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Abstract

In this paper, we use thermodynamic formalism to study the dynamics of
inner functions F' acting on the unit disk. If the Denjoy-Wolff point of F' is in
the open unit disk, then without loss of generality, we can assume that F'(0) = 0
so that 0 is an attracting fixed point of F' and the Lebesgue measure on the
unit circle is invariant under F'. Utilizing the connection between composition
operators, Aleksandrov-Clark measures and Perron-Frobenius operators, we
develop a rudimentary thermodynamic formalism which allows us to prove the
Central Limit Theorem and the Law of the Iterated Logarithm for Sobolev
multipliers and Hélder continuous observables.

Under the more restrictive, but natural hypothesis that F' is a one com-
ponent inner function, we develop a more complete thermodynamic formalism
which is sufficient for orbit counting, assuming only the (1 + ¢)-integrability
of log|F’|. As one component inner functions admit countable Markov par-
titions of the unit circle, we may work in the abstract symbolic setting of
countable alphabet subshifts of finite type. Due to the weak hypotheses on
the potential, we need to pay close attention to the regularity of the complex
Perron-Frobenius operators £ with Re s > 1 near the boundary.

Finally, we discuss inner functions with a Denjoy-Wolff point on the unit
circle. We assume a parabolic type behavior of F' around this point and in-
troduce the class of parabolic one component inner functions. By making use
of the first return map, we deduce various stochastic laws and orbit counting

results from the aforementioned abstract symbolic results.
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1 Introduction

A finite Blaschke product is a holomorphic self-map of the unit disk which
extends to a continuous dynamical system on the unit circle. It is determined

by the location of its zeros up to a rotation:

d
F(z):ewHZ_ﬁz, a; € D.
i=1

Loosely speaking, an inner function is a holomorphic self-map of the disk
which extends to a measure-theoretic dynamical system on the unit circle.
More precisely, we require that for a.e. § € [0,27), the radial boundary value
F(e") :=lim,_,; F(re) exists and has absolute value 1.

One can classify inner functions according to the location of the Denjoy-
Wolff fixed point. We mostly deal with the case when the Denjoy-Wolff fixed
point is in the open unit disk. After a conjugation, we may assume that
F(0) = 0. We call such inner functions centered. By the Schwarz Lemma,
under iteration, all points in the unit disk tend to 0. We write m = df/2r for
the normalized Lebesgue measure on the unit circle.

To set the stage, we recall a number of dynamical properties of m such as in-
variance, ergodicity and mixing due to Sullivan-Shub [SS85] and Pommerenke
[Pomg1]:

Lemma 1.1. Suppose that F(z) is an inner function such that F(0) = 0.

(i) The Lebesgue measure on the unit circle is invariant under F, that is,
m(F~Y(E)) = m(E) for any measurable set E C OD.

(ii) m is ergodic, that is, any invariant set E C D has measure 0 or 1.

(iii) The map F : 0D — 0D is mixing, that is, for any measurable sets
A, E € 0D,

m(ANF"(E)) - m(A) -m(E), as n — oo.
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The above properties may be proved by examining Poisson extensions of
characteristic functions.

In this paper, we employ thermodynamic formalism to show stronger sta-
tistical properties of inner functions such as the Central Limit Theorem, the
Law of the Iterated Logarithm and the Almost Sure Invariance Principle. We
also obtain an Orbit Counting Theorem for one component inner functions sat-
isfying a mild integrability condition. Later, we also discuss Orbit Counting

for parabolic one component inner functions.

1.1 Thermodynamic Formalism and Stochastic Laws

for Centered Inner Functions

Our first objective is to study stochastic properties of arbitrary inner functions
F with F(0) = 0 acting on the unit circle. We begin by surveying a number

of results on the spectral properties of the composition operator
Cr:h—hoF

acting on various spaces of real and holomorphic functions on the unit circle.
We then define the Perron-Frobenius or transfer operator Ly with potential
—log | F'| as the dual of the composition operator with respect to the L? pairing
on the unit circle.

In Section (3] we will see that the operator Ly admits a convenient repre-

sentation in terms of the Aleksandrov-Clark measures:
Lro)e) = [ opalz). e op.
which generalizes the classical definition
(Lrg)(@) = Y [F'()| '),

F(y)=z

valid for finite Blaschke products. In fact, the two definitions agree precisely
when the Aleksandrov-Clark measures {y,} are purely atomic. More gener-
ally, one can define Perron-Frobenius operators for other potentials by taking

adjoints of weighted composition operators.



We use duality arguments to show that for a large class of potentials, the
Perron-Frobenius operator has a spectral gap when acting on spaces of Sobolev
and Holder functions. From here, stochastic laws follow quite easily: the Cen-
tral Limit Theorem is an immediate consequence of Gordin’s results [Gor69]
while the Law of the Iterated Logarithm and the Almost Sure Invariance Prin-
ciple follow from the work of Gouézel [Goul()].

We now describe the Central Limit Theorem (CLT) in greater detail. As

is standard in ergodic theory and dynamical systems, we use the notation
Sph(@) i= h(z) + h(F(2)) + - + h(F°"Y)(x)

to repesent the sum of a function h along the forward orbit of z. One says
that the Central Limit Theorem holds for an observable h : D — R and a
measure y on JD if the random variables % on the probability space (9D, p)

converge in distribution to the Gaussian distribution

N (h, a*(h — 1)), h:/(mh(x)d,u(a:),

for some constant 02 = o2(h) > 0 depending on h.

Theorem 1.2. If F' is a centered inner function, then the Central Limit The-

orem holds with respect to the Lebesgue measure on the unit circle for
e any Sobolev multiplier h € M(W1/%2(oD)),
e any Hoélder continuous function h € C*(0D) with o > 0.

Furthermore, if F' is not a finite Blaschke product and h is non-constant, then

o2(h) # 0.

The space of Holder continuous functions C“(0D) is an algebra since the
product of two functions in C*(9D) is again a function in C*(9D).

Loosely speaking, for 3 > 0, the Sobolev space W52(9D) consists of L (D)
functions which have 3 derivatives in L?(dD). In terms of Fourier coefficients,
this means that

o0

alfysz == D (Inf + D)) < oo

n=—oo



For 0 < 3 < 1/2, the space W#2(9D) is not an algebra, so we work with the
multiplier space M(W?2(0D)) instead. A function v is called a W52(9D)
multiplier if for any function g € W52(dD), the product gy € W52(dD), in

which case,

lg7llwe.20m) < Cllgllwe.2om), (1.1)

for some C' > 0. The infimum of constants C' one can put in the right hand
side of (1.1) is called the multiplier norm and is denoted by V|| pq(ws.2(am))-
For concreteness, we take § = 1/2. It is well known that any Sobolev mul-
tiplier is a bounded function with || f||re < || f[[yqw1/22). For completeness,
we briefly sketch the argument from [Riz72, Proposizione 1]. For any h > 0,

we have
hiul/h
|7l z2n = [l HL/Q
hnul/h
< VI 20
h 1/h
< (VM4 - 12 lyprrze)

1/h
= Ivllad- I1LIA 2.
where 1 is the function that is identically 1. The result follows upon taking

h — oo. For any € > 0, one has the following inclusions:
W/2(0D) ¢ M(WY22(6D)) ¢ W22(OD).

In particular, any C' function is a W1/2:2 multiplier. For more on multiplica-
tion in Sobolev spaces, we refer the reader to the survey [BH22].

In additional to the Lebesgue measure, we also establish the Central Limit
Theorem with respect to equilibrium measures associated to potentials of the

form —log |F’| + h, where h is a function in C*(9D) of small norm.

1.2 Orbit Counting for Centered and Parabolic One

Component Inner Functions

To delve deeper into understanding the dynamical properties of inner func-
tions, we restrict to a natural class of inner functions called one component

inner functions introduced by W. Cohn in [Coh82]. According to the original



definition, an inner function F' : D — D is a one component inner function if
the set {z € D : |F(2)| < ¢} is connected for some ¢ € (0,1). From the point
of view of dynamical systems, it is more useful to say that a one component
inner function is an inner function whose set of singular values is compactly
contained in the unit disk.

The equivalence of the two definitions, as well as a number of basic prop-
erties of one component inner functions will be established in Section In
particular, we will see that one component inner functions admit sufficiently
nice Markov partitions, which allows us to view them as conformal graph di-
rected Markov systems — a notion introduced in [MUO3] and further developed
in [URM22D, [KU23|. We may therefore study the dynamics of one component
inner functions on the unit circle by working in the abstract symbolic setting
of countable alphabet subshifts of finite type.

Let F : D — D be a centered one-component inner function. For x € 0D

and T > 0, consider the counting function
n(z,T) :=#{(n >0,y € D) : F*"(y) =z and log|(F*")'(y)| < T'}.

(Throughout this paper, boundary values of holomorphic functions on the unit
disk such as F°"(y) := lim,_,; F°"(ry) and (F°")(y) := lim,_,1(F°")'(ry) are
understood in terms of radial limits.) More generally, for a Borel set B C 9D,
one can form the function n(x, T, B) which counts the number of iterated pre-

images y that lie in B. We show:

Theorem 1.3. Let F be a one component inner function with F(0) = 0.
Assume that F' has infinite degree or is a finite Blaschke product of degree
d > 2 other than z — z%. Under the hypothesis

/ (log |F’(z)|)1+6dm < 00, for some € > 0, (1.2)
oD

we have

eT

Joplog [F'(2)|dm

where B C 0D is a Borel set with m(0B) = 0. Here, A(T) ~ B(T) denotes
that A(T)/B(T) — 1 as T — oc.

n(xz, T, B) ~ m(B) as T — oo,



Theorem 1.4. Let F' be a one component inner function such that F'(0) =0,

which is not a rotation. If the Lebesgue measure of F' has finite entropy, i.e.

/ log | F'(2)|dm < oo, (1.3)
oD

then

1 (" B 1
= / Mdt ~ -m(B) as T — oo.
T Jo et Jop log [ F'(2)|dm

The above theorems were obtained for finite Blaschke products in [Ivr15l
Section 7] based on renewal-theoretic considerations of S. Lalley. In order to
study orbit counting for inner functions, we use the approach pioneered in

[PoU17] which involves examining the Poincaré series

Z Z (F™Y (y)| =% = /OooeSTdn(x,T,B).

n>0 Fon (y)=a
yeEB

Following the strategy outlined in [PoUlI7], we show:

Lemma 1.5. Let F be a one component inner function with F(0) = 0, which
satisfies the integrability condition for some 0 < e < 1. Suppose B C OD
is a Borel set with m(0B) = 0. For any x € 0D, the function nZ(s) is

(1) holomorphic from C{ = {Res > 1} — C,

(2) continuous from E\ {1} = C.

(3) near s =1,

1 1 1
B

_ ‘ _of 1 )

1) Joplog |[F'(2)|dm s —1 <|s — 1|1—g>

If we merely assume that the inner function F has finite entropy, then the

above conclusions hold if we replace (3) with
(3') near s =1,

Blg) 1 L (1
T Tplog[F'(@)ldm s—1 “\Js—1])°

Once we show the above lemma, Theorem and Theorem [1.4] follow from
the Tauberian theorems of Wiener-Ikehara and Hardy-Littlewood respectively.

For the convenience of the reader, we recall these theorems below:



Theorem 1.6 (Wiener-Ikehara). Suppose p > 0 is a locally finite measure on
(0, +00) and

n(s) = /0 e Tdu(T)

converges in the right half-plane C = {Res > 1}. If

n(s) —

c
s—1

extends to an Ll . function on the vertical line {Res = 1}, then
1([0,T]) ~ cel as T — oc.

Theorem 1.7 (Hardy-Littlewood). If

n(s) ~ -7

as s — 17 along the real axis, then

1 (T4
/ M(t)—>c as T — oo.
T 0 et

Note that the Hardy-Littlewood Tauberian Theorem has weaker hypotheses
than Wiener-Ikehara Tauberian Theorem but also a weaker conclusion. The
Hardy-Littlewood theorem is usually stated in the half-plane {Re s > 0} rather
than {Res > 1}, which explains the e’ in the denominator. For the proofs, we
refer the reader to [MV07, Corollary 8.7] and [Har49, Theorem 98].

Remark. (i) It seems likely that using the methods of [PoUl7], one can show

that

el

er TyB ~ :
neer(T. B) Top log |[F(2)]dm

m(B) as T — oo,
where
nper(T) = #{y € OD : F*"(y) = y for some n > 1 and log|(F°")'(y)| < T'}.

(ii) For the finite Blaschke products F(z) = 2%, with d > 2, the counting
function n(x,T) is a step function, so the asymptotics in Theorem do
no hold. This exceptional behaviour is caused by the failure of D-genericity.
Showing that other centered one component inner functions satisfy this mixing

condition will be an important ingredient in the proof of Theorem
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In Section[9, we define the class of parabolic one component inner functions
and prove an analogue of Theorem[1.3] It is convenient to view parabolic inner
functions as holomorphic self-maps of the upper half-plane H, in which case,
the absolutely continuous invariant measure is just the Lebesgue measure £ on

the real line R. In this setting, the Orbit Counting Theorem reads as follows:

Theorem 1.8. Let F': H — H be a parabolic one component inner function

with a regular doubly parabolic fized point at infinity. Suppose that

/ (log | F'(2)]) "**dt < oo,
R

for somee > 0. If B C R is a bounded Borel set with {(B) < oo and £(0B) = 0,
then for any x € R,

eT

A ;) S —
n(z,T, B) T log [ F(2)]de

¢(B) as T — oo.

1.3 Orbit Counting in Symbolic Dynamics

We will deduce Theorems and from the following general orbit
counting theorems, valid in the setting of countable alphabet subshifts of finite

type. A complete explanation of the terms will be given in Section

Theorem 1.9. Let E be a countable set, A : E x E — {0,1} be a finitely

irreducible incidence matriz and ¢ : E§C — R be a robust potential such that

/ \¢|1+5d,uw < +o00,
EOO

A

for some € > 0. Given & € EY and a Borel set B C E with my(0B) = 0,

the counting function
NgB(T) =#{we E: wte B and S, (—¢)(wE) < T}

satisfies
NPT )

___ " .
T—oo el fEfqo(_w)dN‘/’

my(B).

11



Theorem 1.10. Let E be a countable set, A : E x E — {0,1} be a finitely

irreducible incidence matriz and ¢ : S — R be a normal potential such that
/ (—)dpy < +o00.
EX
Given £ € EY and a Borel set B C E} with my(0B) =0, we have
! /T NEW o eel®)
0 el szo (_w)dﬂw

Remark. In the treatise [PoU17], Theorem is proved under the more re-
strictive hypothesis that

my(B).

/ ep‘w‘duw < 00, for some p > 0,
EX

which guarantees that the Poincaré series admits a meromorphic continuation
to the half-plane (Cf_p = {Res > 1—p} with a simple pole at s = 1. Our proof
follows the general strategy of [PoUl7], but under the weaker assumption on
the potential in Theorem the Poincaré series may not have a meromorphic
continuation beyond the line vertical line {Res = 1}. As a result, it necessary
to carefully examine the behaviour of the complex Perron-Frobenius operators
Ls with Res > 1 near the boundary.

1.4 Notes and references

Blaschke-lacunary series. In [NS22, [NS26], A. Nicolau and O. Soler i

Gibert proved a Central Limit Theorem for “Blaschke-lacunary series”

N
Z anF°"(z),
n=1

where {a,}7° is a sequence of complex numbers satisfying

2
o dim N g (1.4)

N
N—o0 Zn:l ‘an’2
More precisely, they showed that for an appropriate choice of scaling factors

on, the distributions of

N
@ : Z anF°"(z)
n=1

ON
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converge to the standard complex Gaussian on the unit circle. As explained in
[NS26], the condition is sharp in the sense that if it fails, then the Central
Limit Theorem cannot hold. The proof relies on a uniform independence
property of the iterates of h(z) = z, formulated in terms of BMO estimates.
A Law of the Iterated Logarithm was subsequently established by Kumar and
Tripathi [KT26]. For further results in this direction, we refer the reader to
[Nic20, IDN23| [CFLQ26].

Part 1
General Centered Inner

Functions

2 Background on Composition Operators

In this section, we assume that F' is a holomorphic self-map of the unit disk
with F(0) = 0. We survey a number of results on the spectral properties of
the composition operator C'r : ¢ — g o F' acting on various spaces of real and
holomorphic functions. We first recall a classical lemma due to Koenigs from
1884:

Lemma 2.1. Suppose F is a holomorphic self-map of the unit disk with F'(0) =
0. If F'(0) # 0, then the eigenvalues of Cp : Hol(D) — Hol(D) are 1 and
F'(0)k, k=1,2,.... All have multiplicity 1. On the other hand, if F'(0) =0,

then Cr only has the constant eigenfunction 1.
A proof can be found in [Sha93, Section 6.1]. The Koenigs eigenfunction
¢(z) = lim F'(0)™" - F°"(2)
n—oo

is well known in complex dynamics. It serves as a linearizing coordinate near

an attracting fixed point with a non-zero multiplier:

p(F(2)) = F'(0) - o(2),  ¢'(0)=1.

The other eigenfunctions are powers of the Koenigs eigenfunction.

13



2.1 Hardy Spaces

The Hardy space HP consists of holomorphic functions on the unit disk which

satisfy
2

1 .
gl = s o | lg(re')|Pdf < oo.
I8

To study the action of Cr on the space H?, one uses the following two facts,
which one can find in [Sha00, Sections 2 and 3]:

Lemma 2.2 (Littlewood-Paley formula). For any function g € H?,

2 1
91132 = 19(0)* + / ' (2)|* log —|d=|*. (2.1)
T JD ||
Lemma 2.3. Let F': D — D be a holomorphic self-map of the unit disk which

vanishes at the origin and
1
Np(z) = Z logm, z €D,
F(w)=z

be its Nevanlinna counting function. We have:

(i) The inequality Np(z) < log é holds for any z € D.

(ii) If F' is an inner function, then Np(z) = logﬁ outside a set of loga-
rithmic capacity zero.

(iii) If the equality Np(z) = log‘%l holds at a single point, then F is an

mner function.

Using Lemmas and it is easy to see that Cp is bounded on H?:
2 1
ICeglle = lg@F + 2 [ (g FY(2)log 1 ldsP
T JD |2

2
—lgOF + 2 [ 19PN ()ld:
D
<IgOF + 2 [ 19/(:)Plog . |daf
T JD ||
= g1l

If F' is an inner function and g(0) = 0, then the inequalities in the compu-
tation above are equalities and we have [|[Cpg||3,2 = ||lg[|3,2- As explained in
[Sha00, Theorem 5.1], if F' is not inner, then Crg is a strict contraction on the

orthogonal complement of the constant functions:

14



Lemma 2.4. Let F' be a holomorphic self-map of the unit disk with F'(0) = 0.
If F is an inner function, then Cr is an isometry on H?. Otherwise, F is a

strict contraction on HZ = {g € H*: g(0) = 0}, i.e. ICF g2 mz < 1-

The spectrum o of an operator consists of all A € C for which Al — F does
not have a bounded inverse. The spectral radius is the radius of the smallest
closed disk centered at the origin which contains the spectrum. Since Cg
is a bounded operator acting on a Banach space, its spectral radius may be

computed by the formula
ry2(Cr) = lim [|CR[V".

We are more interested in the essential spectum of Cp, which is the part of

the spectrum that survives under compact perturbations. More precisely,

0e(Cr) :== mJ(CF - K),
K
where K ranges over compact operators. The essential spectral radius is the
radius of the smallest disk centered at the origin which contains the essen-
tial spectrum. Outside B(0,7.(CF)), the spectrum o(Cr) can consist only of
isolated eigenvalues of finite multiplicity.

In the literature, one often says that an operator has a spectral gap if its
essential spectral radius r. is strictly smaller than its spectral radius r. For
our purposes, it is preferable to use a more restrictive definition: we say that
an operator has a spectral gap if it has a simple eigenvalue A with |A\| = r, and
the rest of the spectrum is contained in a ball B(0, p) for some p < r.

The essential norm of Cr is defined as

”CFHE,H2—>H2 = i?(f{HCF - K||H2—>H2}-
By the spectral radius formula, for any compact operator K, we have

r2(Cr = K) = lim |[(Cr = K3, g < |Ck = K|

and so 7, y2(Cr) < ||CF|l¢, g2— g2. In an important work [Sha87], J. H. Shapiro

computed the essential norm of Cr when acting on H?:

15



Theorem 2.5. If F' is a holomorphic self-map of the unit disk, then the es-

sential norm of the composition operator Cr acting on H? is

‘ Np(2)
CF g :llmsupi.
ICIE o e = limsup o s

As a consequence of Lemma [2.4] we see that the spectral properties of
the composition operator Cr on H? can detect whether or not a holomorphic

self-map of the unit disk is an inner function:

Corollary 2.6. Let F' be a holomorphic self-map of the unit disk with F(0) =

0. If F is an inner function, then Cr is an isometry on H?. Otherwise,
re,n2(Cr) < |Crlle, p2m2 < 1
and the eigenvalue 1 with the eigenfunction 1 is isolated and simple.

For a general exponent 1 < p < oo, Bourdon and Shapiro [BS97| showed
the following theorem which implies that Corollary [2.6] holds for all Hardy
spaces HP with 1 < p < oc:

Theorem 2.7. If F is a holomorphic self-map of the unit disk, then
re,mr(Cr)P < Te’H2(CF)2, 1<p<oo,

with equality holding whenever 1 < p < oo.

2.2 Weighted Bergman Spaces

While the results of the previous section are quite elegant, for the purposes of
studying the dynamics of inner functions, they are slightly disappointing since
the composition operators C'r do not exhibit a spectral gap in this case. We
therefore turn our attention to Bergman spaces.

For a > —1, the weighted Bergman space A’ consists of holomorphic

functions that satisfy
1
9l = /DQ(Z)IpdAa <00, dAg=—_(a+1)(1- |2[)2]dz?. (2.2)

As in [HKZ00], we normalize the area form dA, so that |[1]%, = 1. When

a = 0, we simply write AP. In the Hilbert space case p = 2, the monomials

16



are orthogonal with respect to dA,, and therefore the norm can be expressed

in terms of the coefficients of the power series expansion at 0:

o0
9 n!T(2+ «a) 2 _ |an|?
lgl%e = Zf(n+2+a || Z e < (2.3)
n=

For weighted Bergman spaces, the spectral properties of Cr are related to

the behaviour of the weighted Nevanlinna counting function

1 Y
Npn(z) = Z <log > , with v = o + 2.
F(w)=z |w|
As explained in [Sha87, Section 6], the proof of the upper bound in Theorem
can be easily adapted to weighted Bergman spaces. Several years later,

P. Poggi-Corradini [PC98] showed that Shapiro’s bound was sharp for a = 0, 1:

Theorem 2.8. If F is a holomorphic self-map of the unit disk and o« > —1,
then the essential spectral radius of the composition operator Cr acting on A%

satisfies

Nrat2(2)
ICrlI2 <limsup ——F——
AGTAL L0 log(1/]2])0+?

Equality holds for o =0, 1.
Using the above theorem, it is easy to see that if F' is not a rotation, then

CF has a spectral gap:

Corollary 2.9. Let F' be a holomorphic self-map of the unit disk with F'(0) =
0, which is not a rotation. For —1 < a < oo, the essential spectral radius
of the composition operator Cr acting on A2 is strictly less than 1, while the

eigenvalue 1 with eigenfunction 1, is isolated and simple.

Proof. The proof is based on the following elementary observation: if {a;} is

a collection of positive real numbers with > a; < z, then
Zazng, Yy=a+2>1

In addition, equality holds if and only if one of the a;’s is equal to z and all
the remaining a; are equal to 0. If one can guarantee that a; < 6x for some
0 <6 <1 and all i € N, then one has the stronger estimate

Za;y < {07+ (1—-6)}a".

1€EN
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In light of this observation and Theorem [2.8} to show that r, 42 (Cr) < 1,

it suffices to prove that

ey 10201/l

2.4
sy D) 24

Since F' is not a hyperbolic isometry,

vi=1- sup {dD(O,F(wl))} > 0,
w1 €0Bryp(0,1)

where dp(-, -) denotes hyperbolic distance on D and By, (0, 1) is the hyperbolic
ball of radius 1 centered at 0. For a point w € D with dp(0,w) > 1, let wy
be the point on the hyperbolic geodesic [0, w] which is located a hyperbolic
distance 1 from the origin. By the triangle inequality and the Schwarz lemma,
dp (0, F(w)) < dp(0, F(w1)) + dp(F(w1), F(w))

< (1 —=7)+ (dp(0,w) — 1)

= dD(Oa ’U)) -7
which implies that

1—|w| <c(l—|F(w)]),  w¢ Bnyp(0,1), (2.5)

for some 0 < ¢ < 1. The inequality ([2.4]) follows since log(1/|w|) ~ 1 — |w]| as
lw| — 1.
Since we have proved that the essential spectral radius of Cr is less than

1, the eigenvalue 1 is isolated and simple by Lemma [2.1] O

A similar situation holds for the weighted Bergman spaces AL with general
exponents p. In [MS02, Theorem 5 and Proposition 7], MacCluer and Saxe
proved an analogue of Theorem for the unweighted Bergman spaces AP.
Their argument was generalized to the weighted case in [ACKS20, Theorem
2.8]:

Theorem 2.10. Let F' be a holomorphic self-map of the unit disk. The es-

sential spectral radius of Cr acting on A, satisfies
Te ar (Cp)P < V’e,Ag(CF)Q, 1 <p<oo,
with equality for p > 1. In particular, unless F is a rotation, then

Te,AZ(CF)<1a I <p<oo.
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From the above theorem, it follows that Corollary also holds for the
weighted Bergman spaces A% with a > —1 and 1 < p < oc.

2.3 Sobolev Spaces

Let T be a distribution on the unit circle, that is, a continuous linear functional
on C*(9D). For n > 0, we define the n-th Fourier coefficient of T' by a,, =
(T, e™) and formally write

Since the unit circle is compact, any distribution has finite order, i.e. belongs
to C*(0D)* for some k > 0, which implies that

an = O((1+ [n))¥).

Conversely, any sequence of Fourier coefficients satisfying the above condition
defines a distribution on the unit circle.

We define the Poisson extension of T by

00 -1
Pr(z) = Z anz" + Z anz", z € D.
n=1 n=—oc
As the above series converges uniformly and absolutely on compact subsets of
the unit disk, it defines a harmonic function. Below, we will identify T" with
Pr.
For 3 € R, let (1 — A)? be the operator which takes a distribution with

Fourier series
o0

2 : aneznﬁ

n=-—oo
and outputs a distribution with Fourier series

o0

Z (‘H‘Q + 1)6 ) aneim‘)’

n=—oo

Loosely speaking, (1 — A)? lowers the regularity of a function by 2. Unlike
the standard differential operator d/df, the operator (1 — A)? is invertible,
with inverse (1 — A)~5.
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For € R, the Sobolev space W#2(0D) consists of distributions whose

Fourier coefficients satisfy

o)

ITfvez = Y (0P +1)%lanl® < Jaol> + Y n*|an* < 00 (2.6)
n=—o0 neZ\{0}

When 8 = 0, we have W%2(dD) = L?(dD). By the Rellich lemma, the inclusion
W2 — WP2 is compact whenever a > 3. These Sobolev-Hilbert spaces are
all isometric, with the Bessel potential (1 — A)*B/ 2 providing an isometry
between L?(0D) and W52(0D).

The L?(9D)-pairing of two distributions S ~ 3 a,e and T ~ 3 a,e™?
is defined as -

(S, T) 2(9p) = Z anbnp,

n=—oo
provided that the sum converges absolutely. More generally, for § € R, the
W52(9D)-pairing is given by

o0

(S, T)wazmy = (In*+1) anbn.
n=—o0

Let X C C*°(0D)* be a Banach space of distributions on the unit circle. Its
dual space X3 with respect to the W52(9D)-pairing consists of all distributions
S such that (S, T') is well-defined and finite for all 7' € X. We write X* without
a subscript for the dual of X with respect to the L?(9D)-pairing. For example,
the dual of W#2(9D) with respect to the W52(9D)-pairing is W52(9D) itself,
while the dual of W2(9D) with respect to the L?(9D)-pairing is W~52(9D).
It is not difficult to show that (I —A)~# is a linear isomorphism between X* 3
and Xg.

Since the composition operator Cr commutes with complex conjugation,
it preserves the anti-holomorphic spaces H2 and ng in addition to their holo-
morphic counterparts. It follows that Cp also preserves L2 = H2+ H? and the
Sobolev spaces W52 = (WH2)* = A2 + A2 for any = (1+a)/2 > 0. These
are not direct sums as the intersections H2 N H2 = A2 N A2 = C - 1 consist

of the constant functions. One can check these decompositions by comparing

power series expansions (2.2]) and (2.6)).
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3 Transfer Operators

For a finite Blaschke product F' with F(0) = 0, the transfer operator with

potential —log |F’| acts on functions on the unit circle by

(Lrg)(@) = Y [F'()| 9. (3.1)

F(y)==

Since the Lebesgue measure on the unit circle is invariant under F,
Lpl=1.

The invariance of the Lebesgue measure also shows that the transfer operator
is the adjoint of the the composition operator with respect to the L?-pairing

on the unit circle:
/ Lpg(z)h(z)dm(z) =/ g(x)h(F(z))dm(z). (3.2)
oD oD

For a general inner function F', we simply define the transfer operator as the
adjoint of the composition operator.

In this section, we describe a number of spaces on which Lp acts, rep-
resent Lr in terms of Aleksandrov-Clark measures and discuss a few simple

consequences of the spectral gap such as the exponential decay of correlations.

3.1 Duals of some Function Spaces

We now describe the duals of some function spaces of harmonic and holomor-
phic functions with respect to the L?-pairing on the unit circle. As in Section
we identify harmonic functions f, g in the unit disk with their boundary

distributions f , g on the unit circle.

Hardy spaces. Recall from Theorem that the composition operator
preserves the Hardy space HP for any 1 < p < oo. Therefore, the transfer
operator preserves (HP)* = H? where 1/p + 1/q = 1. Since the transfer
operator commutes with complex conjugation, it must preserve HY as well. In

particular, the transfer operator preserves LY = H? 4 H4 for 1 < g < oo.
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Weighted Bergman spaces. From Theorem [2.10] it follows that the
composition operator Cr has a spectral gap on the weighted Bergman space
AP for any 1 < p < oo and a > —1. As explained in [HKZ00, Section 1.4],
for p > 1, the dual of A% with respect to the pairing (-,-) 4» is Ad where ¢ is
the conjugate exponent, while for p = 1, the dual is the Bloch space B. To
obtain the dual with respect to the L?-pairing on the circle, one needs to take

a fractional integral of order 1 + q, i.e.

14+« q

canyx [ =87 @), >0,
(I-A)""5(B), p=L

Below, we consider the cases when p = 1,2 in detail, where the dual spaces

admit particularly simple descriptions.

p = 2. Recall that in terms of power series expansions, the space A2

consists of holomorphic functions on the unit disk such that

oo
Z n~ 1% a,|? < oo.
n=0

Its dual is therefore the Dirichlet-type space Dy, which consists of holomor-

phic functions on the unit disk such that
[o¢]
Zn1+o‘|an\2 < 0.
n=0

Again, using the fact that the transfer operator commutes with complex conju-
gation, we see that it preserves the Sobolev space W(1T®)/22 — Dita + Dita.
Since adjoint operators have the same spectral and essential spectral radii, Lg
has a spectral gap on Dy, and W1+e)/22 (OD). Furthermore, as the adjoint
operator has the same isolated eigenvalues with the same multiplicity, 1 is a

simple isolated eigenvalue with eigenfunction 1 in each of those spaces.

Remark. The standard Dirichlet space D = D; corresponds to the case when

a = 0 and consists of holomorphic functions such that
[ 1 G)PaAe) < .
D
The associated Sobolev space is W1/22 = D + D.
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p = 1. For an integer n > 0 and 0 < v < 1, we define A"™ = C™" to
be the space of functions on the unit circle whose n-th derivative is Holder
continuous with exponent . For an integer n > 1, we define A" to be the
space of functions whose (n — 1)-st derivative belongs to the Zygmund class.

By [Zhu05, Theorem 7.6] and [Ste70, Theorem 4 in Chapter V.4.4], the
dual of Al consists of holomorphic functions on the unit disk that admit an

A extension to the closed unit disk. Indeed, for any € > 0,

(45)"

1

(1= A) (AN
(I — A)™*/2(Hol(D) N A1+o=9)
Hol(D) N AT,

1

The above computation is slightly indirect because neither of the endpoint
cases appears explicitly in the literature: Zhu describes the dual of Al with
respect to the W2 P-pairings only for § > 0. Likewise, Stein describes the
mapping properties of the Bessel potential on the Holder-Zygmund spaces A7
only for v > 0, but does not treat the endpoint case v = 0, which corresponds
to the Bloch space.

As above, the transfer operator has a spectral gap when acting on these

spaces and their real-valued counterparts.

3.2 Aleksandrov-Clark Measures

Let F' be a holomorphic self-map of the unit disk. For o € 0D, consider the

function
a+ F(z)

a—F(z)

Since Re h,, is a positive harmonic function, it can be represented as the Poisson

ha(z) = z € D.
extension of a positive measure on the unit circle:

a+ F(z) _ Re
a—F(z) op G — 2

The collection of measures {jiq }ocop are known as the Aleksandrov-Clark mea-

Rehqo(z) = Re

dpa(C)- (3-3)

sures of F. The following basic properties of Aleksandrov-Clark measures can
be found in [CMRO6], [PS06 [Sak07]:
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1. With the normalization F'(0) = 0, each measure ji, has unit mass. When
F' is an inner function, for each a € JD, the function Re h, has radial

limit zero a.e. on the unit circle, implying that p, is singular.

2. The singular part of the Aleksandrov-Clark measure i, is concentrated
on the set of points on the unit circle where F' has radial limit «. For
instance, ps has a point mass at ¢ € 0D if and only if F' has an angular

derivative at ¢ with F(¢) = «, in which case,

pa({Ch) = [F'(C)".

In general, i, may not be a discrete measure, i.e. be a countable sum of
point masses. In fact, there are holomorphic self-maps of the unit disk,
even inner functions, that do not possess an angular derivative at any

point on the unit circle.

3. The Aleksandrov-Clark measures {u,} vary continuously in « in the
weak-* topology. More generally, if F,, — F' locally uniformly and «,, —
a on 0D, then pur, o, — pFqo Weak-*.

4. Aleksandrov’s Disintegration Theorem says that for any continuous func-

tion f(¢) on the unit circle,

/{9@( D f(C)dMa(C)>dm(a) = . F(O)dm(Q).

Equivalently, the family {uq}acop constitutes the canonical disintegra-
tion of the Lebesgue measure m with respect to the measurable partition
F~(¢), where € denotes the partition of OD into singletons. In fact, the
above identity is valid for any f € L'(9D, m), see [CMR06, Chapter 9.4]

for a proof.

With help of the Aleksandrov-Clark measures, one can write down an ex-

plicit formula for the adjoint of the composition operator:

(Lrg)(a) = / 9(2)dtal2). (3.4)

oD

Indeed, by the Aleksandrov’s Disintegration Theorem and the fact that ug

is supported on points where F' has radial limit «, for any functions g, h €
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L?(0D, m), we have

/am) /am) 2)dita(z): /8]1)) /am) )(h o F)(2)dpa(z)dm()

—/ 9(=)(h o F)(z)dm(2).
oD

Theorem 3.1. Suppose F' is a centered inner function. The Aleksandrov-
Clark measures {110} are discrete for almost every o € 0D if and only if F' has

an angular derivative at a.e. point on the unit circle.

Proof. Since the implication (<) is given in [CMRO06, Corollary 9.4.10], we
only present the (=) implication. Suppose the set

E={acdD : pu, is discrete}

has full Lebesgue measure. Let Fy5(E) = F~1(E)NAD, where AD is the set of
points on the unit circle where I’ has an angular derivative. By Aleksandrov’s

Disintegration Theorem, we have

m(FbE) = [ egymdm= [ ([ 1y yedna ) dmia) = mi)

where in the last step, we have used that the inner integral is 1 if « € F and
0 otherwise. Thus, m(Fyp(E)) = 1. A fortiori, m(AD) = 1. O

In particular, the above theorem shows that the adjoint definition of the
transfer operator coincides with the classical definition (3.1) if and only if F

has angular derivatives almost everywhere on the unit circle.

3.3 Equidistribution

We keep assuming that F' is a centered inner function. Let o € D be a point
on the unit circle. The following lemma says that as n — oo, the pre-images
F~"(«) become equidistributed on the unit circle with respect to Lebesgue
measure. A similar statement holds for the periodic points {x € D : F°"(x) =

x} of period n.
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Lemma 3.2. For an inner function F with F(0) =0, we have:

(i) For every o € OD the sequence {jipon o}52 | converges weakly to the
Lebesgue measure m on the unit circle.

(ii) As n — oo, the measures {fipon(z)/21}ney1 converge weakly to the

Lebesgue measure m on the unit circle.

Proof. According to the definition of the Aleksandrov-Clark measures,

a+ F"(z) C(+z
Rem = Re/am = dppon o(C)-

Since 0 is an attracting fixed point, as n — oo, the left hand side tends to 1
for any z € . From the uniqueness of the Poisson representation, it follows
that pipon o converge weakly to the Lebesgue measure. This proves (i). The

proof of (ii) is similar, except that one starts with

z+4 F°"(z) 1+ F°"(2)/z C+z
Re ———<" = Re——F—"— = R dpipon .
€ y— Fon(z) € 1— Fon(z)/z e oD C — HE (Z)/Z,l(g)
The same reasoning shows that pipon (). 1 — m. O

Corollary 3.3. If F is a centered inner function, then the set of its periodic

points is dense in the unit circle.

Proof. Fix an interval I C dD. By Lemma ii), for n sufficiently large, the
measure fipon )/, 1 assigns positive mass to I. Since fipon(.y/.1 is supported
on the set of points where F°"(z)/z = 1, it follows that F has a periodic point
of period n in I. O

3.4 Consequences of the Spectral Gap

We have seen in Section [3.I] that if F is a centered inner function, then Ly has
a spectral gap on the spaces W2 with 8 > 0 and C® with a > 0.

Let R be the Riesz projection onto the one-dimensional eigenspace spanned
by the eigenfunction 1 (corresponding to the eigenvalue 1) and S = Id —R be
the complementary Riesz projection onto the rest of the spectrum. From the

general properties of Riesz projections, we know that:

e The Riesz projections R and S commute with L.
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e RS=SR=0.
o U(LF’ImR) = {1} and O’(Lphmg) = U(LF) \ {1}

We write Lp = Lp(R+ S) = R+ A where A = LpS. As the spectral radius
r(A) < 1, we have
|A"g|| < CO™,

for some constants 6 € (0,1), C € (0,400) and all integers n > 1. Integrating
both sides of the equality
rg=Rg+ A"g

over the unit circle, and then taking n — oo, we get

lim L'tgdm = Rgdm.
o0 JoD oD
Since [y L'bg - 1dm = [;p g - Cp1ldm, the left hand side is simply [y, gdm.

Therefore, the Riesz projection is given by

Rg=9g-1, Whereg:/ gdm.
oD

We conclude that on the set of mean zero functions, Ly = A is a contraction.
As a consequence of the spectral properties of the transfer operator de-

scribed above, we have:

Lemma 3.4. For a centered inner function F, we have:

(i) For any g € W52, the sequence of functions {L%g}5° converges to the
constant function faDg(a:)dm in WP2,

(ii) There exist constants 0 € (0,1) and C € (0,4+00) such that for any two
functions g, h € W52 with faJD gdm =0 or faD hdm =0,

/ g(ho FO")dm’ < Co".
oD

The same statement also holds for Holder continuous functions with the
same proof. Since W52 is dense in L?(0D, m), the above lemma implies that

F' is mixing with respect to the Lebesgue measure m:

Corollary 3.5. For centered inner function F, we have:
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(i) For any g € L?>(0D,m), the sequence of functions {L%g}>° , converges
to the constant function [y g(x)dm in L*(0D, m).
(i) For any g,h € L*(8D,m) with [y gdm =0 or [5r hdm =0

/ g(hoFO")dm‘ — 0, as n — oo.
oD

3.5 Composition Operators Acting on Measures

We have seen that the composition operator Cp acts isometrically on the
space L?(0D, m). We can extend Cr to a continuous operator on the Borel
probability measures on the unit circle equipped with the weak-* topology by

specifying the integrals of continuous functions:

BDM(CFV) = /am{/p—l(@ (f)d,ua}dy(a) = /{m Lpédv.  (3.5)

A monotone class argument similar to the one in [CMROG, Chapter 9.4] shows

that the above formula is valid for any bounded Borel function ¢.

Lemma 3.6. For any bounded Borel function h and Borel measure v on 0D,
we have Cp(hv) = (ho F) - Cp(v).

Proof. By ({3.5)), for any bounded Borel function ¢, we have

/¢-ch(hu)=/ Lpé - hdy
oD oD

and
¢-(hoF) dCp(v) = / Lp[p-(ho F)|dv.
oD oD

Thus, to prove the lemma, it suffices to show that

Lplg-(hoF)] = Lrg - h.

Indeed,
Lelo- (o (o) = | o(@)ho F@))dus(z)
~ h(a / 6(w)djia(e
— (Lré - h)(a),
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where in the second step, we used that the Aleksandrov-Clark measure pq

is supported on the set of points z where F(z) = a (Property 2 in Section

539). 0

Let Rp C 0D be the set of points where lim,_,; F(r() exists and is unimod-
ular. By [CL66L Theorem 2.6], R is an F,s set and therefore Borel. Plugging
¢ = xre into (3.5) and using the fact that Aleksandrov-Clark measures do

not charge R% shows the following lemma:

Lemma 3.7. If F' a centered inner function, then for any Borel probability

measure v on the unit circle, the measure Cpv is supported on Rp.

Lemma 3.8. Let I be a centered inner function and v be a probability measure
on the unit circle such that Crv = v. Then, v is an F-invariant measure

supported on the set of points whose forward orbits lie on the unit circle.

Proof. Let E C 0D be a Borel set and ¢ = xp-1(g). By the integral represen-
tation (3.4), Lr¢ = xg. Plugging ¢ into (3.5)), we get

v(F~H(E)) = Crpu(F~Y(E)) = v(B),

which means that v is F-invariant. By Lemma v(R%) = Crrv(R%) = 0.
From F-invariance, it follows that v(F'~"(R%)) = 0 for any n > 0. O

Lemma 3.9. The operator C'r preserves probability measures on the unit cir-
cle. Furthermore, the action of C'r on Borel probability measures is continuous

in the weak-x topology.

Proof. Since Lrl(a) = [y 1dpa = 1, we have

Cri(dD) = /

1dCrv = / Lpldv = 1.
oD oD

By (3.5)), for any continuous function ¢, we have
¢dCrv = / Lp¢dv. (3.6)
oD oD

An inspection of (3.4) shows that if ¢ is a continuous function, then so is Lp¢.
Since the right hand side of (3.6)) varies continuously in v, so does the left hand
side. O
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4 Perturbative Thermodynamic Formalism
and the Central Limit Theorem for Centered

Inner Functions

In this section, we use weighted composition operators to develop perturbative

thermodynamic formalism for inner functions:

1. We study analytic families of weighted composition operators associated
to W1/22 or C potentials of sufficiently small norm. We show that their
eigenvalues vary analytically, from which we deduce the Central Limit

Theorem.

2. We then give a sufficient condition for the asymptotic variance to not
vanish, thereby completing the proof of Theorem

3. Finally, for C* potentials, we construct conformal and equilibrium mea-

sures on the unit circle.

For concreteness, we work with Sobolev potentials in the first two parts
and with Holder potentials in the third.

4.1 Weighted Composition Operators

Let F' be a centered inner function. The weighted composition operator Cr

is defined as
Cry(9) =7(2) - (9o F(2)), z€D.

We first examine the action of Cr on various spaces of holomorphic functions.
When v € H* is a bounded analytic function, multiplication by v preserves
the Hardy space H? and the Bergman space A2, so that CF, acts on H?
and A2. Taking the adjoint with respect to the L?(0D, m)-pairing on the unit

circle, we see that the weighted transfer operator

(Liyg)(a) = Lr(vg)(a) = /8 g (4.1)

acts on the Hardy space H? and the Dirichlet space D.
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For applications to dynamical systems, we need to consider the action of
weighted composition operators on real Banach spaces. If v is an L function,
then the operator Cr,, preserves L?. In order for CF, to preserve W22 g

is enough to take v € M(W~1/22)  which is a more stringent condition.

Remark. (i) When F'(z) = z is the identity mapping, Cp, is bounded on
W=1/22 if and only if v € M(W~1/22). However, for other inner functions F,
the set of admissible v may be strictly larger.

(ii) A simple duality argument shows that M(W~1/22) = M(W1/22),

Since W1/22 ig the dual of W1/22 with respect to the L?(0D, m)-pairing on

/2.2 if and only if

the unit circle, a distribution g belongs to W~
(g, )| < oo, forall fe W2
while a function f € W1/22 if and only if

(g, )] < oo, for all g € w122,

The result follows since

(99, f) = (g, [)

and the spaces W1/22 and W~1/22 are closed under conjugation.

For future reference, we make the following simple observations:

Lemma 4.1. If F is a centered inner function and v is a weight in L (0D, m),
then for any pair of functions g € L>°(0D, m) and h € L*(0D, m), we have

Lin(go F-h) =g Liy(h).

Proof. Since for any o € 0D, the Aleksandrov-Clark measure ., is supported
on the set of points ¢ € dD for which lim,_,; F(r{) = «, we have:

LF,w(gOF'h)(O‘):/a vh-go Fdua
D

= g(a) /BD vh dpie
= g(a) - Lry(h)(a),

as desired. 0
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Lemma 4.2. If F is a centered inner function and vy is a weight in L (0D, m),
then for any function h € L?>(0D, m) and o € 9D, we have

2 (0)(@) = [ Ty hupen.,
oD

where
,y(x) = v(@)y(F(x)) ...y (F"D(x)).

Proof. For weighted composition operators, it is clear that C y = Cron v -

Taking adjoints, we get

Fry(M)(@) = Lpon 11,4 (h)(e).

The lemma follows after expressing the weighted transfer operator on the right

in terms of Aleksandrov-Clark measures as in (4.1). O

In order to study stochastic laws via thermodynamic formalism, we need
to work with families of weighted transfer operators. Suppose s — 75 is a
family of weights in M(Wl/ 2.2y which depend analytically on a parameter
s € U, where U C C is an open set containing the origin and v9 = 1. From
the definition of the weighted transfer operators , it is not difficult to see
that s — Lp,, defines an analytic function from U to the space of bounded
linear operators on W'/22 with derivative (d/ds) L, = Lp,.

In Section we saw that Lg,, has a spectral gap on W22 it has a
simple isolated eigenvalue Ag = 1, while the rest of the spectrum is contained
in a ball B(0,r) with » < 1. From the Kato-Rellich Perturbation Theorem, it
follows that for any complex number s sufficiently close to 0, Lg,, also has a
spectral gap: it possesses a simple isolated eigenvalue A\s € C, while the rest of
the spectrum is contained in B(0,rs) with rs < |As|. Moreover, perturbation
theory tells us that in the presence of a spectral gap, both the eigenvalue Ag
and the Riesz projection Rs onto the one-dimensional eigenspace associated to
the eigenvalue \g vary analytically in s.

For s close to 0, the function ps = R1 is not identically zero and therefore

spans the As-eigenspace of Lr,, . The number

P(s) = logry/22(Lry,) = log s
is called the topological pressure of the weight v, € M(Wl/ 22) where the
branch of the logarithm is chosen so that P(0) = 0.
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4.2 Stochastic Laws with respect to the Lebesgue

Measure

We now change notation and write £_jog /|4 = LFes, as is standard in
thermodynamic formalism. In other words, we specify the transfer operator
by the potential —log |F’| + g rather than by the weight e9.
It is easy to see that if g € M(Wl/m) is a Sobolev multiplier, then for any
complex number s € C,
esg:1+sg+i92+§g2+...

is also a multiplier with

lelpawirzzy = sup e fllwryea
111 /2,251
n_n
< sup 5 !{ ’
£l 12,21 1,20 n. Wwi/2.2

— 5" [|gll%
< sup Z — w2
I£ 112,251 ;=50 n:

< exp(|s| - [l pwr/22))-

In this case, the weighted transfer operator Ls := £_ 54 |p/|4g is bounded on
W122 and varies analytically with s. From the discussion in the previous
section, there exists a Riesz projection Ry : W1/22 — C - p,, defined for all

complex numbers s sufficiently close to 0, which satisfies
LsRs = RsLs and Lsps = ep(s)/)57

where ps = R;1.
The following lemma adapted from [PP90, Propositions 4.10 and 4.11] de-

scribes the first two derivatives of the topological pressure:

Lemma 4.3. Let g € M(W'/22) be a Sobolev multiplier. Then,

P(0) = /a § gdm.

If in addition g has mean 0, i.e. faJDD gdm = 0, then

P(0) = o2(g) = lim ~ /a (Sug)dm.

n—oo N
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The proof below closely follows the argument in [PP90], with the minor
difference that we work with composition operators rather than with transfer
operators:

Proof. (i) Let fs be the eigenfunction of the weighted composition operator
h — e*9ho F with eigenvalue e!'(%)
P(0) = 0. Differentiating

. When s = 0, the eigenfunction fy = 1 and

eI f(F(2)) = e"O fi(2) (4.2)
with respect to s at 0, gives
9(2) + fo(F(2)) = P(0) + fo(2).

Integrating with respect to m, we get

/g(Z)dm(Z)ZP(0)+{ fo(z)dm(z) — f'o(F(Z))dm(Z)}‘
oD oD oD

Since m is F-invariant, the two integrals cancel out.
(i) Differentiating (4.2) twice at s = 0 gives

9(2)” +29(2) fo(F(2)) + fo(F(2)) = P(0) + fo(2).

Integrating with respect to m, we get

/ dem—i—Q/ g(fo o F)dm = P(0).
oD oD

By instead differentiating the n-th iterate, we obtain

/ (Sng)?dm + 2/ Spg - (foo F)dm =nP(0).
oD oD

The statement follows after dividing by n, taking n — oo and applying the

ergodic theorem. ]

From here, one can prove the Central Limit Theorem for real-valued ob-
servables in M(W1/22) as in [PP90, Proposition 4.13]. Alternatively, one
can appeal to the work of S. Gouézel [GoulQ] which shows that the process
{go F™:n > 1} satisfies an almost sure invariance principle (ASIP). Loosely
speaking, the ASIP says that one can redefine the process {go F™ : n > 1}
on some probability space with a Brownian motion By, so that S,g¢ is close to
B,2,,. With the help of the ASIP, one can obtain stochastic laws such as the
Central Limit Theorem and the Law of the Iterated Logarithm for go F™ from

the corresponding facts for Brownian motion, essentially for free.
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4.3 When is the Variance Non-Zero?

To complete the proof of Theorem [1.2] we need a mechanism for showing that
the asymptotic variance of an observable g € M(Wl/ 2.2) with respect to the

Lebesgue measure is not equal to zero:

Theorem 4.4. Suppose F' is a centered inner function that is not a finite
Blaschke product. If g € M(W1/2’2) is a real-valued non-constant function of

mean zero, then o%(g) # 0.

Before providing the proof of the above theorem, we make the following

preliminary observation:

Lemma 4.5. Suppose g € M(WY%2) is a real-valued function on the unit
circle.  If ||gll pqwri/22) s sufficiently small, then for any u € W22 the
sequence {L" log\F'|+ig(u)}Zo:0 is bounded in W1/%2.

It is well-known that the spectral radius of an operator is upper semi-
continuous with respect to the operator norm: if X is a Banach space and
A, — Ain B(X), then

limsupr(A,) < r(A).

n—oo
In the proof below, we use that the same property holds for the essential

spectral radius: limsup,, . 7e(An) < 7e(A4).

Proof. When |[|g|| pq1/2.2) is small, we have 7, y1/22(£ - 1og | F7|4ig) < 1. Out-
side the essential spectral radius, £_ 144 |Fr|4ig may only have countably many
isolated eigenvalues of finite multiplicity. Therefore, to prove the lemma, it
suffices to show that the operator £_1u|p/|1iy acting on W1/22 does not pos-
sess any eigenvalues with modulus greater than 1. However, this is easy: as
L_1og || +ig 18 an isometry on L?(0D,m), it cannot have any L?(0D, m) eigen-

values outside the closed unit disk, let alone any W1/22 eigenvalues. O

For the remainder of this section, we assume that [|g[| yqy1/22y is suffi-
ciently small so that the assumptions of Lemma are satisfied. The proof
of Theorem [4.4] relies on the following two lemmas which are adapted from
[PP90, Propositions 4.12 and 4.2]:
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Lemma 4.6. If 0?(g) = 0, then g is cohomologous to zero, that is, one can

write
9(x) = ((F(z)) — (), (4.3)
for some real-valued function ¢ € L?(0D,m).

Lemma 4.7. Any L?(dD,m) eigenfunction of e=9®)Cp belongs to W1/22.

The proofs closely follow the arguments in [PP90]. For completeness, we
present the proof of Lemma [4.7, where additional technical difficulties arise
from working with Aleksandrov-Clark measures and refer the reader to [PP90)
for the proof of Lemma [4.6]

Proof of Lemma[/.7. Suppose w(z) is an L? eigenfunction of the weighted

composition operator e~ Cp:
9@y (F(x)) = w(x).

As the Lebesgue measure is ergodic with respect to F, |A| = 1 and |w]| is
constant a.e. Since w is not identically 0, by scaling it appropriately, we can

make its absolute value 1 a.e. Multiplying the identity
w(F"(2)) - w(z) = A"ei9

by a function h € C*, integrating with respect to the Aleksandrov-Clark

measure fifon o and using Lemma [.2] we get

w(e) « [£7 g ()] (@) = X"+ [L7 10 1407 (). (4.4)

As the sequence of functions {E’i log\F'\+igh}:Lo:o is bounded in W1/2:2 by
Lemma and the inclusion W1/%2 C L? is compact, we can pass to a subse-

quence so that

L h — h* in L2, for some h* € W1/22,

—log |F'|+ig

We pass to a further subsequence so that A — A\* € JD. In view of Lemma
taking the L2-limit as n — oo in (4.4)) gives

w/ whdm = \*h*.
oD
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Since w is assumed to be non-zero, there exists an h € C* with

/ whdm # 0,
oD

from which it follows that w is a scalar multiple of A* a.e. O

By Lemma if 02(g) = 0, then the weighted composition operator
e~ (O possesses an L (0D, m) eigenfunction with eigenvalue 1, namely ei(@),
As L%°(0D, m) C L*(0D, m), Lemmatells us that ¢(*) is actually a W1/2:2
eigenfunction. Therefore, to prove Theorem we may show that e~*9C has

no W1/22 eigenfunctions.

Lemma 4.8. Suppose h € D is not constant and F is an inner function that
is not a finite Blaschke product. Then ho F ¢ D.

In the proof below, we will use the fact that if F' is not a finite Blaschke
product, then for a.e. point w € D, the pre-image F~!(w) is an infinite set.
Actually, Frostman’s theorem [MasI2l Theorem 2.5] says that the set of excep-
tional points has logarithmic capacity zero, but we will not need this stronger

conclusion.

Proof. The Dirichlet seminorm

/ (ho FY(2)[? |dz?
D

computes the weighted area of the image of ho F. Since F' has infinite degree,
almost every point of h(D) is covered infinitely often. As non-constant holo-
morphic maps are open, h(ID) has positive area and so the Dirichlet seminorm
of h o F'is infinite. 0

In particular, the above lemma implies that if an inner function belongs to

the Dirichlet space, then it is a finite Blaschke product.

Proof of Theorem[{.J. As noted above, if 02(g) = 0, then the weighted com-
position operator e“Cr has a non-trivial eigenfunction in W1/22 with eigen-
value 1:

e 9@y (F () = w(x).
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Since the right hand side is in W22 o obtain a contradiction, we show
that the left hand side is not in W1/%2. Since g € M(W/22) implies that
€9 € M(W1/22), this reduces our task to showing that w(F(z)) ¢ W'/22. By
decomposing w into holomorphic and anti-holomorphic parts, its enough to
consider the case when w is a holomorphic function in W1/22  ie. an element

of the Dirichlet space D. The existence of such a w is ruled out by Lemma

4.8 O

4.4 Conformal and Equilibrium Measures

We now switch to Holder potentials to avoid subtle issues arising from the fact
that functions in the Sobolev space W1/%2 may be not be bounded. (One can
resolve this technicality by working in the space W52 for some 8 > 1/2, but by
the Sobolev embedding theorem, these functions have some Hélder regularity,

so we might as well work in C'.)

Lemma 4.9. Suppose v : 0D — (0,00) is a positive function of class C* for
some 0 < o < 1. When ||y — 1||ce is sufficiently small, Ly~ has a spectral
gap on C% and the eigenspace associated to the dominant eigenvalue A > 0 is

spanned by a strictly positive function p..

Proof. In Section we used a duality argument to show that Lp has a
spectral gap on C®. It is not difficult to see that the spectral gap persists
for Ly when |y — 1||ce is small by applying the Kato-Rellich Perturbation
Theorem to the analytic family of operators s — Lp 4 4y—1) and using the
operator norm estimate ||Lr, — Lrq,|lpce) S |71 —12llce.

Since L4 is a real operator, the one-dimensional eigenspace associated to
the dominant eigenvalue A is spanned by a real-valued function p,. (As p; is
an eigenfunction with eigenvalue A, the spectral gap implies that p = p, and
=)

We now show that p,, does not vanish on the unit circle. Suppose p(a) =0
for some point o € 9D. By Lemma, we have

X py(a) = D (B)(a) = /a L3 py o

Since II,,y > 0, it follows that p,(3) = 0 for pipon o a.e. B € OD. Recall that the

measures fipon o, converge weakly to the Lebesgue measure by Lemma i).
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Using the continuity of p,, we conclude that it is identically zero, which is
a contradiction. Multiplying p, by —1 if necessary, we may assume that the

eigenfunction p is strictly positive. O

Below, we construct conformal and equilibrium measures associated to a
weight ~ satisfying the hypotheses of the above lemma. We start with the

conformal measure:

Lemma 4.10 (Conformal measure). There exists a unique probability measure

m~ on 0D such that Cpymy = Am.,.

In the lemma above, the action of the weighted composition operator on
Borel measures on the unit circle is given by Cr v := v d(Cpv). The definition
is chosen so that for every bounded Borel function ¢ € L*°(9D, m) and Borel

measure v,

6d(Crv) — /@ 20d(Crv) = /a ey = /8 Legodv. (45)

oD
The second equality above follows from the identity (3.5). The proof of

Lemma [4.10| relies on two auxiliary lemmas:

Lemma 4.11. The operator )ﬁlLR7 18 the adjoint of the composition operator
Cr in the Hilbert space L*(0D,m.), i.e.

/ g-Crhdm., = / AN 'Lpyg-hdm,, — g,h € L*0D,m,).
D oD
Proof. By the duality relation (4.5) and Lemma we have

/ Lpﬁg'hdm«,:/ gdCr(hmy)
oD oD
=/ g-vdCp(hm.)
oD
— [ g-r(hoF)dcem,
oD
—/ g- (hoF)dCrpym,
oD
=) [ g Crhdm,,
oD

as desired. 0
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Lemma 4.12. Suppose m~ is a conformal measure on the unit circle. For any

g € C%(0D), we have

AL g —ce </a gdm7> Jo asn — 0o,
D

where the eigenfunction p~ of Lp., with eigenvalue \ is normalized so that

Jo pydmy = 1.

Proof. Taking v = m., in the duality relation (4.5]), we see that for any bounded
Borel function ¢ € L>(9D, m), we have

/ Lpy¢dm, = A / ¢ dm,.
oD oD

Since L, has a spectral gap on C* by Lemma it follows that
AT L9 —ca Cg-py
for some constant C; € C. To evaluate Cy, we integrate both sides against
My
nh_}lrgo - AL gdmy, = C /811)) pydm., = Cy.

However, by Lemma [£.11], for any n > 0,

/ A" ’}ngmn,:/ gdm.,.
oD oD

Hence, Cy =[5 gdm., as desired. O

Proof of Lemmal[{.10. Step 1. Let P(9D) denote the collection of Borel prob-
ability measures on the unit circle endowed with topology of weak convergence.
Consider the map T': P(0D) — P(0D) given by

C FyV Y dCc FV

TV = Crop)(@D) ~ (7 dCrv)(@D)

In view of Lemma (3.9} T is continuous. By the Schauder-Tychonoff Fixed Point
Theorem, T" has a fixed point. Thus, there exists a measure m., € P(0D) such
that

Crymy = S\mv, for some A > 0.
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Step 2. Together with 1} the equation C;ivmy = S\”m.y shows that

A" = / b Ldm,,. (4.6)
oD

As v > 0, Lg, is a positive operator. Since the eigenfunction p, is pinched

between two positive constants, i.e.
Ci1-1<p, <01,

we have
Cy - L’}ﬁl < AN'py, < Oy L?,wl,

so the right hand side of || is comparable to A, As a result, A = \.

Step 3. Let m, be a probability measure on the unit circle which satisfies
Cr,my = Am,. By Lemma for any g € C%, the sequence of functions
{AT" L} g} converges in C to ([op 9dm~)py. As C* is dense in the continuous

functions on the unit circle, this determines the measure m., uniquely. ]

We now turn to the construction of the equilibrium measure:

Lemma 4.13 (Equilibrium measure). There exists a unique F-invariant prob-
ability measure p~, on OD which is absolutely continuous with respect to m..

The Radon-Nikodym derivative is diy/dm~ = p-.

Proof. Step 1. We first check that the equilibrium measure p, = p,dm, is
invariant under F: if g € C'(0D), then

/ go Fdpu, =/ goF - pydm,
oD oD
= )‘1/ goF - pyd(Cpymy)
oD
= )\_1/ Lp~(goF - py)dm,
oD
= A_l/ 9LFApy dimy
oD
= / gd,u%
oD
where we have used the duality relation (4.5) and Lemma
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Step 2. We now check that p, = pym, is mixing. Applying Lemma n

times, we get
/{)Dg -Cphdm, = /8]]]) AL g - hdm,.

From Lemma it follows that

/ g-Cphdmy, — gdmv/ hp~dm., :/ gdmv/ hdp.,
oD oD oD oD oD

as n — oo. Replacing g by p,g yields the mixing property

/ g-Crhdpy —>/ gduv/ hdy, as n — oo.
oD oD oD

Step 3. If there was another F-invariant measure i absolutely continuous
with respect to m,, then the Radon-Nikodym derivative
_ di
=%
would be an F-invariant function. Since F is ergodic with respect to p, (being

mixing), g must be constant p-a.e. This proves uniqueness. O

Remark. We use the term equilibrium measure to give p, a name. We do
not claim that the equilibrium measure maximizes h,(F) 4+ [;p~y dp over all
F-invariant probability measures. Nor is it clear that the maximizer is unique
as ., (F) 4+ [4p 7 dy could be infinite.

Previously in Section we have established the Central Limit Theorem
and other stochastic laws with respect to the Lebesgue measure. Similar ar-
guments show that the Central Limit Theorem also holds with respect to the

equilibrium measures constructed above.

Remark. When F is an inner function that is not a finite Blaschke product
and -y is non-constant, it is not possible to normalize the transfer operator by
setting

Lpyg =1 Lry(p19);

)\’Y’Y

so that L F1 =1, since this amounts to replacing v with

TG ATC)
A oy (F@)
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which is not in C®. While this is not an essential obstruction, it does make
computing the derivatives of pressure and proving the CLT slightly more cum-

bersome. We leave the details to the reader.

Part II
Life on the Shift Space

5 Refined Thermodynamic Formalism and
Stochastic Laws for Countable Alphabet Sub-
shifts of Finite Type

In this section, we recall the rudimentary notions of thermodynamic formalism
on the shift space from [PP90), [MUO3, [URM22b]. We then define the classes
of normal and robust potentials that mimic the properties of the potential
—log | F’| associated to a one component inner function F. One advantage of
this somewhat abstract approach of working on the shift space, rather than
directly on the unit circle, is that the arguments are applicable to a plethora
of other dynamical systems, not just to inner functions.

A normal or a robust potential can be put into a holomorphic family of
potentials indexed by the right half-plane C{ = {s € C : Res > 1}. In order
to study the differentiability properties of the transfer operator L,y near the
line s = 1, we introduce the modified transfer operators L, and develop some

of their basic properties.

5.1 Shift Space

Let E be a countable (finite or infinite) alphabet and A : E x E — R be a
matrix whose entries are either 0 or 1. The shift space E}° C E*° consists of
all infinite words & = &p&1&2... with & € E such that A(&,&4+1) = 1. We
call words in EY° admissible. The shift map o : Y — EY takes a word and

removes its first letter.
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We let E; denote the collection of all finite admissible words in the alphabet
E. We denote the length of 7 € E* by |7|. For 7 € E%, we let [7] denote the
cylinder of all infinite words that begin with .

Below, we will always assume that the incidence matrix A is finitely prim-
itive, i.e. there exists a finite collection of words A C E% of the same length
such that for any two letters a and b in E there exists 7 € A such that the
word a7b is admissible.

We endow the shift space ES° with the metric

d(g, &) = 271

where |€ A €| denotes the length of the common prefix of £,¢&'. We denote
the space of (complex-valued) continuous functions on £ by C(EF’) and the

space of bounded continuous functions by Cy,(EY).

Remark. If the alphabet is infinite, then the two spaces are usually not the
same, i.e. Cp,(EY) # C(EY). For instance, if £ = N and A(i,j) = 1 for all
i,7 € N, then the function f(§) = & is continuous but not bounded.

For a > 0, we endow the space of Holder continuous functions C*(EY)

with the norm
[ flla :== [l flloo + valf)s

where

)= {HETE e .

Lemma 5.1. The space of Hélder continuous functions C*(EY) forms an
algebra. In fact,
1fglle < 3[[flla - llglla-

We leave the proof as an exercise for the reader. In particular, the above
lemma implies that the exponential of a Holder continuous function is Holder

continuous.

5.2 Transfer Operators

To a potential ¥ : E}® — C, one can associate the Perron-Frobenius or transfer

operator

Loglw) = 3 ") glaw),

aclE
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where we use the convention that a term is 0 if it features an inadmissible

word. We say that a potential ¢ is summable if

> suple’],
]

acE Lo

and level 1 Holder continuoudl| with exponent o > 0 if

sup va(Y|(q)) < 0.
ack

Note that a level 1 Holder continuous function may not be bounded.

It is explained in [MUOQ3, Chapter 2.3] or [URM22bh, Lemma 17.6.2] that if
1 is a real-valued summable potential, then L, preserves the space C,(ET).
Furthermore, according to [MU03, Chapter 2.4], comp. also [URM22b, Theo-
rems 8.1.12 and 18.1.9], if one additionally assumes that 1) is level 1 Holder

continuous, then Ly, also preserves C*(EY°), where it has a spectral gap:

Theorem 5.2 (Ruelle-Perron-Frobenius). Let A be a finitely primitive inci-
dence matrix. For a real-valued summable level 1 Holder continuous potential
P on B, we have:

(i) The operator Ly, : C*(EY) — C*(EY) has a mazimal positive eigen-
value \y.

(ii) The eigenvalue Ay is simple and the rest of the spectrum of Ly is
contained in a ball centered at the origin of radius strictly less than \y,.

(iii) The dual operator Ly, = Coy, acting on finite Borel probability mea-
sures on E°, has a unique probability eigenmeasure my, and the corresponding
ergenvalue is also \y.

(iv) The eigenspace of the eigenvalue \y is generated by a strictly positive
Hélder continuous eigenfunction py with my(py) = 1.

(v) The Borel probability measure jiy, = py dmy s invariant under the shift
map o : EY — ET.

(vi) For any g € L*(EY), we have

Lgdm = /\¢/ gdmy,. (5.1)
EOO

oo
EA A

!The term “Holder continuous on cylinders” is also used.
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(vii) For any function g € C*(EY),

Ay L'gdm — </ gdm¢> Py (5.2)
EY EZF
We refer to my, as the conformal measure associated to v, while i, is known
as the invariant Gibbs state or equilibrium measure for . From property
(iv), it follows that the spaces LP(EY, my) = LP(EY, 1) are equal for any
1 < p < oco. The topological pressure P(1)) of 1 is defined as log Ay.
The following theorem describes the spectrum of the transfer operator as-

sociated to a complex-valued potential:

Theorem 5.3. Let ¢ = u + iv be a complex-valued summable level 1 Holder
continuous potential on EY° with L,1 = 1. The spectrum of Ly acting on
C*(EY) is contained in the closed unit disk. On the unit circle, Ly, may have
at most one simple eigenvalue. Apart from this possible eigenvalue, the rest of
the spectrum is contained in a disk of strictly smaller radius. The following
conditions are equivalent:

(i) e=™C, has an L*(m,) eigenfunction.

(ii) e=™C, has a C% eigenfunction.

(iii) the spectral radius of Ly is equal to A, = 1.

(

iv) v is cohomologous to a potential vi which takes values in 2rwZ, that is,
v— U] =w—wo o, for some w € C*(EY).
(v) the length spectrum of v
{S’nv(f) :0" (&) =& for somen > 1} C 2nZ.

The main part of the theorem is taken from [PP90, Theorem 4.5]. The
equivalence (i) < (ii) is established in [PP90), Proposition 4.2], while the equiv-
alence (ii) < (iii) is explained in the discussion preceding [PP90, Theorem 4.5].
The implications (i) = (v) and (iv) = (v) are elementary and are left to the
reader. Finally, the implication (v) = (iv) is stated explicitly in [PP90l, Propo-
sition 5.2], while (v) = (i) is obtained during the course of the proof. Note
that while [PP90] deals with shift spaces over a finite alphabet, the proofs

carry over to shift spaces over countable alphabets.
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We say that v is D-generic if e 7" C,, fails to have a C® eigenfunction for
any a # 0, or alternatively, if the length spectrum of v is not contained in a

discrete subgroup of R.

5.3 Families of Potentials

We say that a potential ¢ : E — R is normal if it is

e level 1 Holder continuous for some exponent o > 0,

e summable,

e negative: supy < 0,

e centered: P(y) = 0.

A potential is robust if it is normal and D-generic.

Recall that C{ is the right half-plane {s € C : Res > 1} and C is its
closure. Given a normal potential 1), we embed Ly in a holomorphic family
of operators L,y indexed by s € Cf. When the potential is clear from con-
text, we write L, instead of Ly, As instead of Ay, ps instead of pgy and so

on. The following result can be found in [MUOQ3, Chapter 2.6] or [URM22bl,
Lemma 20.2.2, Theorems 20.2.3 and 20.1.12]:

Theorem 5.4. If v : E — R is a normal potential, then the function
s— Ly, Cf = BC*EY))

is continuous on a and holomorphic on Cf. Moreover, there exists an open
set U C (C;r containing (1,400) such that for all s € U, the operator Ls has a
simple isolated eigenvalue Ag whose modulus is equal to the spectral radius of

Ly, and A depends holomorphically on s € U.

For future reference, we note that s — Ay is strictly decreasing on [1,00)
and |As| < Apes. In particular, [As| < 1 for s € C{ and |\s| < 1 for s € Cf.

5.4 Summability conditions

We say that a potential ¢ : EX — R is (s, p)-summable if

Z sup [(pPe*?| < oco.

ack [
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We will often write p = n 4+ ¢ where n = |p| and 0 < ¢ < 1. The following

lemma provides a number of equivalent conditions for (s, p)-summability:

Lemma 5.5. Suppose ¢ is a negative level 1 Hélder continuous potential. For

any fized s,p > 0, the quantities
S wfleret, Y swplwretl, [ jorldme,
acE lal acE 1@ EX

are comparable. In particular, if one of the quantities is finite, then they all

are.

Proof. As ¢ < —C} is bounded above by a negative constant and sup, ¢ —
inf(g) 9 < v&l)(d)) for any a € F,

inf [¢P| =< sup [P and inf |e%?| < sup |e?],
[a] [a] [a] [a]
which shows that the first two quantities are comparable. Since

mgy([a]) = /EOQ X[a]dMsy = )\;j /Eoo Ly X[a)dmsy = S[u]p]eWL
A a

A

the integral
/wwmﬂsznw < 3 sup o] -suple”
BxX acE o ack la]
as desired. Here, we have used that the incidence matrix is finitely primitive

to guarantee that mgy ({T € EY raris admissible}) is bounded below by a

positive constant, independent of a € E. ]

5.5 Modified Transfer Operators

In order to study the regularity of the operators L; near the vertical line

{Re s =1}, we introduce the (modified) transfer operators
Es,pg = Es(ﬂlpg), s € Ff, p > 0. (5.3)

Using Lemma[5.5] it is not difficult to show that for a normal (s, p)-summable
potential, the operator L, is bounded on C,(E%). The following theorem

describes the behaviour of L, on the space of Holder continuous functions
C*(EY):
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Theorem 5.6. Suppose ) : EY — R is a normal (1, n+¢)-summable potential.
Then, s — L is
(i) a C*t® mapping from C{ to B(CY(EY)).

(ii) a holomorphic mapping from C{ to B(C*(EY)), with
——Ls= L, k € N. (5.4)

Note that a map belongs to C"*¢ (E) if it is n times continuously differen-
tiable on the open half-plane (Cf and the n-th derivative extends continuously

to an e-Holder continuous function on the closed half-plane a

Proof. The proof of (i) is deferred to Appendix We show that for each
q > 0, the operator
Lsq: Cf = B(C*(EY))

is holomorphic and satisfies £ , = L 41+1. Notice that for g € C¥(EY) and
w € EY, the series
S (9 (aw) - g(aw) (55)
aclk
converges locally uniformly to £, ,g(w) on the open half-plane C, while the se-
ries obtained by differentiating term-by-term converges locally uniformly
to Lsg+19(w). By a standard result in real analysis on uniformly convergent

series,
d
%(ﬁs,qg(w)) - [:s,q—l—lg(w): s € C}F (5-6)

To show that the map s — L, is holomorphic on the open half-plane
Cf, we use Morera’s theorem for Banach-valued functions as in [UZ0I]. It
suffices to check that for every loop v C (Cf, the integral f7 L qds is the zero
operator. (In Appendix |A] we will see that s — L4 is continuous on (Cf, SO
the operator-valued integral is well-defined.) Since L, is linear and bounded,
for each g € C*(EY) and w € E we have

([ eaoor= E( s s

aceE

As the inner integral vanishes by Cauchy’s theorem, the entire expression is
zero as desired. Since the map s — L, is holomorphic, it is certainly differ-
entiable. From (5.6), it follows that £ , = Lsg41- O
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5.6 Projections and Eigenvalues

Let v : E’ — R be a normal potential. By Theorem the operator £q has
a maximal positive eigenvalue A;. Since L is continuous in s € a, simple
isolated eigenvalues vary continuously in s. Therefore, we can follow As in a
half-ball E N B(1,9) for some ¢ > 0. For such parameters s, we denote by
Rs the Riesz projection onto the corresponding 1-dimensional eigenspace. We

normalize the eigenfunction p; of £ by szo p1dmi = 1 and define ps := Rsp1.

Lemma 5.7. If ¢ is a normal (1,n + €)-summable potential, then s — Rs is
a C"¢ mapping from C N B(1,6) to B(C*(EY)).

Proof. We explicitly show the lemma for p = n + ¢ € (0,2], which suffices
for Orbit Counting. The general case is similar but more computationally

involved.

(p = 1) Since ¥ is centered, A\; = 1. After decreasing § > 0 if necessary, we
may choose 7 > 0 so that for every s € C7 N B(1,9),

U(Es) ﬂB(l,U) = U('CS) ﬂB(17277) = {)‘s} (57)

Let v = 0B(1,7n) be a positively-oriented circle centered at 1 of radius n. For
any s € (Cil+ N B(1,0), the Riesz projection onto the 1-dimensional eigenspace
of A\s is given by
R, = i (zId — L) dz,
2mi )
and this definition is independent of the choice of n as long as holds. By

the second resolvent formula,

1
Ri— Ry = — /(zId —L) Ly — L) (z1d —Ly) Mz, (5.8)
211 5

for all s,t € a N B(1,0). Using Theorem to justify differentiation under
the integral sign, we get
. R —R 1 _ _

R, = %ETSS — 27m,/v(zld—cs) el (z1d —£4) . (5.9)
Since s — Lg is a C! mapping from a to B(C*(EY)) by Theorem
the expression above shows that the mapping s — R, from (‘C;r N B(1,0) to
B(C*(EY)) is continuous.
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(0 < p < 1) Using the representation (5.8)) for R, — Rs, we can write
Ry — Ry 1 L Ly — Ly _
(t—s)  2mi /(ZId L) (i —s) F147E) =
v

Since the integrand is uniformly bounded in B(C*(E%’)) by virtue of Theorem
the mapping s — R from C{ N B(1,9) to B(C*(EY)) is C*.

(p =2) By (5.9) and the second resolvent identity, we can write

1
R, — R, = 5 | (z1d —L) L [(z1d = L)t — (21d — L) "] d2

s
71'17

+ i (21d —L) 7L, — £)(21d = L)tz
211 ~

+ i [(z1d—L) " = (21d —Ls) 1 Lh(z1d — L) dz
211 ~
- (2Id —L) 1 L(z1d = L)Ly — L) (21d —L,) Hdz

27 ~

i _ —1 Il - —1
+2m’ W(ZId L) (Ly— L) (z1d—Ls) "dz

+ i (2Id —L¢) Ly — L) (21d —L,)1LL(21d — L) dz.
271 ~

Dividing by ¢ — s and using Theorem to justify taking the limit as t — s,

we obtain

S 2m

2
R = — /(z Id—L,) L (21d —L,) 7  £L (21d — L) dz
i

1 _ —
+5- 7(zId —L)T LY (21d —L) " dz.
Applying Theorem again, we conclude that the mapping s — R! from
C{ N B(1,0) to B(C*(EY)) is continuous.
(1 < p < 2) Using the formula for R} — R/ above, we can express

Ry — R
(t—s)°

as an integral whose integrand is uniformly bounded in B(C*(E%’)). Conse-
quently, the mapping s — R, from C{ N B(1,6) to B(C*(EY)) is C**e. O
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Corollary 5.8. If ¢ is a normal (1,n + €)-summable potential, then s — As
is a C"*¢ function on C{ N B(1,6).

Proof. We give the proof when p = n is an integer and p = n + ¢ € (1,2),

which suffice for Orbit Counting. The general case follows the same pattern.

(€ =0) Let £ : C*(EY) — C be a bounded linear functional for which
l(p1) # 0. The eigenfunction equation LsRsp1 = Lsps = Asps = AsRsp1

implies that
6([’5 Rsp 1 )

U(Rsp1)
By Theorem and Lemma the mappings s — L, and s — R are in
C™(CT N B(1,6), B(C*(EY))). After shrinking § > 0 if necessary, we may
assume that ¢(Rsp1) # 0 for all s € C{ N B(1,§). Since both ¢(LsRsp1) and

l(Rsp1) are C™ functions of s, so is their quotient.

As = (5.10)

(1 < n+e < 2) Tosee that s — A is C'¢ function on Ffﬂ B(1,6), it
suffices to show that the derivative

VN — ULLRsp1 + LR p1)(Rsp1) — L(LsRsp1)L(Rp1)
’ U(Rsp1)?

is C¢ in s. By Theorem [5.6] and Lemma the mappings s = Ly, s = Rs
and s — R}, are in C°(B(C*(EY))). Since composition of bounded operators,

addition and multiplication preserve C® regularity, see Lemma [5.1], it follows
that A, is C® in s. O

5.7 Stochastic Laws

We compute the one-sided derivative of pressure at s = 1 by following the

argument in [PP90), Proposition 4.10]:

Lemma 5.9. If ¢ is a normal (1,1)-summable potential, then

N(1)=P(1):= lim Pl(s)= [ wdu. (5.11)

s—1,s€Cf EY

Proof. Since ps = Rsp1, we can use Lemma to conclude the existence of

the one-sided derivative

P = lim  p(§).

s—1,s€Cy
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Differentiating Lsps = eF’®)p, at s € C{ and taking s — 1, we get
Lip1+ Loy = P'(1)p1 + ph.

After integrating the above equation with respect to m; and using (5.1)), we

obtain
Lp1dmy = P'(l)/ prdmy.

EX
By (5.4) and the fact that u3 = pidm; was designed to be a probability

measure, the above equality simplifies to

EX

Li(ppr)dmi = P'(1).

B
Applying the identity (5.1]) one more time, we end up with
pdpuy = Yprdmy = P'(1),
EY BY
which is what we wanted to show.

The equality \'(1) = P’(1) follows from the definition of pressure as log A
and the normalization P(1) = 0. O

In a similar fashion, one can follow the proof of [PP90, Proposition 4.11]

to compute the one-sided second derivative of pressure at s = 1:

Lemma 5.10. Suppose v is a normal (1,2)-summable potential on E°. Let
P = fEfff dpy and ¢ = 1) —1p. Consider the family of potentials 1y = 1) +
(s — 1)¢ defined on E The one-sided second derivative of pressure is
P’(1):= lim P"(s) = o*(¢), (5.12)
s%l,se(Cl+

where

0?(¢) = lim 1 / (Spd)2duy
oD

n—oo N

is the asymptotic variance of ¢.

Proof. Arguing as in the proof of Lemma shows that P'(1) = fEZO odpy =
0. In view of the (1,2)-summability hypothesis, Lemma implies the exis-

tence of the one-sided derivatives

pi&) = lim pl(&), Pl := lim pl(&).

s—1,s€Cy s—1,seCt
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P(s)

Taking the second derivative of Lsps = e¢"'*) ps and tending s — 1 in Cf gives

1p1 4 2L4p) + L1p] = P"(1)p1 + pf.
Integrating with respect to mi, we obtain
/ {L1p1 + 2L py fdmy = P"(1),
EF
which simplifies to

d2dpy + 2/ o) - ¢pdmq = P"(1).

EX EX

Replacing ¢ by S,¢ and dividing by n, we get
1 S,
/ (Sn¢)2du1 + 2/ P ﬁdﬂl = P"(1).
nJgy ErX PL T

The result follows after taking n — oo and applying the ergodic theorem. [J

When the second derivative of the pressure along the imaginary direction
at s = 1 exists, the standard argument from thermodynamic formalism yields
the Central Limit Theorem for ¢, see [URM22b| Theorem 13.9.15] for details.
If the potential is (1,3)-summable, then the pressure has a third derivative
along the imaginary direction at s = 1, which provides stronger control on
the characteristic functions of the normalized sums S, ¢/y/n. Following the
argument of [PP90, Theorem 4.13], this leads to the Central Limit Theorem
for ¢ with an O(1/4/n) error term.

6 Orbit Counting in Symbolic Dynamics

In this section, we prove our main results in symbolic dynamics, Theorems
and We follow the approach in [PoU17], paying closer to attention to the

behaviour of the Poincaré series near the line Res = 1.

6.1 Poincaré Series

For a normal potential ¢ : EY — (—00,0) and a point £ € E°, the counting
function with offset p € C*(EY) is given by

NEV(T) = #{w € B : =Su(wé) — p(we) < T},
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where Eg C £ is the set of finite words w such that w§ is admissible.

Ezample. (1) When the offset ¢ = 0, Ngo,w (T') counts the pre-images of £ under
the shift map o : B — E:

Ng(T) = #{w S Eg : S|w|(—¢)(OJ§) < T}.

1) Let 7 € e a finite word. Taking ¢ = 5)¢¥(7(¢) 1In the definition
i) L E% be a fini d. Taki ¢) = Sp(7¢) in the definiti

above, we get
NS[T] (T) := #{w € Ef starting with 7 : S, (=) (w) < T}.

Up to bounded error, this counts the number of pre-images of £ under the shift

map o : E — ET that lie in [7]:

#{w e B¢ w€ e [r] and Sy, () (w€) < T}.

(Since v is negative and summable, only finitely many shorts words w € Eg of
length less than |7| satisfy S, (—v)(w€) < T)

Following [PoU17], to study the asymptotics of ng Y(T) as T — oo, we

examine the Poincaré series

ns) = 3 L2(e) (6.1)
n=0

= > ep(s(S +9)(wé) (6.2)
weky
= /0 ) e TANEY(T), (6.3)

where the last equality follows from the definition of the Lebesgue-Stieltjes
integral.

Recall that a potential is robust if it is normal and D-generic and that
Rs denotes the Riesz projection onto the 1-dimensional subspace spanned by
ps = Rsp1 as in Section An argument similar to the one in Section [3.4
shows that R1g(§) =7 - py(§) where g = fEZO gdmy,. We have:

Lemma 6.1. Suppose ) is a robust (1, 1+4¢)-summable potential with 0 < & <
1, p € C*(EY) is a Holder continuous offset and f = e¥. For any & € EY,
the following statements hold:
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(1) The series defining n(s)(&) converges uniformly and absolutely on com-
pact subsets of (CIr and defines a holomorphic function.

(2) The function s — 1(s)(€) € C has a continuous extension to C{ \ {1}.

(3,e=0) As s = 1 in C,

(=X)'Rif(€)
s—1

n(s)(€) — =o(ls = 17).

(3,0<e<1) Ass—1inC],

(_All)ille(é.) _ O(|S o 1’5—1)’

n(s)() -

(3,e=1) As s — 1 in C,

tends to a finite limit.

Since 9 is a negative potential, Lemma [5.9] implies that
V= [ wvdus <0 (6.4)
ET
while by Theorem (iv), the eigenfunction p,; is strictly positive, and hence

Rif(€) = pl€) / e dmy(C) > 0. (6.5)

EY
We temporarily assume Lemma and prove Theorem

Proof of Theorem assuming Lemma[6.1]. By Lemma [6.1] and the hypothe-
ses of the theorem, for any £ € £,

(=X)'Rf()
s—1

n(s)(€) —

extends to an L{ . function on the vertical line {Res = 1}. By the Wiener-
Ikehara Tauberian Theorem (Theorem and the formula (6.3),

NelT) _ o)),

lim
T—oo €
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Inserting the expressions for A} and R; f(§) from (6.4) and (6.5, we get

im — = P . e?©dm ) .
TI_”’O el ngo(—w)duzﬁ /E a w(C) (6.6)

a
Setting ¢ = 0 in shows that the theorem holds for B = EF:

i @) _ pu(€)
T— o0 eT szo(—w)du¢'

More generally, setting ¢(¢) = Sj,¥(7¢) into , shows that the theorem
holds for cylinders B = [r]:

N
o e T( ) ml&
T—o00 e fE:\o(—¢)d,uw

my([7]);

Clearly, the theorem is also valid when B C E is a finite union of disjoint
cylinders. We next consider the case when B is an open set with m,,(0B) = 0.
For any ¢ > 0, we can find a set By C B which is a finite union of disjoint

cylinders with my,(B1) > my,(B) — e. Clearly,

NB(T) ()
. 3 P
llifni>1c>I<l>f el = fEff’ (=) dpy

- (my(B) —€).

Taking € — 0 shows the lower bound

NE(T) (©)
. 13 P
e = S (—)dpy

mw(B)

The above formula for the open set EY \ B gives the corresponding upper
bound.

Since complements of open sets are closed sets, the theorem also holds for
closed sets B with m,,(0B) = 0. From here, it is easy to see that the theorem
holds for an arbitrary measurable set B C EY® with m,(9B) = 0 by squeezing

B between its interior and closure. O

The same argument also shows Theorem for D-generic potentials, pro-
vided one uses the Hardy-Littlewood Tauberian theorem (Theorem instead
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of the Wiener-Ikehara Tauberian Theorem (Theorem [L.6). By the e = 0 case

of Lemma [6.1] and the discussion following the lemma,

(=X)'Rif(©)
s—1

, as s — 17,

n(s) (&) ~

The Hardy-Littlewood Tauberian Theorem yields

T NPY
lim 1/ al (t)dfz—(M)_lRJ(fl
0

T—oo T €t

Substituting the expressions for \| and R;f(&) from (6.4) and (6.5), we see
that holds up to a Cesaro average:

.1 TNg’w(t) _ p(§ 0(¢)
lim /0 = dt_w./}g e dmy (C).

a
The remainder of the proof is identical to that of Theorem (1.9 with all occur-

rences of limp_, ng’w(T)/eT replaced by limyp_, o (1/7) fOT Ng’w(t)/et dt.

6.2 Orbit Counting for D-Generic Potentials

To complete the proof of Theorem [1.9] it remains to prove Lemma[6.1] Below,

we write fs = e*?.

Proof of Lemma[6.1. By Theorem and the D-genericity of v, the spectral
radius of L is less than 1 for every s € C{\ {1}. Since parts (1) and (2) follow
immediately from the definition (6.1]) of 7(s), we focus on part (3).

Step 1. Consider the operator
As = Ls — A Rs.
Since LsRs = RsLs and Ry is the Riesz projection onto ker(As Id —Ly),
RsAs = AgRs = 0.

Consequently,
LY =ARs+ AL, n > 0.
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From the spectral radius formula, it follows that there exists an integer ng > 1
such that ||AT°]|o < 1. After shrinking § > 0 if necessary, we may assume that
A0, < 6 < 1 for all s € C{ N B(1,4). This ensures that the series

s = Aoo(s) 1= Y AZ(f)
n=0
converges uniformly in B(C*(EY)) and thus defines a continuous function
from C{ N B(1,6) to B(C*(EY)).

Step 2. Since |\s| < 1 for all C{ N B(1,4), we can write

n(s) =D ARofo+ Y AM(fo) = (1— X)) ' Rafs + Aco(s).
n=0 n=0

A computation shows that

(FAD TR (L= A) T Refs(s — 1) + Aso(s)(s — 1) + (A) 'Ry
s—1 s—1
(1— /\S)_lefs(s - 1)+ ()\/1)—1le1 I
s—1

n(s) —

Ao ().

We denote the first summand in this formula by A(s). Since A (s) is contin-

uous at s = 1, to prove the lemma, we only need to analyze A(s).

Step 3. We compute:

(Rsfs — Rifi)(s — 1)+ Rifi((s = 1)+ (N1 = Ay))

Als) = G- )
Rs(fs_fl)' s—1 _'_(Rs_Rl)fl‘ s—1
o s—1 1— X s—1 1— A
s—14+(M\)7HL = Ay)
+Rif1- (5= 1)1(1 )

= Al (8) + AQ(S) + A3(S>.

In view of Lemmas and we have

. Rs s [o% o0
~lim (flfl)ZRl(fllngl)EC (EX),
CiNB(1,61)3s—1 57

im LT RON g o cogps

CFNB(1,61)3s—1 s—1

59



and
I s—1 1
im =——
CTNB(L6)3s51 1 — As A

so that A;(s) and Ay(s) are continuous at s = 1. Hence,

(=X)'Rifi
s—1

s—14+ )11 = Ny)

BT L P § G W

77(8) - +B(8)7

for some function B(s) defined on a N B(1,6) which is continuous at s = 1.
Step 4. Finally, we use Lemma to expand As near s = 1:

(e =0) If ¥ is (1,1)-summable, then
As =1+ N (s—1)+o(]s — 1)), as s — 1in C,

and
s— 1+ () 1= )

(s =11 =X)
(0<e<1)Ifeyis (1,1 + e)-summable for some 0 < € < 1, then

— ofjs—1|1).

As =14+ N(s—1)+0O(]s — 1|19, as s — 1in C,
and
s— 1)1 - A
(s =1D(1=X)
(e =1) If ¥ is (1, 2)-summable, then

=0(s —1]~71).

1
/\S:1—1—)\’1(3—1)+§(/\’1'+0(1))(s—1)2, as s — 1 in C,

and o .
N T Cu Dl Clanta®) N
CINB(1,61)3s—1 (s =11 —A) 2 (M)

The proof is complete. O

6.3 Orbit Counting for Non-D-Generic Potentials

We now turn to the proof of Theorem Since we have already estab-
lished the theorem for D-generic potentials in Section we now address the

situation when v is not D-generic.
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Suppose ¥ is a normal (1,1)-summable potential. If ¢ is not D-generic,
then the limit

lim gB (T)
T
T—00 e

may not exist in the traditional sense. Below, we show that the limit exists
after Cesaro averaging as in Theorem [1.10

According to Theorem [5.3
1/] = ¢ +w—wo g,

for some function ¢ which takes values in a discrete subgroup aZ C R. We
assume that a has been chosen so that ¢ does not take values in any proper
subgroup of aZ. Since v is negative, ¢ cannot be identically zero and hence
a # 0. Theorem also tells us that the operator £, has spectral radius less
than 1 for all s € C{ \ {1 + (27i/a)Z}.

Arguing as in the proof of Lemma [6.1] shows:

Lemma 6.2. Suppose 1 is a normal (1, 1)-summable potential, which is coho-
mologous to a function ¢ which takes values in a discrete subgroup aZ C R (and
in no smaller discrete subgroup). For any & € EY°, the following statements
hold:

(1) The series defining n(s)(&) converges uniformly and absolutely on com-
pact subsets of (Cir and defines a holomorphic function.

(2) The function s — n(s)(€) € C has a continuous extension to a\ {1+
(2mi/a)k : k € Z}.

(3) As s — 1in C{,

(=MD "Rif(€)
s—1

n(s) (&) — =o(ls = 1|71).

From here, one can deduce Theorem|[I.10]from the Hardy-Littlewood Taube-

rian theorem as in the D-generic case. We leave the details to the reader.
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Part I1I
One Component Inner

Functions

7 Fundamental Properties and Examples

Following W. Cohn [Coh82|, an inner function F is a one component inner

function if the set {z € D : |F(z)| < r} is connected for some 0 < r < 1.

Figure 1: Anatomy of a one component inner function.

In his paper, Cohn gave a geometric description of one component inner
functions, which is more suitable for applications in dynamical systems, see
Fig. [I] above:

Lemma 7.1 (Cohn). Let F be a one component inner function and assume
that 0 < r < 1 is chosen so that F~Y(D,) is connected. Then the region
F~YD,) is a Jordan domain. If F~1(D,) is compactly contained in the unit
disk, then F is a finite Blaschke product. Otherwise, D\ F~1(D,) consists
of countably many simply-connected regions {Q;}. On each region Q;, F acts
as a universal covering map to the annulus A(0;r,1). The map F is also a
universal covering map from §~2, to the annulus A(0;r,1/r), where §~2, is the

double of Q; across the unit circle.
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We say that an inner function F' is singular at a point ¢ € 0D if it does not
admit an analytic extension to a neighbourhood of {. Let 3 C dD be the set
of analytic singularities of F'. It is clear from this definition that X is a closed
set. While one usually thinks of inner functions as holomorphic self-maps of
the unit disk, one may also view F' as a meromorphic function on C \ 2.

The following theorem provides a converse to Lemma as well as a

number of other characterizations of one component inner functions:

Theorem 7.2. Let F: 1D — D be an inner function. The following conditions
are equivalent:
(a) The set F~Y(B(0,r)) is connected for some 0 < r < 1.
(b) There is an annulus A = A(0; p,1) such that F : D — D is a covering
map over A.
(¢) There is an annulus A = A(0;p,1/p) such that F : C\X — C is a
covering map over A.
(d) The singular set = C 0D has Lebesque measure 0, the derivative F'({) —
o0 as ¢ € 0D\ ¥ approaches X, and
‘ F(¢)
F'(¢)?

for some constant C' > 0.

<C, Cedb\x, (7.1)

If any of the above conditions hold, then % is equal to the set of points on

the unit circle where the radial limit of F' does not exist or is not unimodular.

Remark. (i) We say that v € D is a regular value of an inner function F' : D — D
if F'is a covering map over some open neighbourhood of v. A point in the unit
disk which is not a regular value is a singular value.

(ii) The equivalence (a) < (d) is due to Aleksandrov [Ale02]. For additional
characterizations of one component inner functions in terms of Carleson boxes
and Aleksandrov-Clark measures, we refer the reader to [NR21] and [Bes14]
respectively.

To prove Theorem we will use several facts about inner functions and

cluster sets. We begin by recalling [IK24, Lemma 1.3]:

Lemma 7.3. Let F be an inner function. If V is a Jordan domain com-
pactly contained in the unit disk, then any connected component of F~Y(V') is

a Jordan domain.

63



For a function g on the unit disk and a point ¢ € 9D, the cluster set Cl(g, ()
consists of all possible limits of g(z,), for sequences z, € D converging to (.

The following lemma is well known, e.g. see [MasI2, Theorem 2.6]:

Lemma 7.4. Let F' be an inner function. A point ( € ID belongs to 3 if and
only if the cluster set C1(F, () is the closed unit disk.

We will also need the following elementary observation:

Lemma 7.5. (i) Suppose g : D — D is a holomorphic function which extends
continuously to 0D \ {—1,1}. If g preserves the upper and lower semicircles,
then g is an automorphism of the unit disk.

(ii) Suppose h : D — A(0;r, R) is a holomorphic function which extends
continuously to 0D\ {—1,1}. If h maps the upper semicircle to 0B(0, R) and

the lower semicircle to OB(0,r), then h is a universal covering map.

Proof. (i) We first observe that g is injective on 0D N H and oD N H, being
orientation-preserving but not surjective. Let a be a point on the unit circle,
which is distinct from the radial limits of g at —1 or +1, whenever they exist.
As the Aleksandrov-Clark measure p, can be supported on at most one point,
tells us that g is either a constant or an automorphism of the unit disk.
The assumption rules out the former case.

(ii) It is not difficult to write down an explicit formula for a universal
covering map 7 : D — A(0;r, R) which has the same boundary properties as
h. Let h: D — D be a lift of h with respect to m. As h satisfies the hypotheses
of part (i), it is an automorphism of the unit disk. Hence h is itself a universal

covering map. ]

Proof of Theorem[7.3. We show (a) = (b) = (¢) = (a) and (c) & (d):

(a) = (b). By Lemma F~YD,) is a Jordan domain. If F~1(D,) is
compactly contained in the unit disk, then F' is a finite Blaschke product.
Otherwise, D\ F~!(DD,) consists of countably many simply-connected regions
Q;, bounded by a curve +; in the unit disk and an arc I; on the unit circle.
Usually v; and I; share two distinct endpoints, however, when there is only

one complementary region, then ; and I; meet twice at a single point.
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In view of Lemma [7.4] F extends continuously to each open arc I;. Evi-
dently, F' has modulus r on ;. As F'is an inner function, it has modulus 1 on
I;. Let ¢; : D — €; be a conformal map chosen so that the upper semicircle is
mapped to I; and the lower semicircle is mapped to ;. Since F' o ¢; satisfies
the hypotheses of Lemma [7.5(ii), F : €; — A(0;r,1) is a universal covering

map.

(b) = (c). Suppose F' : D — D is a covering map over an annulus A(0; p, 1).
Let Q1,(p,... denote the connected components of F~1(A(0;p, 1)). For each
i =1,2,..., let SNIZ be the double of €); across the unit circle. In view of

Lemma F' extends holomorphically across I; = QZ NID. From the Schwarz
reflection principle, it follows that F is a covering map from €2; to A(0; p, 1 /p).

(¢) = (a). Take a slightly smaller annulus A(0;r,1/r) C A(0;p,1/p). Since
F is an inner function, every connected component of F~1(A(0;r,1/r)) is a
domain Q; C C which is symmetric with respect to the unit circle. As F' is
a covering map over A(0;p,1/p), each ~; = 0, N'D is a Jordan arc which
divides the unit disk into two components, which we denote by I'; = QZ NnD
and I'¢ = D\ T;. By the Schwarz lemma, the hyperbolic distance between any
two arcs y; and ; is bounded below by 2dp(r, p).

We claim that F~Y(B(0,7)) = (), ¢ is connected. Let 21 and zo be two
points in (), I'{. Join z; and 23 by a curve v C D. By the separation property
above, v intersects only finitely many pockets I';. For each pocket that -y enters,
we replace the portion of v inside I'; by a curve along the boundary arc ~;.
After performing this modification for each of the finitely many pockets that
~ intersects, we obtain a new curve with the same endpoints that is contained

entirely in (), ['¢. A small perturbation produces a curve contained entirely in
LY.
(c) = (d). Let ¢ € OD be a point at which the radial limit of F' belongs

to the unit circle. By applying Koebe’s Quarter Theorem to the holomorphic
branch of F~! on the ball B(F(¢),1 — p) that maps F(¢) to ¢, we get

B = B(C, M) c C\x.

In particular, 3 has Lebesgue measure 0 and F’'({) — oo as dist({,X) — 0.
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Recall that the class & of conformal maps ¢ : D — C with ¢(0) = 0
and ¢'(0) = 1 is compact in the topology of uniform convergence on compact
subsets. In particular, there exists a constant C' > 0 so that the second
derivative |¢”(0)] < C for every ¢ € S. Composing F' : 8 — C with suitable
linear maps, we obtain a conformal map in §&. The bound on the second
derivative at the origin gives .

(d) = (c). Let ¢ € 9D\ X. For r > 0, we write I(¢,r) = B(¢,r) N ID.
Together with Gronwall’s inequality, implies that there exists ¢ > 0 so
that |F'(w)| < 2|F'(¢)| on the arc I = I((, ¢/|F'(¢)]). The assumption that
F'(w) = oo as dist(w, X) — 0 ensures that I C 9D \ ¥. By shrinking ¢ > 0 if
necessary, we may assume that F|; omits an arc of length 7.

Let L be the linear map which takes B(0,¢) to B((, ¢/|F'(¢)|) and has
positive derivative at the origin. By Montel’s theorem, F'o L : B(0,¢) — C
belongs to a normal family of meromorphic functions which omit an arc of the
unit circle of length 7. Since F o L has derivative 1 at the origin, it is injective
on a ball B(0, cz), for some 0 < ¢z < c.

Consequently, F is injective on the ball 8 = B((, co/|F'(¢)]). Koebe’s
Quarter Theorem then shows that F(Z%) contains a ball centered at F(()
whose radius is bounded below by c3 = ¢2/4. Taking p = 1 — ¢3 completes the
proof. O

Remark. The proof of (¢) = (d) shows that for every integer m > 2 there
exists a constant C,, € (0,+00) such that

’F(m)(C)
Fgm

For the original proof, see [Ale02, Corollary 1].

’ <Cn,  C€dD\X. (7.2)

We now describe two illuminating classes of examples of one component

inner functions.
Character-Automorphic Functions. Let I' C Aut(D) be a Fuchsian

group which possesses a fundamental polygon P with finitely many sides, in-

cluding at least one ideal side. In other words, I' is a geometrically finite
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Fuchsian group of co-infinite area. We can form an infinite Blaschke product

whose zeros constitute an orbit of I':

_ 17 _20)  z—1(0)
o0 =1l -por 1 50s

The function g is related to the Green’s function of the Riemann surface D/T".

Contrary to what one may initially expect, the function g is not automor-
phic under I' but only character-automorphic. A character v of a Fuchsian
group I' C Aut(D) is a homomorphism from I" to the unit circle. A function f

on the unit disk is called character automorphic if

f(y(2) =v(v) - f(z), ~yeT.

It is easy to see that if B(0,c) is a ball which meets all the finite sides of
P, then the inverse image F'~1(B(0, c)) is connected. For further properties of

the Blaschke product g, we refer the reader to [Pom76].

Stephenson’s Cut and Paste Construction. Another natural way
of building inner functions is Stephenson’s cut and paste construction, see
[Ste88, Bis93]. We confine ourselves to a particular example but the reader
can easily modify it to construct a plethora of other examples.

Take an infinite collection of tiles T} of the form D\ [1/2,1), indexed by
the integers. We form a simply-connected Riemann surface S by gluing the
lower side of [1/2,1) in T} to the upper side of [1/2,1) in Tj4;. The surface S
comes equipped with a natural projection to the disk D which sends a point
in a tile T} to its representative in D\ [1/2,1). We may uniformize S = D by
taking 0 in the base tile T to 0. In this uniformizing coordinate, the projection
F:S — D\ {1/2} becomes a holomorphic self-map of the disk. Since all the
slits have been glued up, F' is an inner function, and a little thought shows
that it is the universal covering map of D\ {1/2}.

It is clear from this construction, that if B(0,c¢) is a ball with radius ¢ €
(1/2,1), then the inverse image F~1(B(0,c)) is connected.
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8 Thermodynamic Formalism for Centered

One Component Inner Functions

In this section, we discuss centered one component inner functions from a
dynamical point of view. We show that a one component inner function admits
a Markov partition, which allows us to code the unit circle by a countable
alphabet shift space. For one component inner functions of finite entropy, we
prove a variational principle and show that the potential 1(2) = —log |F'(z)]
has a mixing property needed for Orbit Counting.

8.1 Markov Partitions

Let X C C be a closed set in the plane and i be a measure on X. We say that
F: X — X is a conformal dynamical system if its differential DF is defined p
a.e. and belongs to R-SO(2). A Markov partition for F is a countable collection

of closed subsets {A;};cr which satisfy the following axioms:
1. The A; cover X up to a set of u measure zero.

2. The A; have disjoint interiors. As subspaces of X, each A; is the closure

of its interior.

3. For each i, the restriction F'|my , is injective and extends to a conformal

map on a neighbourhood of A;.

4. Up to a set of measure zero, F'(A;) is a union of a finite or countable

number of elements of the Markov partition.

When working with Graph Directed Markov systems (GDMS), one addi-
tionally requires that each inverse branch F~1 : F(A;) — A; extends to a
conformal map defined on a neighbourhood of F(A;).

We first construct a classical Markov partition for a centered one component
inner function (with respect to the Lebesgue measure) and then modify it
slightly in order to represent the unit circle as the limit set of a Graph Directed
Markov System (GDMS), the concept defined and explored in [MUO3]. For
more recent expositions on GDMS, we refer the reader to [URM22bl, [KU23].

An inner function F': D — D has an angular derivative at a point { € 0D
in the sense of Carathéodory if F(¢) := lim, 1 F(r¢) € 0D and |F'(¢)| :=
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lim, 1 |[F'(r¢)| < 0.
Below, we will use that a centered inner function of degree at least 2 is
uniformly expanding on the unit circle:
inf [F'(¢)] > 1, 8.1
Aot ()] (8.1)
where we use the convention that |F’(¢)| = oo if F' does not have an angular
derivative at (. For one component inner functions, this convention amounts
to setting |F'(¢)| = co on ¥ C dD. The uniform expansion (8.1)) follows im-
mediately from [MasI2, Theorem 4.15], which provides an the explicit formula

for the angular derivative on the unit circle. Alternatively, one can deduce

[B-1) by taking |w| — 1 in @5).

Finite Blaschke Products. Suppose first that F is a finite Blaschke
product of degree d > 2, for example z — 2% Let p be one of the d — 1
repelling fixed points of F on the unit circle. The set F~!(p) divides the unit
circle into d open arcs Iy, Is, ..., I;, which are mapped by F' bijectively onto
oD\ {p}.

This Markov partition allows us to code points on the unit circle by infinite
words in {1,2,...,d}N. More precisely, we say that a point ¢ € 9D is coded
by

€pel1€a . ..

if e, = i whenever F°"(¢) € I;. It is easy to see that any infinite word
{1,2,... ,d}N arises as the code of some point on the unit circle, and all but
countably many points are coded by unique words. The exceptional set &
consists of the endpoints of the arcs I; and their iterated pre-images under F'.

Points in & have two codings, while all other points have exactly one code.

Infinite-Degree Inner Functions. We now assume that F' is a centered
one component inner function that is not a finite Blaschke product. In this
case, the singular set ¥ C JD of F is not empty.

To construct a Markov partition of the unit circle for F, fix an arbitrary
point p € 0D on the unit circle. Let {J;}32, be the collection complementary
arcs in 0D\ X. Since for each k € N, the restriction F|;, is an infinite degree

69



covering map of dD, the set F~!(p) partitions each .J; into infinitely many
arcs: Jr = U2 Ix;. For convenience, we enumerate the arcs {I;} = {Iy,;}
by a single index ¢ € N.

As F(I;) = 0D\ {p}, each closed arc I; contains a fixed point of F. In
particular, F' has infinitely many fixed points. We may therefore assume that
p is one of these fixed points.

We again have a near-bijection between infinite words in {1,2,...}" and
points in JD. This time, the exceptional set & of points without unique codings
consists of iterated pre-images of endpoints of the arcs I;, i € N, as well as
points of ¥. The former have two codings, while the latter have no codings.

Since the singular set ¥ has Lebesgue measure zero, so does &.

Graph Directed Markov Systems. From the perspective of GDMS,
the Markov partitions constructed above are slightly inadequate. Arbitrarily
choose a point ¢ € ¥. The points p and ¢ divide the unit circle into two arcs
X1 and X5, which we call tiles of the GDMS. For each tile X, j = 1,2, choose
a simply-connected open set X; C U; C A(0;7,1/r), where A(0;r,1/r) is an
annulus over which F' is a covering map.

By construction, each arc I; in the classical Markov partition is wholly
contained in one of the two tiles. Recall that F'(I;) = 0D\ {p}. We can split
I; into two smaller arcs I; 1 and I; o with F(I; 1) = X; and F(I;2) = Xo. We
refer to the collection of intervals {I,} = {I; ;} as the Markov partition for the
GDMS.

We write ¢; ; : Uj — C for the holomorphic branch of F~1 which maps X j
onto I; ;. We define the alphabet as the set of these contractions {¢n} = {¢i ;}.
Two contractions ¢, and ¢, can only be composed if the image of ¢, is
contained in the tile on which ¢y, is defined. We say that a word (finite or
infinite)

€pe1€ea . ..

is admissible if for any n > 0, the composition ¢, o ¢.,,, makes sense. It is
easy to see that the incidence matrix which indicates admissible compositions
is finitely primitive (see Section [5.1] for the definition).

In view of , the normalization F'(0) = 0 guarantees that the inverse

branches ¢., contract by a definite factor. In particular, admissible infinite
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words code single points. The set of admissible infinite words is almost in
bijection with points on the unit circle: the only obstruction being that points

in & do not have a unique coding.

From the topological description of a one component inner function (Lemma
, it follows that if F' has a radial boundary value at a point ( € ¥, then
it cannot lie on the unit circle. By Property 2 of Aleksandrov-Clark measures
from Section we have:

Lemma 8.1. Let F' be a one-component centered inner function. For any
a € D, the Aleksandrov-Clark measure po does not charge the set 3. In
particular, each measure pq s discrete and the adjoint definition of the transfer

operator coincides with the classical one.

As a result, little is lost when passing to the subset of points on the unit

circle which have unique codes.

8.2 Some Properties of the Potential — log |F”|

We now record some properties of the potential

Wh(2) = —log |[F'(2)]

associated to a centered one component inner function F which will be used
in the sequel. In the language of Part [[I] one would say that ¢ is a normal

potential.

1. (Summable) The sum over the intervals I,, in the Markov partition (for
the GDMS),

[e.e]

Zsup|ew\ < 0.

n=1 In
Indeed, by Koebe’s Distortion Theorem, one has |F'(z)| < 1/|I,]| for

z € I, so the above sum is comparable to

o0 oo
> suple?| < Y |I| = 2.
n=1 In n=1
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Remark. For p > 0, we say that a potential ¥ is (1, p)-summable if

o
Zsup [pPe?| < oo.
n=1 I

n

By Koebe’s Distortion Theorem, (1, p)-summability is equivalent to

/ [¢|Pdm < oo.
oD

For any p > 0, one can construct a one component inner function for
which 1) is (1, p)-summable but not (1, ¢)-summable for any ¢ > p.

. (Negative) Since F'(0) = 0, the derivative |F'(z)| > ¢ > 1 on the unit
circle 0D by (8.1). As a result,

sup ¥(z) < 0.
z€dD

. (Centered) In Section |2, we saw that the spectral radius of the composi-

tion operator Cr was 1. As L_ o | is its adjoint, we have
P(—1log|F'|) =1log1 = 0.

. (Level 1 Lipschitz continuity)

Unless F is a finite Blaschke product, the potential ¢)(z) = —log |F’(2)|
is not Lipschitz on the unit circle, let alone bounded. Nevertheless, there
is a constant C' € [1,+00) such that on each interval I, from the Markov
partition (for the GDMS), one has

(@) —d(y)| < C-|F(z) — F(y)l, (8.2)

which we call level 1 Lipschitz continuity. In other words, ¢ is Lipschitz
on each interval I,, from the Markov partition when it is rescaled to

definite size, with a uniform Lipschitz constant.

To verify (8.2)), we use the fundamental theorem of calculus:

F//(Z)
FI(2)

Y
() — (y)] < / |, zyel,.

From Koebe’s Distortion Theorem, we know that

_ |F(@) = F(y)]

’F/(ZN - ‘.’If—y‘ ’ nyZ/;ZEIw
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Therefore,

)

2

_ F@) - )l [*
(o) = v < =00 [

Finally, by the analytic definition of one component inner functions ([7.1)),

F//(Z
Fi(2)

|dz|.

the integrand is bounded, which shows (8.2]).

8.3 Variational Principle

Suppose F'is a centered inner function with derivative in the Nevanlinna class:

/ log | F'|dm < oo.
oD

In a beautiful work, M. Craizer [Cra91] showed that this condition is equivalent
to the finiteness of the measure-theoretic entropy of Lebesgue measure under
the action of F' on the unit circle.

To proceed, we additionally assume that F' is a one component inner func-
tion. Let P = {I,, }nen be the classical Markov partition of the unit circle de-
fined in Section Since each arc I,, € P is mapped bijectively onto 0D\ {p},
by Koebe’s Distortion Theorem, |F’(¢)| < 1/|I,| for ¢ € I,. Consequently,

1
Z]In]log— = / log |F'|dm < oo.
‘[n‘ oD

Notice that each element of the refined partition
P =pPvFYP)VFEHP) V.- v F-=D(p)

is an arc and that the maximal size of arcs decays exponentially. As such, P
is a one-sided generator in the sense that \/77(") generates the o-algebra of
Borel subsets of the circle. Since P is a generating partition of finite entropy,

by [PrUI0, Theorem 1.9.7], the measure theoretic entropy of m is given by

h(F,m):/ log Jp dm,
oD

where Jr denotes the measure-theoretic Jacobian of F. By definition, Jg is a
non-negative function in L*(0D,m) which is uniquely determined up to a set

of measure zero by the identity

m(F(E)):/ Jpdm,

E
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for every measurable set F on which F' is injective. Since one component inner
functions are differentiable a.e. on the unit circle, |F'({)| satisfies this iden-
tity and therefore qualifies as the measure-theoretic Jacobian. Consequently,
Jr(¢) = |F'(Q)| for a.e. ¢ € ID.

Theorem 8.2. Suppose that F is a centered one component inner function
whose derivative lies in the Nevanlinna class. If u is an F-invariant probability

measure on the unit circle, then its measure-theoretic entropy

W(F, 1) < /a tog |F(C) .

FEquality holds if and only if = m.

The inequality in the variational principle above is neatly explained in
[MUO3, Section 2.1]. To see that the Lebesgue measure is the only measure
for which equality holds, we refer the reader to Proof II of [PrU10, Theorem
4.6.2].

8.4 Spectral Gap on Smooth Functions

Let F be a centered one component inner function which is not a rotation.
Below, we continue to abbreviate ¢ (z) = — log |F’(x)| for simplicity. From the
estimate , it is not difficult to see that for every integer m > 1 there exists
a constant C, € (0, +00) such that

™) ()

< C )
Ty | SCm @ EID\E, (8.3)

where (™) denotes the m-th derivative of ¥ along the unit circle.

Lemma 8.3. Suppose that F is a centered one component inner function,
which is not a rotation. If Res > 1, then

Log(x)= Y eWg(y)

F(y)=z

satisfies the two-norm inequality of Ionescu-Tulcea and Marinescu: There exist

constants 6 € (0,1) and C € (0,400), which may depend on k and s such that

1£sg(@)l[cr <0 llgller +C - llgllor1- (8.4)
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In particular, the norms
n n C
I£59(@)llcr < 0" - ligllor + 7= - llgller— (8.5)
are uniformly bounded forn > 1.

Proof. We treat the case when k = 1 as the general case is similar. Differen-

tiating Lsg, we get

1
(L)@ = 3" 1 g ) + s O ) - g(y) -
g F(y)xF(y){ gy y) -9y }

Taking absolute values, applying the triangle inequality and using the bound
(8.3) with m = 1, we obtain

(Lsg) (@) < {IF’(y)IlR“ lgller + Chls| - [F'(y)|~Re* - Hcho}-
F(y)=z

From here, (8.4)) follows from the estimates

Do IF @I <1 and Y7 Fy) e <o <L,

Fy)== F(y)==
which can be proved in the same way as Corollary Finally, (8.5)) follows
after applying (8.4) n times. O

As in [PP90, Proposition 2.1 and Theorem 2.2], the above lemma implies
that £; has a spectral gap on C*(9D) for every integer k > 1:

Corollary 8.4. If I' is a centered one component inner function, then the
operator L1 has a simple eigenvalue 1 with eigenfunction 1, while the rest of
the spectrum is contained in a smaller ball centered at the origin. Moreover,

the spectral radius rex (Li4iq) < 1 for any a € R.

8.5 Genericity and Orbit Counting

Taking s = 1 + ta in Lemma we see that for any function u € C¥, the
sequence {E?_l tia)log | F,|(u)}zo:0 is bounded in C*, which is an analogue of
Lemma Adapting the proof of Lemma to our current setting, we

obtain:
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Lemma 8.5. Any L? eigenfunction of e " Cp is C™.
We now show:

Lemma 8.6. Suppose F' is an infinite degree centered one component inner
function. For any a # 0, the operator e *“YCp does not possess any continuous

esgenfunctions, let alone any C™ eigenfunctions.

Proof. We show that any continuous solution w # 0 of the eigenfunction equa-
tion
w(F(2)) = e oslF' @)y (2), a.e. z € OD, (8.6)

is constant. This forces a = 0, contradicting the hypothesis of the lemma.
Taking absolute values in (8.6), we get |w(F(2))| = |w(z)| for a.e. z € ID. As F
is ergodic, |w| is constant a.e. The continuity of w together with Lemma[3.2](i)
then shows that |w| is constant on the unit circle. Since w is not identically
zero, we may scale w so that |w(z)| = 1.

Let d € Z be the topological degree of w : 0D — JD. As F is an infinite
degree one component inner function, the singular set ¥ # (). Pick an arbitrary
complementary arc

J=|Jkcop\ 3,
kEZ
where the sub-arcs I are elements of the classical Markov partition defined
in Section Since J is simply-connected, argw(x) and argw(F(x)) admit

continuous branches on J. We consider two cases:

Case I. d = 0. Let I, = [zx,2k41]. As z moves from 2z to zx,1, the
net change of the argument of w(F(z)) is zero. Consequently, argw(F(z))
is bounded on J. As argw(z) is bounded on J, equation implies that
alog |F’(z)| must also be bounded on J. This contradicts Theorem [7.2{d),
which says that |F'(2)] — oo as z = X.

Case II. d # 0. Below, we assume that d > 0, as the case d < 0 is similar.

As z moves from zj to zxy1, the argument of w(F'(z)) increases by d, so that
argw(F(z)) —argw(F(z9)) = kd + O(1).

In particular, this implies that log|F’(z)| — —oc as k — —oo. This once
again contradicts Theorem [7.2[d). O
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In the language of Part Lemma says that the potential ¥ (z) =
—log |F'(z)| is D-generic. Together with the discussion in Section this
completes the verification that 1 is a robust potential when F' is an infinite
degree one component inner function of finite entropy. For the case of finite
Blaschke products, we refer the reader to [Ivrl5, Section 7].

To deduce Theorems [I.3] and as special cases of Theorems and
we code the unit circle as in Section In this case, the conformal
and equilibrium measures for the potential ¥ o : EY — R are equal to
the pullback of the normalized Lebesgue measure on the unit circle under the
coding map 7 : E}° — OD. Inserting these quantities into Theorems and
one obtains Theorems|l.3|and [L.4]for points on the unit circle with unique
codings, which are dense in the unit circle. To obtain the full statements of
Theorems and one can approximate a general point z € 0D by a
sequence of points z,, € JdD in the image of m and apply Koebe’s Distortion

Theorem. We leave the details to the reader.

9 Thermodynamic Formalism for Parabolic
One Component Inner Functions

An inner function f : D — D is parabolic if its Denjoy-Wolff fixed point p € ID
and f'(p) := lim,—1 f'(rp) = 1. It is convenient to think of parabolic inner
functions as holomorphic self-maps of the upper half-plane with a Denjoy-Wolff
point at infinity. For this purpose, take a M&bius transformation M which
maps D to H and sends p to co. Then, F = M o f o M~! is a holomorphic
self-map of the upper half-plane such that for Lebesgue almost every point
xz € R, the vertical boundary value limy_,o F'(z + iy) exists and is real. In
this setting, the Lebesgue measure ¢ on the real line is invariant under F, see
[DMO1].

Throughout this section, we assume that f is holomorphic in a neigh-
bourhood of p (or equivalently that F' is holomorphic in a neighbourhood of
infinity). In this case, we say that the Denjoy-Wolff point is regular.

We say that an inner function f is (regular) doubly parabolic if
) =z4cz=pP’+...,  c#0,
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as z — p. Translating to the upper half plane, this means that F' is doubly
parabolic if
F(z)=z—a/z+ ..., a>0,

near infinity. By contrast, an expansion

f(x)=z4c(z—p)*+..., c#0,

or
Fz)y=z4+T—-a/z+..., T #0, a>0,

suggests that f and F' are (regular) simply parabolic.
We say that F' is a parabolic one component inner function if one of the

following equivalent conditions is satisfied:

Theorem 9.1. Suppose F' is a parabolic inner function, viewed as a map of the
upper half-plane to itself, with a parabolic fixed point at infinity. The following
are equivalent:

(a) The set F~1({Imz > y}) is connected for some y > 0.

(b) There is a strip S = {0 <Imz < 7} such that F: H — H is a covering
map over S.

(¢) There is a strip S = {—7 < Imz < 7} such that F : C\ Yo — C is a
covering map over S.

(d) The singular set Yoo C R has Lebesque measure 0, the derivative
F'({) = 00 as ¢ € R approaches Yo and

<C,  (€R\Za, (9.1)

for some constant C > 0.

In the theorem above, Yo, C R is the set of points x € R where F' does not
admit a finite analytic extension to a neighbourhood of z. By definition, ¥
is a closed subset of the real line. The proof of Theorem is essentially the
same as that of Theorem [.2l We leave the details to the reader.

Remark. (1) We caution the reader that the term parabolic one component
is somewhat a misnomer as it does not refer to an inner function which is

both parabolic and one component in the traditional sense. Fortunately, if a
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parabolic inner function is also a one component inner function in the tradi-
tional sense, then it is also a parabolic one component inner function. The
reason that any ball B(0,r) is contained in a horoball §),, resting at p € JD.
Thus, if F~1(B(0,r)) is connected, then so is F~1($,).

(ii) Recall that if F': D — D is a classical one component inner function,
which is not a finite Blaschke product, then F restricts to an infinite-to-one
covering map from each connected component of F~1(D\ B(0,7)) onto the
annulus D\ B(0, 7).

The situation is slightly different for parabolic one component inner func-
tions F': H — H. As before, each connected component Q C F~1({Im z < y})
is a Jordan domain bounded by an interval on the real line and an arc in the
upper half-plane. In this case, however, F' maps ) conformally onto the strip
{0 < Imz < y}. Moreover, the endpoints of the interval are pre-images of
infinity in the sense of vertical limits. The difference between the two settings
is reflected in the fact that the strip is simply-connected while the annulus is

not.

In this section, we prove an Orbit Counting Theorem for regular doubly
parabolic one component inner functions. In order to apply the machinery

developed in Section [6] we work with the first return map.

9.1 Expansion

The lemma below says that parabolic inner functions are expanding on the

real line:

Lemma 9.2. Suppose F is a parabolic inner function, viewed as a map of
the upper half-plane to itself, with a parabolic fived point at infinity. Then,
F'(z)>1 onR.

Proof. An inner function, viewed as self-map of the upper half-plane, has the

form
1+ zw

F(z)zaz—i—ﬁ—k/ du(w),

R W—Z
for some constants @ > 0, 8 € R and finite positive singular measure p on the
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real line, e.g. see [Tsu75]. Differentiating, we get

w2
Fl(2) = a+ /R @U_J;;du(w). (9.2)

From the above representation, it is readily seen that o = limy_, F’(it). For
F' to have a parabolic fixed point at infinity, we must have a« = 1. Since the
integrand in (9.2)) is positive, F'(z) > 1 for any z € R. O

9.2 Markov Partitions

Let F' be a regular doubly parabolic one component inner function. The set
F~1(00) partitions (R U {oc0}) \ ¥ into countably many intervals {I;};ca with
F(I;) = R. The collection of intervals {I;};ca is finite if and only if F is a
finite Blaschke product. We refer to the collection {I;};ca as the basic Markov
partition for F : RU{oo} — RU {oo}.

Suppose I_ = (—oo,p; ) and Iy = (pf,oo) are the unbounded intervals
in A. As the dynamics of F is repelling from oo in both directions, one can

construct inverse orbits
< p3 <py <Py and pf<p;<p§r<...

We refine the Markov partition A by subdividing Iy and /_ into countably

many intervals:
o o
n=yJs, 1=y,
n=1 n=1

where J¥, n € N, is the segment between pf and pff 1. By construction, F’

n

maps
. ni+1 onto J¥ for any n > 1,
e J;" onto (—o0,p1),
e J; onto (p_1,00),
e each bounded basic interval I; C (py,p;) onto R.

Since oo is a regular doubly parabolic fixed point, diam JF¥ =< 1/y/n and is

located < /n away from the origin.
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For N > 0, define Xy = [prH,pE_H}. Given a bounded subset B of the
real line, we choose N > 1 sufficiently large so that B C Xn. From now on,

we simply write X instead of Xy

9.3 The First Return Map

We define the first return map F: X — X as the first iterate of F' which lands
in X, i.e.
F(z) = FN@ (g),

where N(z) > 1 is the smallest positive integer such that FN@)(z) e X.
(Since every point in R\ X eventually maps to JfE under the dynamics of F',
the first return map is well-defined outside the measure zero set Yo, C X. In
fact, any doubly parabolic Blaschke product is recurrent by [DM91, Theorem
4.2].)

We may view F : X — X as a GDMS with the tiles ch, J;E, e Jﬁ and
Py, pf] by splitting X into intervals that map univalently onto one of the tiles
under . We leave it to the reader to check that the associated incidence
matrix is finitely primitive.

Let £x be the normalized Lebesgue measure on X. As £ is invariant for
F:RU{oc} = RU{oo}, £y is invariant for F': X — X. We now prove two

lemmas which relate the properties of F' and F:

Lemma 9.3. The Lyapunov exponents of F:X>XandF:R =R are

equal:

/1og\F’(x)\cw—/1og\F'(x)\de.
X R

The above lemma follows from a generalization of Kac’s Lemma [URM22al,
Proposition 10.2.5] and the identity log |(F°™)'(z)| = Sy log |F'(z)|.

Lemma 9.4. For anyp > 1, F : X — X s (1, p)-integrable if and only if
F :R — R is (1, p)-integrable:

/ (log |[F'(z)])’dl < 0 = /(log|F’(x)|)pd€ < 0.
X R

Proof. For x € R\ X, we continue to use the notation N(z) for the smallest
positive integer such that F'(z) := FON@)(z) € X
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Since diam J¥ =< n~1/2, the derivative |(F°N®)Y (z)| < n!/? for z € J=,
whence

| (log |(F=Y(@)])"dé(x) < n™*/2 - (1 +logn)”.
Jn Udn

Summing over n = 1,2, ..., we obtain
/ (log [(FON@Y (z))Pde(z) < > n % (14+1logn)? < +o0.
R\X n=1

From the above equation, the (=) implication is immediate since
log |F"(x)| > log |/ (x))|

for every x € R. By the elementary inequality (A + B)P < 2P(AP + BP) and

the invariance of the Lebesgue measure, we get

/ (log | (x)[)Pde < / (log |F'(x)])"de¢ + / (log | (F°N@)Y (z)]) de,
X X

R\X

which proves the (<) implication. O

9.4 Proof of the Orbit Counting Theorem [1.8

In order to apply the abstract symbolic results developed in Part [[I] of this
manuscript to the first return map F: XX , we show that the potential

() == —log|F'(z)|

is robust under the integrability hypothesis

/ (log|F'(2))) Fodt < 0, &> 0. (9.3)
R

In view of Lemma the assumption is equivalent to the potential 1
being (1,1 + ¢)-summable. From formula , it is clear that 1 is negative
as X C R is compact. An argument similar to the one in Section shows
that ¢ is level 1 Lipschitz continuous (and hence level 1 a-Hélder continuous
for any 0 < ao < 1).

Since v is level 1 Hélder continuous and summable, the conformal and

equilibrium measures for 1 are unique by Theorem As /x is a conformal
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measure for ¢ (with eigenvalue 1), my = fx. Since the equilibrium measure
iy is the unique F-invariant measure on X that is absolutely continuous with
respect to my, we also have jy, = £x. In particular, the eigenfunction py, =
pp/my = 1 and the potential ¢ is centered. Summarizing, we have proved

that ¢ is a normal (1,1 + ¢)-summable potential.

D-Genericity. According to [PoUI7, Theorem 9.7], parabolic dynamical
systems are automatically D-generic. For convenience of the reader, we give a
brief sketch of the argument in the present setting: for n > 2, let g, € J;Zl

be the unique periodic point of period n with itinerary
Jry = s J = J = I = I
Inspection shows that the logarithms of the multipliers

Ly =log|(F™") (g5)]
satisfy
Lyy1— Ly, — 0, L, — oo, as n — oo,

so they cannot be contained in a discrete subgroup of R. It remains to notice
that any periodic orbit of F': R — R which passes through X can be viewed
as a periodic orbit of the induced map F: X — X with the same multiplier.

Conclusion. Applying Theorem to the induced map F : X — X and
using Lemmas and we get

T 00 T [ log |[F'(2)|dex — Jglog [F'(2)]de’

for x € X outside a Lebesgue measure zero set of points that do not have
unique codings. Replacing ng (2, T, B) with np.ror(z, T, B), we see
that Theorem holds for a.e. z € X.

Recalling that X = X and taking N — oo shows that Theorem holds
for a.e. x € R. Approximating a general point z € R by a sequence of points x,,
for which the conclusion of Theorem is valid and using Koebe’s Distortion
Theorem as in Section 8.5 shows that Theorem holds for all z € R.
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A Continuity of Transfer Operators

In this appendix, ¢ > 0 will a positive real number and 0 < & < 1. We
show that if ¢ is a normal (1,q + ¢)-summable potential, then the modified
transfer operator s — L, given by defines a Cy . function from Ef to
B(C*(ET)). We will often abbreviate p = ¢+ ¢.

The proof is not difficult but is somewhat tedious because one has to deal
with the C¢ and C® Hélder norms, both of which consist of two pieces (the

L*> norm and the Holder variation).

A.1 Some Properties of the Function z — G(z,s) =

Fix a real number ¢ > 0. Loosely speaking, the following lemma says that for
x € [c,00) and s € C{, the function G(x,s) = xPe™*" behaves similarly to
Go(z,s) =e 5

Lemma A.1. The function G(x,s) = zPe™*" enjoys the following properties

on [¢,0) X a
1. If 1 <01 <09 and 1 < x9 then G(x2,02) S G(x1,01).
2. |Ga(z,8)| S Is] - |Gz, 5)].
3. |Gs(z,8)| Sz |G(z, ).
4o |Gas(z, s) S - s - |G, 5)]
The implicit constants depend on the parameters p > 0 and ¢ > 0.

Corollary A.2. Suppose (x1,51), (z2,s2) € (¢,00) X E

(i) If Tmin = min(x1,x2), then
A, = |G(x2,8) — G(x1,5)| S G(@min, ) * |22 — x1| - |8].
(ii) If omin = min(Re s1, Re s2), then
As = |G(z,s2) — G(z,51)] < G(x,0min) - T - |52 — s1].
(iii) With Zmin and omyin above, we have
Ays = |G(xg,82) — G(x1, 82) — G(x2, 81) + G(21, $1)]

< G(Tmin, Omin) - |T2 — z1| - max(|s1], |s2|) 'min(l, |sa — s1] -max(zl,xg)).
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Proof. (i, ii) By the fundamental theorem of calculus, A, = Uff Gz (z, s)daz}.

By the mean value theorem, there exists z* € [z1, 2] for which
Ap = |Ga(a™, 8) (w2 — 1) < |Ga(a®, )] - |22 — 21],

Part (i) now follows from Properties 1 and 2. The proof of (ii) is similar.

(iii) To prove the estimate with the minimum replaced by 1, we write

Ags = / Q{Ga:(xa s2) — GI(m"ﬂ)} dz.

and proceed as above. On the other hand, the representation
S1 x1
/ / Gys(z, s)dxds
S2 T9

Ags = [Gus(27,87)| - |22 — 21| - |52 = s1],

Axs =

i

tells us that

for some z* € [z1,72] and s* € [s1,s2]. The estimate with the minimum

replaced by |sg — s1| - max(x1,z2) now follows from Properties 1 and 4. O

A.2 Proof of Boundedness

We first show that if ¢ is a normal (1, p)-summable potential on £, then for
any s € C{, the linear operator L, is bounded on C*(EY). For this purpose,

we examine the behaviour of ¢Pe*% on a cylinder [a] C ES:

Lemma A.3. For anyp > 0, s € E and normal (1, p)-summable potential

1, we have

[¥Pe™ o allo < C(s,p, ) -sup [¢Pe|,  a€ E, (A1)
[a]

where C(s,p,v) is a constant which depends only on s,p, .
Proof. The L* norm

[47e™ o afloc = sup|u7e”]
a
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is trivially bounded by the right side of (A.l). To estimate the a-Holder

variation of 1/Pe*¥ o a, we use Corollary |A.2(i):

¥ (aw) — yYPe*? (a7)| < [¥(aw) — ¢(ar)| - |s| - sup [¢Pe*¥].

[a]

Dividing both sides by d(w,7)® and taking the supremum over w, 7 € EY°, we

obtain
va (VP exp(st) 0 a) S ol (¥) - |s| - sup [¥Pe].
Absorbing v&l)(z/)) - |s| into the implicit constant completes the proof. O

Corollary A.4. For anyp > 0 and s € Ff, the operator L, is bounded on
CUEY).

Proof. Suppose g € C*(EY). We may write

Lspg = Z(wpesw oa)-(goa).

ecl
By Lemma [5.1]
1Lsp9lla < 3 [WPe oalla- lglla S llglla- D sup [wPe?,
acE acE [a]
which is finite by Lemma [5.5 0

A.3 Proof of Continuity (Part 1)

We first examine the case when € > 0:

Lemma A.5. If the potential ¥ is (1, ¢ + €) summable with ¢ > 0 and 0 <

e <1, then s — Ly is a Cf,. mapping from CT to B(C(EY)).

Proof. We show that the quotient

€649 — Leqglloms)
s — t]°

(A.2)

is uniformly bounded above over all s # ¢ € a The numerator of 1|

evaluated at a point w € EY is

S (@ 0 a — Ye 0 a) (w) - g(w)

acl

)
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which by Corollary (ii) and the inequality min(1,z) <z, x > 0 is

Sllgllos - Y sup 97| - min(1, |(s — )¢ (aw)])

acE [a]

S lgllse - Y sup [lem™ =] - |(s — t)ib(aw)|*
ackE [a}

S lglloo D sup [T eem™n?| - |s — ¢,
acE [a]

where omin = min(Re s, Ret). In view of Lemma the quotient (A.2)) is

S llglloo - Y sup [97eein¥| < o,
aceE [a]

as desired. O
We now treat the case when € = 0:

Lemma A.6. If the potential ¢ is (1, q) summable for some q > 0, then the
mapping s — Ls 4 is continuous from C{ to B(C(EY)).

Proof. Fix an s € E Evidently, for any ¢ € E,

(Lsqg — Lrg)w) =D (1™ 0a— e 0 a)(w) - g(w)

acE

< 2||glloc - > sup ¢
a€el [a]

is dominated by a convergent series. Since the individual terms tend to 0

uniformly in w as t — s,
(Ls,q9 — Ltq)(w) — 0, uniformly in w € EY, ast — s,

which is the desired continuity statement. ]

A.4 Proof of Continuity (Part 2)

As before, we first examine the case when € > 0:

Lemma A.7. If the potential ¢ is (1, ¢ + €) summable with ¢ > 0 and 0 <

e <1, then s — Ly 4 is a CE . mapping from C{ to B(C*(EY)).

loc
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Proof. Since we have already proved that s — L, is a C}, . mapping from
Cf to B(C(EY)) in Lemma it remains to estimate the a-variation, which

amounts to giving an upper bound for

Y aep(@ies? 0 a — e 0 a)(w) - g(w) — (Y9 0 a — e 0 a)(1) - g(7)|
|s =t - d(w, T)>

)

for a fixed s € (Er Below, we assume |s —t| < 1 so that |s| < |[t|. We split the
numerator of the above expression into two parts A + B, which we estimate
separately.

For the first summand, the estimate is similar to the one in the proof of
Lemma

A< |(@e oa— e o a)(r) - (9(7) — g(w))]

a€F

< lglla - dlw, )™ > | (e 0 a — e o a)(7)]
acl

< lglla - dw, )™ Y [w%e™n | - min(1, |(s — t)¢(a)])
acel

< lglla - dw, 7)™ > sup [plem Y] - |(s = t)p(ar)|®
a€FE [a]

S lglla - dw, 7)™ [s =7 Y sup[gpTHeesmin?],

acE [a]

where as usual, oy, = min(Re s, Ret).
For the other summand, we use Corollary [A.2[(iii):

B <Y (W% oa -yl oa)(w) - g(w) - (W1e 0 a -y 0 a)(r) - g(w)|

aclE

< Nglloe - Y [@7e 0 a— e 0 a)(w) — (¥ 0 a — e 0 a)(7)|

a€eE
< llglloe - D sup [pem 0% - |s] - [h(aw) — w(ar)] - min (1, |s ~ t] - sup ]
acelE [a] [a]
< Is| - llglloo - e, 7) - 0D (@) - |5 = 117+ 3 sup grFeesmint],
acE [a]
as desired. O

We now treat the case when ¢ = 0:
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Lemma A.8. If the potential ¢ is (1, q) summable for some q > 0, then the
mapping s — Ls 4 is continuous from C{ to B(C*(EY)).

Proof. Fix an s € @ Since we have already established that s — L, is
continuous from Ci to B(C(EY)) in Lemma it remains to control the

a-variation. Namely, we need to check that

sup (Ls,q9 — L1,49)(w) — (Lsqg — Lt,49)(T) 0, as @ 5t

WHET d(w’ T)a

We assume that |s —¢| < 1 and write the quotient on left hand side as

e’V o q —Ple o a)(w) — (P2e*¥ o a — Yle¥ o a)(r
Z{(w ¥ )(d()w(;ﬁ ¥ )(7) o)

ack
+ (e o — et o a)(r) W}
As each individual term tends to 0 as t — s and the sum is dominated by the

convergent series
(15l lglloe - v (@) + llglla ) - 3 e,
acl

the entire sum tends to 0 as t — s, uniformly in w # 7 € EY. O
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