., Fp v, By =
F'. For each i between 0 and m let z; be a primitive element for F;/FE which is integral
over K|[t] and let h; € K[T,Z] be a polynomial satisfying h;(t, Z) = irr(z;, K(t)). Let
H = {a € A'| T~ discr(hi(a, Z)) # 0}. This is a Zariski K-open subset of A' and
t € H(E). For each a € H(K) and for each place ¢ of F' extending the K-specialization
t — a the extension F/FE is unramified at ¢ and the residue field of F'is a finite Galois
extension of K. Moreover,
(4) if Ey is an intermediate field of F/E and E} is its residue field under ¢, then
E’(¢(z;)) is the residue field of Fy(z;) = E1F; at ¢, fori = 0,1,...,m. In particular,
F! = K(p(z;)) is the residue field of F; at ¢, i =0,1,...,m [FrJ, Remark 6.1.6].

Since Fy = ENF,
(5) ho(t, Z) has a root in E, while hy(t,Z), ..., hn(t, Z) have no roots in E.

Indeed if h;(t,Z) had a root z; in E, then 2, € Fy, so deg(h;(t,Z)) = [E(z]) : E] <
[Fo : E] < [F; : E] = deg(h;(t,Z)), which is a contradiction. By Lemma 8.4, K is a
P-adically closed field and (K, v|g) is an elementary submodel of (E,v). Hence, by (5)

there exists a € H(K) such that
(6) ho(a, Z) has a root in K, while hy(a, Z),...,hm(a, Z) have no root in K.

By the theorem about the continuity of roots of polynomials [Jar2, Prop. 16.7 and
Prop. 12.3] there is a v-open neighborhood A of a in K such that (6) holds for each
a € A. Since K is v-dense in K, there is a nonempty v-open set A C K contained in A.
Without loss A C H(K).

Consider a € A. The K-specialization t — a extends to a place ¢ of F. Let F’
be its residue field and let F! be the residue field of F; under ¢, for i = 0,1,...,m.
Then Fj, Fy,...,F), are intermediate fields of F’/Fj. Moreover, every intermediate
field of F'/Fj is of this form. Indeed, let E; be the decomposition field of F/E at
¢. Then {E1Fy,...,E1F,,} is the set of all intermediate fields of F/E;Fy. By (4),
{F§ = K(p(20)),...,F), = K(¢(zm))} is the set of their residue fields. This proves our
claim.

Since (z;) is a root of h;(a, Z), we may assume by (6) that ) C K and F] € K
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for i =1,...,m. Consequently, F, = K N F’. |

9. Si-adic Hilbertianity

The P-adic closures of a field K extending a given basic P-adic field build a topological
space. Given a Hilbertian field equipped with a finite set of independent “classical”
P-adic fields and a set of irreducible polynomials over K with algebraically independent
parameters tq,...,t,., we specialize the parameters to elements of K and extend this
specialization to a place which maps the P-adic space over K(t) onto the P-adic space
over K.

Consider a P-adic field (K, v) and a field extension E of K. Let AlgExt(E,v) be
the set of all P-adically closed algebraic extensions of £ whose unique P-adic valuation
or ordering extends v and is of the same type as v. It is a topological subspace of the
profinite space AlgExt(FE) of all algebraic extensions of F with the strict topology. A
basic open neighborhood of a field E € AlgExt(E) is the set {E’ € AlgExt(E)| E'NF =
ENF} where F is a finite Galois extension of E [HJPa, Section 6]. Galois correspondence
maps AlgExt(E) homeomorphically onto Subgr(E) with respect to the strict topologies.
In particular, it maps AlgExt(F, v) onto

Gal(E,v) = {Gal(E)| E € AlgExt(E,v)}.

The absolute Galois group Gal(E) acts continuously on AlgExt(E) and AlgExt(FE,v)
(from the right). Let AlgExt(E,v)/Gal(E) be the quotient space under this action.
Likewise, Gal(K) acts on Gal(FE,v) by conjugation from the right.
For a Galois extension F'/E let
AlgExt(F/E,v) = {ENF| E € AlgExt(E,v)}
Gal(F/E,v) = {Gal(F/ENF)| E € AlgExt(E,v)}.

Then Gal(F/E) acts on both AlgExt(F/E,v) and Gal(F/E,v) from the right. Also, the
restriction to F maps AlgExt(E, v) onto AlgExt(F/E,v) and Gal(E,v) onto Gal(F/E, v).]]

Definition 9.1:  We call a P-adic field (K, v) classical in each of the following cases:
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(la) v is an ordering and (K, v) embeds into (R, <), where < is the usual ordering of
R.
(1b) wis a p-adic valuation and (K, v) embeds into (F,w) where F' is a finite extension

of Q, and w is the extension of the p-adic valuation of Q, to F.

In both cases the P-adic closure (K, ) of (K,v) is uniquely determined up to
a K-isomorphism. In addition, there is a unique (up to equivalence) absolute value
on K which induces the v-adic topology on K. In the real case this is part of the
Artin-Schreier theory [Lan, p. 455, Thm. 2.9]. In the p-adic case, v is discrete and the
statement follows from [PrR, Thm. 3.2]. Moreover, in this case (K, ) is a Henselian

closure of (K, v). In both cases K is v-dense in K, so Lemma 8.5 applies. |

Definition 9.2: Let S; be a finite set of independent classical P-adic orderings and
valuations of K. Thus, the v-topologies of K for distinct v € S7 are distinct. Equiv-
alently, by the weak approximation theorem, the orderings in S; are distinct and the
valuations in S7 are inequivalent.

The family of all intersections of basic v-open sets, with v € S, forms a basis

for the Si-topology of K. FEach Si-open set has the form () U,, where U, =

vES)
{r € K| —e, < x —ay < &,} with g,,a, € K and ¢, > 0 if v is an ordering < and
Uy ={z € K| v(x —ay,) >v(c,)} with a, € K and ¢, € K* if v is a p-adic valuation.

Definition 9.3: Let M be a field and O a subset of M". Following [JaR1, Def. 1.1], we
say that M is PAC over O if for every absolutely irreducible variety V' of dimension
r > 0 and for each dominating separable rational map ¢: V' — A" defined over M there

exists a € V(M) such that p(a) € O. i

The next result generalizes the characterization of “PAC over O” given in [JaRl1,

Lemma 1.3] from a subring of M to an arbitrary subset O of M".

LEMMA 9.4: Let M be a field and let O be a subset of M". Then the following condition

is necessary and sufficient for M to be PAC over O:

(2) Let f € M[Ty,...,T,, X] be an absolutely irreducible polynomial with g—g; # 0 and
let 0 # g € M[Th,...,T.|. Then there existsa € O and b € M such that f(a,b) =0
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and g(a) # 0.

Proof:  Necessity of (2) is obvious. To prove that (2) is sufficient, we consider an
absolutely irreducible variety V' and a dominating separable rational map ¢: V' — A"
defined over M. Let x be a generic point of V over M and t = ¢(x). Then t is a
separating transcendence basis for M (x)/M [Lan, p. 363]. Choose a primitive element
y for M (x)/M (t) which is integral over M[t] and let f € M[T, Y] be a monic polynomial
in Y such that f(t,Y) = irr(M(t),y). Then f is absolutely irreducible [FrJ, Cor. 10.2.2]
and g—{; # 0. Denote the hypersurface in A™*! which the equation f(T,Y) = 0 defines
over M by W. Let m: W — A" be the projection on the first r coordinates. The map
(t,y) — x defines a birational map 6: W — V over M such that ¢ 0§ = 7. Find a
nonzero polynomial g € M[T], an M-open subset V; of V and an M-open subset W)
of W such that ¢|y,: Vo — A" is a morphism, 0|y,: Wy — Vj is an isomorphism, and
Wo = 771 (A"~V(g)). By (2) there exists a € O and b € M such that f(a,b) = 0
and g(a) # 0. Let ¢ = 6(a,b). Then (a,b) € Wy(M), c € V(M), and ¢(c) = a € O.
Consequently, M is PAC over O. |

The following result (except for Condition (3a), which is new) is an analog of

[FHV, Lemma 3].

LEMMA 9.5: Let K be a Hilbertian field [FrJ, Sec. 12.1], Sy a finite set of independent
classical P-adic orderings and valuations of K, and K a separable algebraic extension
of K. Let L be a finite Galois extension of K, t an indeterminate, and F a finite
Galois extension of K (t) which is regular over L, and Fy an extension of K (t) in F'. Set
Ly = Ko N L. Suppose

(3a) Ky is PAC over each subset H N A, where H is a Hilbert subset of K" and A is a

nonempty Si-open subset of K",
(3b) FoNL = Ly, and FyL = F.

Then there exists an epimorphism v: Gal(K) — Gal(F/K(t)) such that resp/y, o
v = resg . V(Gal(Ko)) = Gal(F/Fp), and for each v € S1 we have y(Gal(K,v)) =
Gal(F/K(t),v).
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Proof: By abuse of notation, we abbreviate a place of fields ¢»: M — N U {oc} to
: M — N and write (M) for the residue field of M under .

PART A: Hilbertianity. There is a Hilbert subset H of K with the following property:
For each a € H each extension of the specialization ¢t +— a to an L-place p,: F' — K
with residue field F, induces an isomorphism ~,: Gal(F,/K) — Gal(F'/K(t)) such that
Ya(Va(0)(x)) = o(pa(x)) for each z € F with ¢,(x) # oo and each o € Gal(F,/K);
in particular resp/1, 0 74 = resp, /r [FrJ, Lemma 13.1.1]. Put v = v, 0 resg /p, - Then
resg/ 0 = resg . Thus, it suffices to choose a € H such that v, (Gal(Fo/F,NKo)) =
Gal(F'/Fy) and ~,(Gal(F,/K,v)) = Gal(F/K(t),v) for each v € 5.

Let E be a field between K(t) and F. Denote the residue field of F under ¢,
by E,. Then v,(Gal(F,/E,)) = Gal(F/E). Therefore the map E — E, is a bijection
between the lattices of intermediate fields of F//K(t) and of F,/K. Then it suffices to
choose a € H such that
(4a) Fy,, = Ko N F,, and
(4b) E € AlgExt(F/K(t),v) & E, € AlgExt(F,/K,v) for each v € S;.

Indeed, in that case y(Gal(Ky)) = vq(Gal(F, /Ko N Fy)) = 7o (Gal((Fy/Fo.a)) =
Gal(F'/Fy) and v(Gal(K,v)) = v4(Gal(F,/K,v)) = Gal(F/K(t),v) for each v € S;.

PArT B: Lifting. Suppose E, € AlgExt(F,/K,v). Then there is a P-adic closure
(K,v) of (K,v) such that KNF, = E,. By Lemma 8.3, there is a P-adic closure (E, )
of E which extends (K,?) such that the restriction E — E, of ¢, to E extends to a

place @,: E — K. Then

Eo=0u(E) C 0u(ENF) C po(B)Npu(F) = KNF, = E,.

Therefore, ¢, (E) = ¢o.(E N F). By the bijection in Part A, E = EN F. In addition,
E € AlgExt(K(t),v), so E € AlgExt(F/K(t),v).

PArRT C: Open neighborhoods. Suppose E € AlgExt(F/K(t),v). Then, there is a
P-adic closure E € AlgExt(K (t),v) of E such that ENF = E. Extend v to a P-adic
ordering or valuation of E and let K = EN K. Then K € AlgExt(K,v). By Definition
9.1, K is v-dense in K.
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By Lemma 8.5, K has a v-open subset A, such that for each a € A, the K-
specialization t — a extends to a place ¢, of F' with residue field F, such that KnNF,
is the residue field E, of E. Hence, if a € A,, then E, € AlgExt(F,/K,v).

PART D: Conclusion. By assumption, the orderings and valuations in S are classical
and independent. Hence, by [Gey, Lemma 3.4], H N(),.q Ay # 0. By assumption,
FonL =Ly, FyL = F, and F/L is regular. Choose a primitive element x for Fy/Lg(t)
which is integral over Lg[t] and let f € Lo[T, X] be a monic polynomial in X such
that f(t,X) = irr(z, Lo(t)). Then f € Ko[T, X] and f is absolutely irreducible [FrJ,
Cor. 10.2.2(b)]. Moreover, discr(f(t, X)) # 0, so we may make H smaller, if necessary,
such that for each a € H each extension of the specialization ¢ — a to an L-place
¢q: F — K, we have discr(f(a, X)) # 0, hence @,(Fy) = Lo(pa(z)).

By (3a), we may choose a € HN[),.q Ay and b € Ky such that f(a,b) = 0. Now

veS
we extend the specialization t — a to an L-place p,: F — K such that ¢, (z) = b. Let
F, = po(F) and Fy 4 = @q(Fp). Then Fy, = Lo(b) C Ky, so [F : Fy] > [Fy : Fou >
[F, : KoNF,| > [L: Ly| = [F : Fy]. It follows that all of the latter inequalities are in fact
equalities and Ko N Fy, = Fy 4. By Part A, this implies that v(Gal(Ky)) = Gal(F/Fp),

so (4a) holds. Finally, (4b) follows from Parts B and C. |

10. Totally S;-adic Extensions

Starting from a countable Hilbertian field K, a set S; of classical P-adic orderings
and valuations of K, and a distinguished algebraic extension K of K, we consider the

maximal totally S;-adic extension Ky g, of K and the field

M=FKyNKws, =Kon [ (] K7
vES1 c€Gal(K)
and note that M C K, for each v € S;. Proposition 10.5 gives a weak solution to an
embedding problem over M with local data. The proof of that proposition reduces the
problem over M to an embedding problem over a finite extension K’ of K and then

uses Lemma 9.5 to solve the reduced problem.
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Setup 10.1: For the rest of this section and the next one we fix a countable Hilbertian
field K of characteristic 0, an algebraic closure K of K, a field extension K, of K in
K, and a finite set S; of independent classical P-adic orderings and valuations of K in
particular 0,1 ¢ Sy. Set Sy = {0} and S = Sy U S;.

For an extension F of K let

AlgExt(E, $1) = | ] AlgExt(E,v) and Gal(E,S1) = | Gal(E,v).
vES] vEST

For a Galois extension F' of F let

AlgExt(F/E, S) = | ) AlgExt(F/E,v) and Gal(F/E,Si)= | ] Gal(F/E,v).
veES, vES,
The maximal totally Sj-adic extension of K is the intersection of all
K € AlgExt(K, S1). We denote it by Kiots,. It is a Galois extension of K, because
each AlgExt(K,v) is closed under the conjugation by elements of Gal(K). For each
v € S1 we choose a real closure of K at v if v is an ordering or a Henselian closure K,
of K at v if v is a valuation.

We also set M = Ky N Kiotr,s,, Gal(M,Sy) = {Gal(Ky)"| 7 € Gal(M)},
Gal(M,S) = Gal(M, Sy) U Gal(M, Sy), and make the following assumptions on Kj and
M:

(la) Ky is PAC over each set H N A, where H is a Hilbertian subset of K" and A is a

nonempty open Si-adic subset of K.

(1b) Gal(K)) is a finitely generated free profinite group.
(1c) M is PS;C. This means that every absolutely irreducible variety V' which is defined
over M and has a simple K,-rational point for each v € S7 has an M-rational point.

(1d) [M : K| = oc. i

COROLLARY 10.2: The field M is ample. That is, every absolutely irreducible curve C

defined over M with a simple M-rational point has infinitely many M -rational points.

Proof: Let p be a simple M-rational point on C. Consider q,...,q, € C(M). Then

C'"=C>~{qi,...,q,} is also an absolutely irreducible curve defined over M. Let now

46



v € S7. Then p € Cgimp(K,). Hence, C(K,) is infinite, because K, is either real closed

or Henselian [GPR, Thm. 9.2]. Hence, Cf;,, (K,) # 0. Applying the P.S;C property of

M to C', we conclude that C'(M) has an additional point q,,41. |

LEMMA 10.3: The following statements hold for M and for each v € Sy:

(a) AlgExt(M,v) = AlgExt(K,v) = {KJ| o € Gal(K)}.

(b) K? = K, if and only if o € Gal(K,).

(c) Ko ¢ AlgExt(M,S1) and the sets AlgExt(M,v), v € Sy, are disjoint. Moreover,
there are no inclusions among distinct fields belonging to AlgExt(M, Sy).

(d) Let E be a field extension of K. Then AlgExt(FE,v) is closed in AlgExt(E).

(e) The topological space AlgExt(M,v)/Gal(M) has no isolated points.

(f) Every finite split embedding problem over M is regularly solvable over M(t).
That is, let N/M be a finite Galois extension, B a finite group, a: B — Gal(N/M)
an epimorphism admitting a group theoretic section, \: Gal(M(t)) — Gal(M) the
restriction map, and ¢: Gal(M (t)) — Gal(N/M) an epimorphism. Then there exists
an epimorphism §: Gal(M (t)) — Gal(N/M) such that a0 = ¢ and A(Ker(d)) =

Ker(yp). Equivalently (Remark 7.6), the fixed field F' of Ker(d) in M (t) is regular

over N.

Proof of (a): As indicated in Definition 9.1, the set AlgExt(K,v) of the P-adic clo-
sures of (K,v) coincides with the set of Henselian closures of K at v in K. Thus
AlgExt(K,v) = {KJ| o € Gal(K)}. By definition, AlgExt(M, v) = AlgExt(K,v).

Proof of (b): Suppose K = K,. Then 0|k, belongs to Aut(K,/K). By [Lan, p. 455,

Thm. 2.9] for real closed fields and [Jar2, Prop. 14.5] for Henselian closures, Aut(K,/K)
is trivial, so o € Gal(K,).

Proof of (¢): By (la), Ky is PAC. As such, Ky is neither real closed [FrJ, Thm. 11.5.1]
nor does K, have a valuation with a finite residue field [FrJ, p. 217, Exercise 7(b)].
Thus, Ko ¢ AlgExt(K,Sy).

Next note that, by Lemma 8.4, no field in AlgExt(K,S) is algebraically closed.
Consider distinct fields K’, K" € AlgExt(K,S7). Assume that K’ C K”. Since the

absolute Galois group of a real closed field is of order 2 while the absolute Galois group
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of a p-adically closed field is torsion free [HJPb, Lemma 8.3|, neither K’ nor K" are
real closed.

If K" € AlgExt(K,v") and K" € AlgExt(K,v") for some v/,v” € S; with v" # 0",
then K’ is Henselian with respect to v” and to an extension of v’. Since, v’ and v”
are independent and K" is not separably closed (Lemma 8.4(c)), this contradicts [Jar2,
Lemma 13.2].

If K') K" € AlgExt(K,v) for some v € Sy, then K’ and K" are conjugate over K,

so K" cannot properly contain K’ [FrJ, Lemma 20.6.2].

Proof of (d): Let E € AlgExt(E) and put K = EN K. If E € AlgExt(E,v), then,
by Lemma 8.4, K € AlgExt(K,v) and E = K. By (a), K is isomorphic to K,. Hence,
E = K,. Conversely, if K € AlgExt(K,v) and E = K,,, then E is P-adically closed of
the same type as K. In the p-adic case this follows from [HJPb, Proposition 8.2(h)]. In
the real case E is real closed and our conclusion follows. Therefore, E € AlgExt(E,v).
It follows that AlgExt(E,v) is the intersection of A = {F € AlgExt(E)| ENK €
AlgExt(K,v)} and Ay = {E € AlgExt(E)| E = K, }.

By (a), AlgExt(K,v) is closed in AlgExt(K). Since the restriction AlgExt(F) —
AlgExt(K) is continuous, A; is closed in AlgExt(FE). By [HJPb, Lemma 10.1], also A,
is closed in AlgExt(FE). Consequently, AlgExt(F,v) is closed in AlgExt(E).

Proof of (e): The map Gal(K) — AlgExt(K) given by o — K7 is a continuous
map of profinite spaces. By (a), its image is AlgExt(M,v). By (b), KJ* = KJ? with
01,09 € Gal(K) if and only if 09 € Gal(K,)o1. Therefore Gal(K) — AlgExt(K) induces
a homeomorphism Gal(K,)\Gal(K) — AlgExt(M,v). This map is compatible with the
action of Gal(M) on both spaces (on Gal(K,)\Gal(K) by multiplication from the right)
and hence induces a homeomorphism of quotient spaces Gal(K,)\Gal(K)/Gal(M) —
AlgExt(M,v)/Gal(M). Thus, by Lemma 2.2, it suffices to show that Gal(K7)Gal(M)
is an open subset of Gal(K) for no ¢ € Gal(K). But M C KJ and [M : K] = o
(Condition (1d)), hence Gal(KJ)Gal(M) = Gal(M) is not open.

Proof of (f): By (1c), M is PS;C. Hence, by Corollary 10.2, M is ample. Therefore,
every finite split embedding problem over M is regularly solvable over M (t) ([Pop4,
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Main Theorem A] or [HaJ3, Thm. C]). i

We rewrite the results of Lemma 10.3 in group theoretic terms. To this end we

add the following notation to Setup 10.1:
C1 ={Gal(K,)| v e S}
Gal(M,0) = {Gal(Ky)? | o € Gal(M)}
Gal(M,v) ={Gal(K,)? | 0 € Gal(K)}, veS
Gal(M, S1) = | J Gal(M,v)

vES,

Gal(M, S) = | Gal(M,v)

veS
Gal(M,S) = (Gal(M), Gal(M,v))ves
PROPOSITION 10.4: In the above notation, the following holds:
(a) Each group in Cy has a big quotient with respect to Cj.
(b) There are no inclusions between distinct groups in Gal(M, Sy).
(c) Gal(M,S) = |J,cqgGal(M,v) and for each v € S, Gal(M,v) is open-closed in
Gal(M, S) and each group in Gal(M,v) is isomorphic to Gal(K,).
(d) Gal(M) is Gal(M, Sy)-projective.
(e) For each v € Sy the space Gal(M,v)/Gal(M) has no isolated points.

(f) Gal(M,S) is a self-generated group pile.

Proof of (a): By [HJPb, Prop. 8.2(j),(m) and Remark 8.4], each Gal(K,) with v € S
is isomorphic to Gal(R) or to Gal(FF), where F is a finite extension of Q, for some
prime number p (note that our definition of P-adically closed fields has been extended
to include R). Hence, by [HJPb, Lemma 9.4], each group in C; has a big quotient with

respect to Cy.

Proof of (b): By Lemma 10.3(c), there are no inclusions among distinct elements of

AlgExt(M, S1), so there are no inclusions among distinct elements of Gal(M, S).

Proof of (c): By definition, Gal(M,0) is a closed Gal(M)-class. For each v € Si,
AlgExt(M,v) is closed in AlgExt(M) (Lemma 10.3(d)), so Gal(M,v) is closed in Gal(M)
and in particular in Gal(M,S). By 10.3(c), Gal(Ky) ¢ Gal(M,S1), so Gal(M,0) is
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disjoint from Gal(M,S7). By (b), the sets Gal(M,v), v € Sy, are disjoint. Therefore,
Gal(M, S) = ), Gal(M,v) is a partition into open closed sets. Finally, each group in
Gal(M, 0) is by definition isomorphic to Gal(Kj), and for v € S; each group in Gal(M, v)
is isomorphic to Gal(K,) (Lemma 10.3(a)).

Proof of (d): By Assumption (1c), M is PS;C. By (c) and the second paragraph of
Section 2, Gal(M, S1) is étale compact. It follows from [HJPb, Prop. 4.1] that Gal(M) is
Gal(M, Sy )-projective.

Proof of (e): Let v € S;. By Lemma 10.3(e), AlgExt(M,v)/Gal(M) has no isolated
points. Hence, Gal(M,v)/Gal(M) has no isolated points.

Proof of (f): By definition, Gal(M, Sy) is a Gal(M )-class in Subgr(Gal(M)). By (c),
Gal(M,v) is a closed Gal(M)-domain in Subgr(Gal(M)), v € S;. Hence, Gal(M,S)
is a group pile. By Lemma 10.3(b), Gal(M) = (Gal(Ky), Gal(M, S1)). Consequently,
Gal(M) is self-generated. |

PRrROPOSITION 10.5: In the above notation, let N be a finite Galois extension of M, t
an indeterminate, P a finite Galois extension of M (t) which is regular over N, and Py a
subfield of P which contains M (t). Set No = KoNN and suppose that PN N = Ny and
PyN = P. Then there exists a homomorphism ~: Gal(M) — Gal(P/M(t)) such that
resp/n ©Y =resyr n, V(Gal(Ko)) = Gal(P/Fy), and y(Gal(M,v)) = Gal(P/M(t),v) for

each v € 5.
Proof: The proof naturally breaks up into three parts.

PART A: Replacing K by a finite extension. Let K’ be a finite extension of K con-
tained in M. For each v € Sy we have Gal(P/M(t),v) = U, evai(x’,v) Gal(P/M(t),v")
and Gal(N/M,v) = U,y evai(r 0) Gl (N/M, v"), where Val(K’, v) is the set of all exten-
sions of v to K’ of the same type as v. Therefore we may replace K by K’ and S; by
S1 = Uyeg Val(K',v). Now we choose a suitable K.

Let ¢ € N with N = M(c) and let f(X) = irr(c, M) € M[X]. Choose a finite
extension K’ of K contained in M, such that f € K'[X] and f splits over K'(c) into
linear factors. Put L = K'(¢) and Ly = NoN L. Then L/K’ is a finite Galois extension
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such that ML = N, MNL =K', and Lo = KN NNL = KoN L. In addition,
NoL = Ny(c) = N, hence [N : Nyg| = [L : Lo].

Now choose z € P integral over M|[t] such that P = M(¢,z) and let g(t, X) =
irr(z, M(t)) € M[t, X]. Let p € K[T,X] and ¢ € K[T] such that ¢ # 0 and ¢ = B2,
Put F = K'(t,z). If K’ is sufficiently large, then it contains the coefficients of g, p, and

q, and g(t, X) splits over F into linear factors. In this case F'is a finite Galois extension
of K'(t) containing L such that M (¢t)F = P and M (t)NF = K'(t).

By the first paragraph of this part we may assume that K’ = K. This gives a
diagram of fields

K(t ) L(t)

M —-

|~

in which ML=N, MNL =K, M(t)F = P,and M(t)NF = K(t). Thus, M(t) and F’
are linearly disjoint over K (t). Since M (t)L(t) = N(t), it follows that N(t) is linearly
disjoint from F over L(t). Hence, N is linearly disjoint from F' over L. Since NF = P
and P is linearly disjoint from K over N (because P/N is regular), F'is linearly disjoint
from K over L. This means that F/L is regular.

Next let Fy = Py N F and observe that Fy N L = PPNFNL =P NNNL =
NoNL = Ly. Since [P : Py] =[N : No| =[L: Lo] and [P : Py] > [Fo : F] > [L : Lo], we
have [F' : Fy| = [L : Lg], so FyL = F. This gives commutative diagrams of fields and of

Galois groups in which each of the restriction maps is an isomorphism:

M(t) Py P Gal(P/Py) — Gal(N/N)
K(t)/ | F, - | F/ l l
0
\ ‘ | ‘ Gal(F/Fy) — Gal(L/Lo)
M Ny N
e DX ‘
K Ly L

In addition, we have the following commutative diagrams of restrictions of Galois
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groups and sets of subgroups for each v € 5.

resp,/N resp/N

(2)  Gal(P/M(t)) —% Gal(N/M) Gal(P/M(t),v) — Gal(N/M, v)
Gal(F/K (t)) —% Gal(L/K) Gal(F/K (t),v) —% Gal(L/K, v)

PART B: We prove that the vertical maps in diagram (2) are bijections. By Part A,
the vertical maps in the diagram on the left are isomorphisms. The vertical maps in
the diagram on the right are induced by them, hence they are injective. We show
they are surjective. Every field in AlgExt(F/K(t),v) has the form £ N F for some
E € AlgExt(K(t),v). Then, EN K € AlgExt(K,v). By assumption, M C EN K and
K(t) C E,so M(t) C E. Therefore ENP € AlgExt(P/M(t),v) and (ENP)NF = ENF,

as claimed. Similarly resy/y, is surjective.

PART C: Homomorphism. By Lemma 9.5, there exists an epimorphism ~;: Gal(K) —
Gal(F'/K(t)) such that respjp o v1 = resg,;, 7(Gal(Ko)) = Gal(F/Fp), and
v1((Gal(K,v)) = Gal(F/K(t),v) for each v € Sj.

Let o = reS;}F ovy: Gal(K) — Gal(P/M(t)). Set 7 to be the restriction of v to
Gal(M). By the commutativity of (2) and by Claim B we have resp/n oy = resgy v,
v(Gal(Ky)) = Gal(P/Fy), and y(Gal(M,v) = v2(Gal(K,v)) = Gal(P/M(t),v) for each
v € S1. This completes the proof of the proposition. |

11. Free Product of Local Groups

The group theoretic and field theoretic information gathered up to now gives a free
product theorem: Gal(M) is a free product of local subgroups.

The homomorphism 7: Gal(M) — Gal(P/M(t)) of Proposition 10.5 need not be
surjective. We fix this drawback by assuming in the next result that Gal(P/M(t)) =
(Gal(P/Py), Gal(P/M(t)))ves, -

For an extension F of K and a finite Galois extension F' of F let Gal(F/E,S) =
Upes Gal(F/E,v).
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ProprosITION 11.1: Every finite locally solvable self-generated embedding problem of

group piles

(1) (p: Gal(M,S) — A, a: B — A),

is solvable.

Proof: Let Ay = ¢(Gal(Kp)). Then Aj is the A-class generated by Ay and A =
(Ag, A1) (by Proposition 10.4(f)). By assumption, there exists By € By such that
B = (By, B;1). In particular, a(By) is conjugate to Ap. Applying Lemma 5.2, we may
replace By by a conjugate subgroup, if necessary, to assume that «(By) = Aj.

Now we may assume that A = (Gal(N/M),Gal(N/M,v))yes, where N is a finite
Galois extension of M, Gal(N/M,0) = {Gal(N/Ny)?| ¢ € Gal(N/M)} with Ny =
Ko N N, and ¢ is the restriction map Ies iy /N

Next we replace B by a group pile of Galois groups over M (t) with ¢ transcendental

over M. To this end we consider the deficient group piles

H = (Gal(M(t)), Gal(M(t),v))ves,,

G = (Gal(M), Gal(M,v))yes, ,

where G is obtained from Gal(M,S) by replacing Gal(M,0) by the class of the trivial
group. Let \: H — G be the restriction map. By Lemma 8.4(d), A is rigid. Let
A’ = (Gal(N/M),Gal(N/M,v))yes, and B’ = (B, B, )yes, be the deficient group piles
associated with A and B. Then

(2) (p: G — A’ a: B' = A)

is a finite locally solvable embedding problem of deficient group piles. Proposition
10.4 implies that G is a separated deficient group pile satisfying Conditions (a)-(d) of
Proposition 7.5. Proposition 10.3(f) settles Condition (e) of Proposition 7.5.

Thus, Proposition 7.5 gives an epimorphism of deficient group files 6: H — B’ such

that a0 = @ o A and \(Ker(d)) = Ker(p). Let P be the fixed field in M (t) of Ker(d).

Then P is a finite Galois extension of M (t) regular over N (Remark 7.6) and res A, P
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maps H onto the deficient group pile P’ = (Gal(P/M (t)), Gal(P/M (t),v))ves,. More-
over, there is an isomorphism §: P’ — B’ of deficient group piles such that § =

do reS ir /P Then a0 § = resp/y. Let Py be the fixed field of 5 1(By) in P, and

Gal(P/M(1),0) = {Gal(P/P,)? | o € Gal(P/M(t))}. Then
P = (Gal(P/M(t)),Gal(M/P(t),v))ves

is a finite group pile and §: P — B is an isomorphism of group piles such that a0 6 =
resp/y. Replacing B by P via § we may assume that B = Gal(P/M(t)), B, =
Gal(P/M(t),v) for each v € S, and 6 = S ong Then « is the restriction resp,y,
PO NN = N(), and

(3) Gal(P/M(t)) = (Gal(P/Fy), Gal(P/M(t),v))ves,

By Proposition 10.5, there is a homomorphism ~: Gal(M) — Gal(P/M(t)) of
profinite groups such that a oy = ¢, v(Gal(Ky)) = Gal(P/F), and vy((Gal(M,v)) =
Gal(P/M(t),v) for each v € S1. By (3), < is an epimorphism of group piles. Conse-
quently, (1) has a solution. |

PROPOSITION 11.2: In the setup of 10.1 there exists for each v € Sy a closed subset R,
of Gal(K) such that

Gal(M) = Gal(Ko) * || ] Gal(x?).
vES| pER,
Moreover, for each v € S1, R, is a system of representatives of Gal(K)/Gal(M) and
{Gal(K,)?| p € R,} is a closed system of representatives for the Gal(M)-orbits of
Gal(M,v).

Proof: By Condition (1b) of Section 10, Gal(Ky) is a finitely generated free profinite
group. By Lemma 8.4(c), Gal(K,) is a finitely generated nontrivial group. Thus, the
groups in Gal(K,v), v € S, satisfy the conditions of Data 5.1.

We prove that Gal(M, S) = (Gal(M), Gal(M,v)))yes is a Cantor group pile over
(Gal(Ky))ves. In other words, we verify Condition (1) of Definition 6.1 for Gal(M, S).
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Condition (la) holds because M is a countable field. Condition (1b) follows
from Lemma 10.4(e). Lemma 10.4(c) implies Condition (1lc), that is Gal(M,S) =
Jyeg Gal(M,v), where Gal(M,v) is open-closed in Gal(M,S) and each group in
Gal(M, v) is isomorphic to Gal(K, ). By Proposition 10.4(f), Gal(M, S) is self-generated.
Finally, Proposition 11.1 completes the proof of (1d).

It follows from Proposition 6.4 that Gal(M) = Gal(Ko) * M,cs, Hier, Gt, where
T, is a Cantor space and 7, = {G;| t € T,,} is a closed system of representatives of the
Gal(M)-classes of Gal(M,v).

For each v € S7 let s: Gal(K) — Gal(M,v) be the map defined by s(p) = K£. It
is continuous and surjective. Moreover, Gal(M) acts on Gal(K') by multiplication from
the right and on Gal(M,v) by upper right conjugation and s respects this action. Since
K is countable, Gal(K) has a countable basis for its topology. Hence, s has a continuous
section s’: Gal(M,v) — Gal(K) [Har, Lemma 8.1]. Thus, R, = s'(7,) is a closed system
of representatives of Gal(K)/Gal(M) and {Gal(K?)| p € R,} = 7, is a closed system
of representatives of the Gal(M)-orbits of Gal(M,v). Note that the map t — G of T,
onto 7, is a continuous bijection of profinite spaces, hence it is an homeomorphism. It
follows that the map t — s'(G}) of T, is a homeomorphism satisfying G; = Gal(Kil(Gt)).
Consequently, Gal(M) = Gal(Ko) * M, c5, M cr, Gal(KY). i

12. Large Fields Chosen at Random

As in Setup 10.1 let K be a countable Hilbertian field of characteristic 0 and S =
{0} U Sy, whree S; is a finite set independent classical P-adic valuations and orderings.
In addition, let e > 0 an integer. We prove below that for almost all o € Gal(K)®, the

field Ky = K (o) satisfies Condition (1) of Section 10. Applying Proposition 11.2, we

get a presentation of Gal(Kiot,s,(0)) as a free product of local groups.

LEMMA 12.1: Let K be a countable Hilbertian field, S, a finite set of independent
orderings and valuations, and e > 0 an integer. Then for almost all o € Gal(K)®¢ the
field Ks(o) is PAC over each set H N A, where H is a Hilbert subset of K™ and A is a

nonempty open Si-adic subset of K.
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Proof: Let L be a finite separable extension of K, f € L[Ty,...,T,, X] an absolutely
irreducible polynomial, g € L[T},...,T;] a nonzero polynomial, A a nonempty S;-open

subset of K", and H a separable Hilbert subset of K". Set
C(L,f,9,A,H) ={o € Gal(L)®| there existac€ HN A and b € K;(o)

such that f(a,b) =0 and g(a) # 0}
and let p7, be the normalized Haar measure of Gal(L)®°.

Cram: pur(C(L, f,g9,A,H)) = 1. To prove the claim, we construct by induction a
linearly disjoint sequence of separable extensions L, Lo, L3, ... of L such that for each
i, [L; : L] = degx(f) and there exist a € H N A and b € K(o) with f(a,b) = 0 and
g(a) # 0. Suppose we have already constructed L, ..., L, with that property and let
L' =1L;---L,. Since f is absolutely irreducible, the set H' of all a € (L’)" such that
f(a, X) is irreducible and separable over L’ and g(a’) # 0 is a separable Hilbert subset
of (L')". By [FrJ, Cor. 12.2.3], H N H' contains a separable Hilbert subset Hy of K.
By [Jar2, Prop. 19.8], we may choose a € Hx N A such that g(a) # 0. Let b € K, with
f(a,b) =0 and set L,,+1 = K(b). Then L, is linearly disjoint from L’ over K, hence
Lq,..., L, are disjoint over K. This completes the induction.

By [FrJ, Lemma 18.5.3], for almost all o € Gal(L)¢ the field Ly(o) contains at
least one of the fields L;. Hence ur(C(L, f,g,A, H)) = 1, as asserted.

Since K is countable, there are only countably many L, f, g, H as above. For each
valuation or ordering v of K the set of v-open discs is countable and forms a basis for
the v-topology of K. Hence, the set of all rectangles of v-open discs with v € S; is
countable and forms a basis Ay for the Si-topology of K". It follows that the set

C=Gal(K)’ | (Gal(L)*~C(L,f,g,A H))
L,f.g,AH

where L, f, g, H are as above and A ranges over A, has measure 1 in Gal(K)¢. Each

o € C has the desired property. |

Given a field K and o7, ...,0. € Gal(K), we denote the maximal Galois extension

of K in K (o) by Klo].
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LEMMA 12.2: Let K be a countable Hilbertian field, S; a finite set of independent
classical P-adic valuations and orderings, and e > 0. Then, for almost all o € Gal(K)*®

each field M lying between Ko s, [0] and Koy, s, is PS1 C.

Proof: By [GeJ, Theorem A], for almost all o € Gal(K)® the field L = Ko g, [0]
is PS1C. In the notation of [Jarl, Section 7], this means that L is PXCC, where K =
AlgExt(K,S7). By Lemma 10.3(d), AlgExt(K, S1) is closed in AlgExt(K). If a field M
lies between K[| and Kiots,, then MK = K for each K € AlgExt(L, S;). Hence, by
[Jarl, Lemma 7.4], M is PS;C. i

ProproSITION 12.3: Let K be a countable Hilbertian field of characteristic 0, ¢ > 0

an integer, and S a finite set of independent classical P-adic valuations and orderings.

Then for almost all o € Gal(K)® the fields Ko = K(o) and M = Kio,s, (o) satisfy
Condition (1) of Section 10.

Proof of (1a) of Section 10: This is a special case of Lemma 12.1.

Proof of (1b) of Section 10: By [FrJ, Thm. 18.5.6], Gal(K (o)) = F, for almost all
o € Gal(K)°.

Proof of (1c) of Section 10: This is a special case of Lemma 12.2.

Proof of (1d) of Section 10: Let n be a positive integer and consider the general polyno-
mial
f(T,X) = X"+ Ty X" ! + ... + T, of degree n. Its Galois group over K(T) is
isomorphic to S, [Lan, p. 272, Example 4]. By [FrJ, Lemma 13.1.1], there exists a
separable Hilbert subset H of K™ such that for each a € H, the polynomial f(a,X)
is Galois over K with Galois group isomorphic to S,,. Consider also the polynomial
g X) =T, (X —i) = X"+ X"+ -+ ¢, with ¢1,...,¢, € Z. The theorem
about the continuity of roots [Jar2, Prop. 12.3] gives an Sj-adic open neighborhood A
of ¢ € K" such that for each v € S; and each a € A the polynomial f(a, X) totally
splits in K,. It follows that f(a, X) totally splits in Ko, s, -

By (1a) of Section 10 (which we have already proved), for almost all & € Gal(K)®

there exist a € HN A and b € Ky = K (o) such that f(a,b) = 0. By the choice of A
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and H, the field K (b) is Galois over K with Galois group S,, and K (b) C Kiot,s,, SO
K(b) Q M = Ktot,Sl (0’)
The compositum of all K (b) with n ranges over all positive integers is an infinite

Galois extension of K in M. |

Proposition 12.3 allows us now to apply Proposition 11.2 to K (o) for almost all

o € Gal(K)° and to achieve the main result of this work.

THEOREM 12.4: Let K be a countable Hilbertian field of characteristic 0, e > 0 an
integer, and Si a finite set of independent classical P-adic valuations and orderings of
K. Then, for almost all o € Gal(K)¢ there exists for each v € Sy a closed subset R, of
Gal(K) such that

Gal(Kiot,s, (o)) = Gal(K (o)) * H H Gal(K

vES| pER,

Moreover, R, is a system of representatives of Gal(K)/Gal(Kiot,s,(0)) and {KF | p €
R,} is a closed system of representatives for the Gal( Ko, s, (0))-orbits of AlgExt(K,v).

Remark 12.5: The fields Kot s,[0]. Given K, Sq, and e > 1 as in Theorem 12.4, we
would like to prove the following analog of Theorem 12.4:

For almost all o € Gal(K )¢ and for each v € Sy there exists a closed subsets R,

of Gal(K) such that

(2) Gal(Kior,5,[0]) = Gal(K[o]) « |{ ]| Gal(K
vES1 pER,

We know that for almost all o € Gal(K)¢ the field K[o] is PAC and Gal(K[o]) = F,
[Jar3, Lemma 2.7]. However, since K[o] is Galois over K, and not algebraically closed,
it is not PAC over K, at least if K is finitely generated over Q (the case where K is a
number field is proved in [Jar4, Main Theorem]|, the general case is [BSJ, Thm. B]). In
particular, K [o] does not satisfy Condition (1la) of Section 10, so a major argument in
Part D of the proof of Lemma 9.5 does not work in the new case. Consequently, the
proof of Theorem 12.4 cannot be adapted to a proof of (2) and one has to come up with

another strategy. |
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