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Abstract

We present an elementary framework for counting pre-images in conformal
dynamical systems using Pesin theory and suspension flows. Our approach
requires minimal regularity assumptions on the dynamical system. We give
two applications:

(1) We show that the Orbit Counting Theorem holds up to a Cesaro average
for any non-uniformly hyperbolic rational map, while the full Orbit Counting
Theorem holds for all but a short list of exceptional maps. Additionally, we
use a rigidity result of A. Eremenko and S. van Strien to count pre-images
while accounting for the argument of the derivative.

(2) We show that the Orbit Counting Theorem holds for any infinite-to-one

Adler map acting on the unit circle with finite Lyapunov exponent.

1 Introduction

Loosely speaking, a dynamical system F': X — X is a map which you can iterate.

To state the Orbit Counting Theorem, we make several basic assumptions.

(OC1) The space X C R? carries a probability measure m such that m a.e. F is
differentiable and the derivative DF' € R;- O(d). In other words F' : X — X

is a conformal dynamical system.



(OC2) The measure m is a conformal measure of dimension o > 0. This means
that

7nUWEU)=uLJF%wﬂ”hm

for any set £ C X on which F' is injective. Moreover, countably many
sets on which F' is injective cover X up to measure zero, so that |F'(z)|*
qualifies as the measure-theoretic Jacobian of m.

(OC3) The space X carries an F-invariant ergodic probability measure dy = vy dm

which is equivalent to m, i.e. ;4 and m have the same null sets.

(OC4) Finally, we assume that log |F’(z)| € L'(X, u) and the Lyapunov exponent
X = [ 1og|F(a)ldn > 0.
X

At its simplest, Orbit Counting is concerned with counting pre-images of a point

x € X. Consider the counting function
n(e,T) = #{(n >0, y € X) : F™(y) =z, log|(F) ()| < T}.
We say that the Orbit Counting Theorem holds if for p a.e. x € X,

, V()
a [y log |F'(z)|du’

We say that the Orbit Counting Theorem holds up to a Cesaro average if for p
a.e.r € X,

n(x,T) ~ e as T — o0.

1 [Tz, 9) A (2)
— ———=dS T )
TA s T o[ og[FP@)ldy T T

In addition to the four basic assumptions above which are needed to state the

Orbit Counting Theorem, we impose three further assumptions:

(OC5) The dynamical system F': X — X is non-uniformly hyperbolic with respect

to the measure p. (This assumption will be explained in Section [3)).



(OC6) The Radon-Nikodym derivative v > ¢ > 0 is bounded below by a positive

constant p a.e.

(OCT7) The restricted sum

TP W)™ — max [F'(y)™ > ¢ >0 (1.1)

Flo)—s F(y)=z

is bounded below by a positive constant p a.e. (The assumption is trivially
satisfied if |F’| is bounded above and a.e. point z € X has at least two

pre-images.)

Theorem 1.1. The Orbit Counting Theorem holds up to a Cesaro average under

the assumptions [[OCT)H(OCT)| above.

One ingredient in the proof of the above theorem is the ergodicity of a certain
suspension flow g, : X » — X , (defined in Section [2.2).

Theorem 1.2. Suppose a dynamical system F : X — X satisfies the assumptions
|(OC1)H(OC7)| above. If the suspension flow g; : )?p — )?p is mixing, then the full
Orbit Counting Theorem holds.

According to Theorem [9.1] below, the suspension flow is mixing unless there exists

a measurable function w : X — 0D and a constant a € R\ {0} such that
w(F(x)) = ei1osIF@ly (1), poae xe X. (1.2)

Furthermore, by Lemma , any measurable solution w of is continuous on
the Pesin set Xy, C X. The Pesin set will be defined in Section [I0] but for now, we
note that it is a relatively open subset of X with p(Xj;,) = 1, which could potentially
be all of X.

For most dynamical systems, the functional equation does not have any
non-trivial solutions (i.e. with a # 0), however, ruling out the existence of non-
trivial eigenfunctions for particular dynamical systems is tricky and can only be
done on a case-by-case basis. In this paper, we focus on rational functions acting on

the Riemann sphere and Adler maps acting on the unit circle.
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Remark. The assumptions|(OC6)|and |[(OCT7)|are used to control the number of “bad”
repeated pre-images of x € X. Without these assumptions, the arguments in this
paper still yield the lower bounds in Theorems and

1.1 Application to rational functions

Let F' be a rational map of degree d > 2 acting on its Julia set J = J(F'). While
the above list of assumptions looks long, only assumptions [(OC1)H(OC4)| need to

be checked since the remaining assumptions are either true for all rational maps or
follow from these: see Theorem [Z.6l

By the work of J. Rivera-Letelier and F. Przytycki [PROT7], the above assump-
tions are satisfied for Topological Collet-Eckmann (TCE) rational maps, with o =
H.dim J(F). For another class of rational maps satisfying the above hypotheses, we
refer the reader to the work of J. Graczyk and S. Smirnov, see [GS09, Theorem 4].

Theorem 1.3. The Orbit Counting Theorem holds for any rational map satisfying

the assumptions ((OCL)H(OCT)| above with a small number exceptions. The excep-

tional rational maps are the ones conjugate to:
o 2 for some d > 2,
o T, where Ty is the Chebyshev polynomial of degree d > 2,
e Lattes maps.

Motivated by the work of H. Oh and D. Winter [OW17], we examine the following
counting function: for a point x € J(F') and an arc I C JD, we define n(z,T,I) as

e ()
#0200 e gD o) = s ol Fy il <1 T e 1)

We say that the Orbit Counting Theorem with rotation holds if for any arc I C 9D,

] ar ()
T, 1)~ —-¢e° T .
n(x, T, 1) or € Oéfj og |[F/(2)]d’ as T — o0



Theorem 1.4. The Orbit Counting Theorem with rotation holds for any rational

map satisfying the conditions [(OCL)H(OCT)|, albeit with a larger list of exceptions:

this time, we also need to exclude rational maps whose Julia sets are contained in a

circle or a line.

The proof follows the same general strategy as that of Theorem the new
ingredient is a deep rigidity result of A. Eremenko and S. van Strien [EvS11]. The
proofs of Theorems [I.3] and [I.4] will be presented in Sections [15] and [16] respectively.

1.2 Applications to one-dimensional dynamics

A self-map F of the unit circle is an Adler map if it is C? outside a closed subset X of

Lebesgue measure zero (called the singular set) and satisfies the following conditions:

© = sup |F'(z)| > 1, limsup |F'(z)| = oo, (1.3)
z€oD\X z—X
F//
M = sup EaCol) < o0. (1.4)

zeon\s | F'(x)?

In Section we show the following theorem:

Theorem 1.5. Let F' be an Adler map acting on the unit circle. If

/ log | F'|dm < oo, (1.5)
oD

then the Orbit Counting Theorem holds up to a Cesaro average. If F' is infinite-to-
one, then the full Orbit Counting Theorem holds.

An alternative approach to orbit counting via thermodynamic formalism and
Tauberian theory was pioneered by S. P. Lalley [Lal89] and further developed in
[PoU17, TU23|]. While this approach has its own advantages, it requires a slightly

stronger integrability assumption than necessary:

1
/ (log |F'|)*dm < oo, for some £ > 0.
0
By contrast, the technique in this paper gives the optimal result.
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1.3 Notes and references

The general strategy was first utilized in the work [[U24] in the context of inner
functions with derivative in the Nevanlinna class. The case of inner functions is
in some ways easier, but in some ways harder than what is presented here: One
thing that makes inner functions simpler is that they are expanding on the unit
circle. One thing that makes inner functions more complicated is that in general,
the geodesic flow on a Riemann surface lamination associated to an inner function
cannot be represented as a suspension flow over the solenoid. Thus, while the present
work bears some similarities to [[TU24], the two works are somewhat orthogonal with
different sets of challenges.

The work of Oh and Winter [OW17] discusses the Orbit Counting Theorem with
rotation for hyperbolic rational maps. Although they work with a rather special class
of well-behaved rational maps, they provide an O(el®==)7) error estimate by employ-
ing intricate machinery due to Dolgopyat [Dol98]. This approach relies on the fact
that the dynamical zeta function admits a meromorphic extension to a slightly larger
half-plane {s € C : Res > a—¢}. Somewhat remarkably, Z. Li and J. Rivera-Letelier
[LR25] extended the Oh-Winter result to TCE rational maps, which could be less
well-behaved. We note that for general conformal dynamical systems, the meromor-
phic extension requires some extra regularity hypotheses, e.g. for Adler maps, one
would ask that [, |F'[Pdm < oo for some p > 0.

In an important work, M. Lyubich and Y. Minsky [LM97|] associated natural
affine and hyperbolic laminations, Apr and Hp/ F , to a rational map F' : C — C
of degree d > 2. In [GlulOal, [GIulOb], A. Glutsyuk showed that if I is a convex
co-compact rational map (that is, critically non-recurrent with no parabolic points),
then every horosphere is dense in Hp/ F', from which he deduced the unique ergodicity
of the horospherical flow. An important tool in these works is a rigidity result from
[KLO5, Theorem 3.54] which says that Ap is Euclidean if and only if F' is one of
the exceptional rational maps from Theorem [1.3] While our paper shares some
similarities with Glutsyuk’s work, since we are interested in mixing rather than
unique ergodicity (which is a rather stringent property), we are able to consider all

rational maps, not just convex co-compact ones.



In a classical argument due to E. Hopf, one shows the mixing of the geodesic
flow on the unit tangent bundle of a compact hyperbolic surface by first proving
the ergodicity of the horocyclic flow. Although horospheres appear implicitly in
Section [9] we do not use the horospherical flow — instead, we rely on an argument of
M. Babillot [Bab02] to directly prove the mixing of the geodesic or suspension flow.

The arguments in this paper show that in the setting of Theorem , the n(z,T)
repeated pre-images of x € X with log|(F°")'(y)| < T equidistribute with respect
to the conformal measure m. More precisely, for any measurable set B C X with
m(0B) = 0, the number of repeated pre-images y € B with log|(F°") (y)] < T

satisfies

n(z,B,T) ~ m(B) -e*T . T lo;i?’(xﬂdu’ as T — oo. (1.6)

A similar equidistribution statement holds in the setting of Theorem [I.4]

One can compare this with a celebrated result of M. Lyubich [Lyu83] which says
that given any rational map F' : C — C of degree d > 2, for all but two points
T e @, as n — oo, the d" pre-images of x of order n equidistribute with respect to

the measure of maximal entropy of F'.
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Part 1

Non-Uniform Hyperbolicity

In Part [ of the manuscript, we discuss conformal dynamical systems F : X — X
equipped with an ergodic measure p such that 0 < [ log |F'(x )]d,u < o0.

In Section |2 I we define the suspension flow ¢, : X — Xp, which will play a
central role in this work. In Section [3] we review McMullen’s theory of almost-

invariant functions, which will be used in Part to deduce the Orbit Counting
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Theorem from the mixing of the geodesic flow. In Section [ we define the concept
of linear distortion dr(z,r) near a point z € X and scale r > 0. In Section [f we
define non-uniformly hyperbolic dynamical systems and explore some of their basic
properties. Finally, in Section @ we define measurable atlases on X and X »» Which

cover these spaces up to sets of measure zero.

2 Natural extensions and suspensions
In this section, we define the suspension flow on the natural extension and show that

the volume of X ,» is equal to the Lyapunov exponent.

2.1 Natural extensions

Let F': X — X be a dynamical system and p be an invariant measure supported on
X. The natural extension of (X, F, u) is a triple ()?, ]3, i), where:

1. The space X consists of all backward orbits
e > X9 PR T_1 —F Xg
under the dynamics of F.

2. The map F:X—>X applies F' to each coordinate:
(@-n) = (F(2-0)).

3. The measure ji is the unique F-invariant measure which projects to p on each

coordinate.

Remark. While backward orbits are naturally indexed by the non-positive integers,
we will occasionally view them as bi-infinite sequences indexed by all of Z. The
difference is not essential since for n > 0, x,, = F°"(x¢) is uniquely determined by

Zo.



Given a set A C X, we write A C X for the set of inverse orbits x = (x_pn)
with 2o € A. From the definition of the natural extension measure, it is clear that
A(A) = ulA).

It is well known that if p is ergodic with respect to F': X — X, then the natural

extension measure i is ergodic with respect to F:X—X.

2.2 The suspension flow

We now define the suspension flow g, : X o — X » with respect to the roof function
p(x) = log |F"(xo)|.

1. The suspension space )?p is formed by taking the quotient of X x R, with
respect to the equivalence relation (x,t) ~ F(x,t) = (F(x), |F'(zo)|t).

2. The suspension or geodesic flow g : )A(p — )A(p is given by (x,t) — (ﬁ(x), e’ ).

3. The product measure i X (dt/t) on X x R, descends to a g,-invariant measure

[i, on the suspension space.

It is not difficult to see that if i1 is ergodic for F: X — X, then L, is ergodic
with respect to the suspension flow g, : X o — X o

We write F(x,t) = (F(x),|F'(z)|t) for the action on X x R, induced by F', and
F(x,t) = (F(x),|F'(zo)|t) for the action on X x R, induced by F. For a point

(x,71) € X x R, it is convenient to write
o = |(F°") (z0)] T, n € Z,
so that r, 1 = |F'(z,)| . We will sometimes identify (x, ) with (x,r) = (25, 70 )nez-

Lemma 2.1. If the Lyapunov exponent x(p) = [y log|F'(z)|du(x) > 0 as in|[(OC4)

then i,(X,) = x()-

Proof. To prove the lemma, we describe a fundamental domain E for the action of
Fon X x R, and compute its area. Here, by a fundamental domain, we mean a set
EcC X x R, such that almost every orbit in X x R, is equivalent to a unique point
in E.



Let A C X x Ry be the set of points (z,¢) in X x (0, 1] whose image under Fis
contained in X X (1,00) and B C X x R, be the set of points (z,?) in X x (1,00)
whose image is contained in X x (0, 1]. In other words, A is the set of points which
leave X x (0,1] while B is the set of points which enter X x (0, 1].

The saturated sets E, BCX x R, have areas

(7 x (dt/1))(A) = /X log* |F'(z)|dyu(x),
(7 x (dt]1)(B) = /X log™ | /()| du(x).

By the ergodic theorem, for almost every bi-infinite orbit (x,t) = (z,,t,)nez in
X xR,, we have t_,, — 0 and t, — 0o as n — oo. As a result, under forward
iteration by a , almost every orbit passes through A, while almost every point in B

lands in A in a finite number of steps. We can therefore decompose

B:D&uM
=1

where B; C B is the subset of points whose minimal iterate that lies in A is F° and

N has measure zero. From the above remarks, it follows that
E=A\| |F(B))
i=1
is a fundamental domain for the action of F on X x R, with
(1 x (dt/t))(E) = (ux (dt/t))(A) — (n x (dt/t))(B)

- /X log | F*(x)|ds ().

The proof is complete. O

3 Almost-invariant functions

Following [McMO8, TU24], we say that a function A(x,t) : X x R, — R is weakly
almost-invariant if for 1 x (dt/t) a.e. (x,t) € X x R, the limit

h(x,1) = lim bz, [(F") ()7 ) (3.1)
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exists. The limit /l;(x, t) can be viewed as a function defined almost everywhere on

the suspension space X o- We refer to the function /fz(x, t) as the natural extension of
h(z,t).

Theorem 3.1. Suppose h : X x Ry — R is a bounded weakly almost-invariant

function. Then for p almost every x € X, we have

e 1 ~
lim—/ h(z,e Hdt = / h(x,t)dji,.
T T J, ( ) [y log |F'(x)ldp Jx, (1),

Proof. By the ergodic theorem applied to the flow ¢g_; : )/(\'p — )/(\'p, for 1 x (dt/t)

a.e. (x,1) € )?p, we have

RPN 1 ~
lim—/ h(x,re ")dt = / h(x,t)d,.
T=oo T J, ( ) [y log |[F'(x)|dp <, (. t)dfi,

As the set of pairs (x,7) € X , for which the above equation holds is invariant under

the suspension flow, we might as well assume that » = 1. To complete the proof of

the theorem, we need to show that for 7i a.c. inverse orbit x = (z_,)%%, € X, we

have
b L [ hoe it = 1m & [ e i (3.2)
B, Pleoe” = Jim s [ R e -
To that end, we check that
. I —t N —t
lim sup — |h(xo,e™") — h(x,e™")|dt = 0. (3.3)
T—o00 0

Given an € > 0 and a p > 0, we define A(e, p) C )A(p as the set of pairs (x,r) €
)?p = (X x R,)/~ for which

\h(2n,70) — h(x,7)| < €, for all n € Z with r, < p.

In other words, we look at the points of X », for which the value of h is determined
within e by the part of the orbit that lies in X x (0, p].

By the definition of a weakly almost invariant function, for any fixed ¢ > 0,
lip(Ae, p)?) = 0, as p—0.
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We may therefore choose p = p(e) so that 1i,(A(e, p)°) < e.
By the ergodic theorem, a generic backward trajectory {(x,re™*) : ¢ > 0} spends
little time in A(e, p)©, i.e.

1 [T €
lim — coe(x,re D) dt < ,
560 T /0 Xagep) (X re ™) [ og [F'(x)]dp

and as before, we may assume that » = 1. Consequently,

2e ||| oo
Jx log | F" () dp’

which can be made arbitrarily small by requesting that € > 0 is small. This concludes

the proof of (3.3)) and hence of (3.2)). ]

Theorem 3.2. Suppose h : X x Ry — R is a bounded weakly almost-invariant

17 ~
lim sup T/ |h(zg,e7") — h(x,e H)|dt < e+
0

T—o0

function. If the suspension flow g; on )/(\'p is mixing, then for any window size 6 > 0,

1 T+ . 1 R
lim —/ / h(z,e™")dudt = / h(x,t)dji,. 3.4
T=oo 0 [ < ( ) [ log | F'(z)|dp <, (. 1)z, (3-4)

More generally, for any ¢ € L>®(X, u),

T+§
T % i /X Bz, et b(x) dp dt fxlfgﬁgzjg" m /X pﬁ<x, Odi,  (3.5)
Proof. Consider the set X5 = X x [e~%,1]. As usual, we write Xs for the collection
of inverse orbits (x,t) € X x R, with (x¢,t) € X;s. Pushing forward the measure
X (dt/t)];(& of mass 0 under the natural projection map X x R, — )?p, we get a
measure M (x,t)j1, on X,, where the integer-valued density function M (x,t) records
the number of backward orbits in each equivalence class contained in )A((;. By the

mixing of the suspension flow, as T" — o0,

o~

~ 1) ~
(- Oe ) = o /X hix, 1),

or

1 T+(5A . 1 R
- h(x,e™") dudt — / h(x,t) dji,.
s e Telog | F (@) J5, "0 1) e
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Using the sets A(e, p) C X , as in the previous proof, one can show that

T+5 _ T+6
/A/ h(x,e”") dﬁdt—// h(zo,e” ") dudt| =0,
xJr xJr

from which (3.4) follows. The argument for (3.5) is similar, except that we use the
pushforward of the measure ¢(xo) - 1 % (dt/t)| 3, - O

I 1
Tl—r>r<>lo )

We define the hyperbolic metric on X x R, by

dxxr, ((2,11), (Y, 12)) == dulity, |z — y| + it2),

where dy denotes the hyperbolic distance in the upper half-plane H. In particular,

dxxr, ((x.t1), (x,t2)) = log |t2/t].

Under a mild continuity hypothesis on h, averaging over windows becomes unneces-

sary:

Corollary 3.3. Suppose h : X x R, — R is a bounded weakly almost-invariant
function that is uniformly continuous in the hyperbolic metric of X x Ry in the t

variable. If the suspension flow g; on )?p s mixing, then

1 ~
lim [ h(z,e Ddp = / h(x,t)dji,.
Tooo [y ( ) [ log | F'(x)|dp z, (. t)di,

More generally, for any ¢ € L*°(X, u),

. T o f ¢($)dl~b = —~
Th_r)rgo Xh(:c,e Yo(z)dp = lec))(g]F’(x)\du /)?p h(x,t)dfi,.

4 Linear distortion

For simplicity of exposition, we work with holomorphic mappings on the complex
plane, but the arguments are applicable in R for any d > 1.

Let 2 C C be a domain in the plane and F' : 2 — C be a (possibly discontinuous)
map. In this section, we describe one possible way of quantifying how far away F

is from a linear map in a ball B(x,r) C 2. We equip the punctured plane C\ {0}
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with the conformal metric |dz|/|z| and denote the associated distance function by
de\foy (2, w). If F is holomorphic on B(x,r) and F” does not vanish on B(z,r), then

we define the linear distortion of F near x at scale r as
dp(x,r) = min(l/lO, diame\ oy { F'(z) : 2 € B(x,r)}).

Otherwise, we simply set dp(z,7) := 1/10. For 0 < ¢ < 1/10, we say that F' is
e-linear on B(z,r) if dp(x,r) < e. The constant 1/10 has been chosen so that if F is
e-linear on B(x,r) then F is injective on B(z, 7). The following lemma summarizes

the basic properties of linear distortion:

Lemma 4.1. Linear distortion satisfies the following properties:
(i) Op(z,7) = 0 if and only if F is linear on B(z,r).
(i) If B(y,s) C B(x,r) then 0p(y,s) < dp(x,r).

(iii) If F' is conformal at x, then ép(z,7) — 0 as r — 0.

(iv) The image of a ball B(x,r) is close to a ball centered at F(x):

B(F(z),(1—=0(e))|F'(z)|r) € F(B(z,r)) C B(F(z),e*|F'(z)|r).

Lemma 4.2. Suppose F, Fs, ..., F, is a sequence of maps. For a point x = xy € C

and real number r = rq > 0, we have

OFnoF, roor (T,7) < Y 6p, (x5, 2r)), (4.1)
j=1
where xj1 = Fj1(z;) and rjq = |Fj,(z;)|r; for j =0,1,...,n— 1.

The motivation behind the definition of r; is that if F' were a linear map at each

step, then F' would map B(x;,7;) to B(zj41,7j41)-

Lemma 4.3. For any complex numbers z;,w; € C\ {0}, j =1,2,...,n, we have
d(c\{o} (ZlZQ e Zp,WWo v . wn) S Z d(c\{()} (Zj, U}j). (42)
j=1
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Proof. 1t suffices to consider the case when n = 2, as the general case follows from

induction. First note that dc\ (o} is homogenous in the sense that if @ € C\ {0}, then

dC\{O}(aZa aw) = dC\{o}(Z, w).

Using the above fact together with the triangle inequality, we get

deqoy (2122, wiwz) < deygoy (2122, w122) + dey oy (w22, wiws)

= doy (o} (21, w1) + dejoy (22, wa),
as desired. O

Proof of Lemma[{.4 1If the right hand side of exceeds 1/10, then the inequality
is trivial. Otherwise, by Lemma[4.1|(iv), under iteration, the image of the ball B(x, )
is contained inside the balls B(z;,2r;), 7 =1,2,...,n. From here, follows from
Lemma [4.3] ]

5 Background on Pesin theory

In this section, we give a gentle introduction to Pesin theory for conformal dynamical
systems. As a byproduct of our discussion, we give a new (and perhaps simpler) proof
of a result of Ledrappier [Led84, Lemma 4(i)], see also [PrUl0, Theorem 10.2.3],
which says that if F' is a rational map of degree d > 2 and p is an invariant measure
supported on J(F') with positive Lyapunov exponent, then (F,J(F),u) is non-
uniformly hyperbolic.

5.1 Hyberbolic dynamical systems

Let X C C be a compact set in the complex plane and F' : X — X be a conformal
dynamical system. We say that the dynamics of F'is asymptotically linear (or AL)

along an inverse orbit x = (x_,)2, if the following three conditions are satisfied:

1. There exists an r(x) > 0 such that for every n > 0, F°" has an inverse branch

defined on B(zg,r) which takes x¢ to z_,.
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2. The diameters of F~"(B(xo,r)) shrink to 0 as n — oo.

3. The sequence of normalized maps

F7(z)—a_,
(F=m)' (o)

converges in C'(B(xg, 7)) to some function F_>°. Here, the affine maps Ly _,(2)

FX,—TL(Z) = Lx’_n (@] F_n —

Ay _nz + Bx _, are chosen so that
Fe n(zo) =0 and  (Fx_n)'(z0) = 1.
We write F° for the inverse of Fi/*.

We say that a conformal dynamical system F : X — X is hyperbolic if the
dynamics is AL along every inverse orbit x € X and the radius r(x) can be chosen
to be independent of x.

One can similarly define AL inverse branches on sets other than balls. We de-
fine U AL C U as the union of the inverse branches on which backward iteration is
asymptotically linear.

We say that backward iteration along an inverse orbit x is e-linear on U if for every
n > 1, the inverse iterate F~" : U — F~"(U) is e-linear. From the C' convergence
of the normalized maps, it follows that if backward iteration is asymptotically linear
on U, then for any 0 < ¢ < 1/10, there exists an ny = ng(e) > 0 so that backward
iteration is e-linear starting from F~"0(U). Naturally, we define [/]\s—linear cU AL as

the union of the inverse branches on which backward iteration is e-linear.

5.2 Non-uniform hyperbolicity

In this paper, we work with a broader class of non-uniformly hyperbolic dynamical
systems. Below, we assume that the dynamical system F' : X — X satisfies the

following basic assumptions:
P1. F possesses an ergodic probability measure pu.

P2. F is differentiable p almost everywhere.
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P3. The Lyapunov exponent
0< / log |F'(z)|du < oc.
b's

We say that that a conformal dynamical system F' : X — X is non-uniformly
hyperbolic if backward iteration is AL for i almost every inverse orbit x € X (this
time, the radius r(x) > 0 can vary with x).

The following theorem says that a dynamical system is non-uniformly hyperbolic

if the total amount of linear distortion at small scales is finite:

Theorem 5.1. Suppose that (F, X, p) is a dynamical system which satisfies the as-
sumptions P1-P3 above. If

1
A:// (5F(x,7’)d'udr<oo,
xJo r

then (F, X, u) is non-uniformly hyperbolic.

5.3 Maximal and cumulative distortion

Suppose x = (x_,)%, is a backward orbit. We define the mazimal linear distortion

of F' along x at scale r > 0 by
g%o(x, r) = max dp-n(z0,7),

provided that for each n > 1, there exists a branch of F~" on B(xq,r) which takes
xo to x_,. If this condition fails for some n > 1, then we assign g}?(x, ) the default

value of 1/10. We also consider the cumulative linear distortion of F' given by
Beler) =3 e 2r), 1= [F )|
n=1

It follows directly from the definitions that g}’ﬁ (x,7) < 5p (x,7).

Lemma 5.2. Let 0 < & < 1/10. If dp(x,7) < £, then for any n > 0, F~" admits an

e-linear inverse branch on B(xq,r) which takes x¢ to x_,.
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Corollary 5.3. ]ng(X7 r) < 00, then for any e > 0 and n > ny(e) sufficiently large,

F' admits e-linear inverse branches on B(x_,,r_,) along x.

Proof of Theorem[5.1. By the ergodic theorem and the positivity of the Lyapunov

exponent, for 17 almost every inverse orbit x € X ,
(£7") (o) — 0,
so that i x (dr/r) almost every backward orbit of the map
F:(x,r) = (F(z), [F'(2)lr)

eventually lies inside X x (0, 1]. In other words, X x (0, 1] is a backwards absorbing

set. Since

Es\l (X7 I‘) = Z X{rn<1} - 6F(xn7 rn)

n=-—oo
measures the cumulative distortion along the part of a bi-infinite orbit (x,r) =

(T, 7). contained in X x (0, 1],

1
A :// 5e(er) P [ 5 (x,r)df,
X JO

T X,

Consequently, if A < oo, then for a.e. (x,r) € X p, the cumulative linear distortion

over the part of (x,r) contained in X x (0, 1] is finite. The theorem now follows from

Corollary [5.3 O

5.4 Behaviour of inverse branches

For an inverse branch x € X and 0 < e < 1/10, we define r-(x) as the supremum
over radii r € [0,00) for which backward iteration along x is e-linear on B(xzo,r).
Similarly, we define rp,(x) as the supremum over radii r € [0, co) for which backward
iteration along x is asymptotically linear on B(xg,r).

From the definitions, it is immediate that r.(x) < ro(x) < rap(x) for any 0 <
¢/ < e < 1/10. Furthermore, the existence of the rescaling limit implies that if
raL(x) > 0 then r.(x) > 0 for all 0 < ¢ < 1/10.
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Ezample. Let X be the standard middle third Cantor set in [0, 1]. The mapping

3z, if0<x<1/3

F(x) =
3v -2, if2/3<z<1.

defines a hyperbolic dynamical system on X. For every inverse orbit x € X , we have
re(x) = ranL(x) = oo for all 0 < ¢ < 1/10.
Loosely speaking, the following lemma says that under backward iteration, pre-

images of balls become progressively deeper embedded in the region of e-linearity:

Lemma 5.4. For Ji-a.e. x € X, every 0 < & < 1/10 and every 0 < r < rap(x),
diam F~"(B(zo, 7))
re(F~"(x))

Proof. For brevity, we write

— 0, as n — oo. (5.1)

~

rep = |(F") (z_,)['r and R, :=r.(F"(x)).

Since backward iteration along x is asymptotically linear on B(z,r), we have

1 T_n

000 = TamF (B = ¢

for some C(x) > 0, and hence (5.1)) is equivalent to proving r_,,/R_, — 0 as n — 0.
By the ergodic theorem, for 1 a.e. x € X, we have

: 1 on\/
lim —log [(F™")(zn)| = x(n) > 0,

n—oo N,

and therefore, r_,, — 0 as n — oo. Choose ¢ > 0 sufficiently small so that the
set £ ={y € X : r-(y) > c} has positive i measure. By the Poincaré recurrence
theorem, for 11 a.e. x € X, there exists a sequence of integers n; — oo such that
Fmi (x) € E. Since R_,,, > ¢, along this subsequence, we have r_, ,/R_,, — 0.

To extend this to all n, note that the e-linearity together with the maximality of
the radius 7. : X — [0, 00] implies

R_m
R_, > el | ()| n>m > 0.
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Since r_p, = r_p [F°""™(z_,)|~}, we have

L 7o < Iom >m >0

— - , n>m>0.

C R, R,

As the ratio r_,,/R_,, — 0 along the subsequence m = n;, the above inequality

forces r_,/R_, — 0 as n — 00, as desired. O

(e 9]

Corollary 5.5. For [i a.e. inverse orbit x = (x_,)>2, and all t > 0, the maximal

linear distortion

~

o (ﬁ_"(x), [(F™) (z_p)| 7 t) — 0, as mn — oo.

5.5 Example: Gauss map

We first consider a one-dimensional example. By identifying the endpoints, we can
think of the interval [0,1] as a circle. We write {x} = = — |z| for the fractional
part of 2. The Gauss map F : (0,1] — (0,1] is given by  — {1/x}. The Lebesgue

measure m = dz is a conformal measure of dimension 1, while

1 dz
~log2 1+2

1

is an ergodic absolutely continuous probability measure. In this example, the Radon-
Nikodym derivative v = du/dm is bounded both above and below.

We may express (0, 1) as a union of countably many intervals I,, = [1/(n+1),1/n),
with n = 1,2,..., each of which get mapped bijectively onto [0,1). It is not difficult
to see that

Op(r,1) S 9
r/Lal, T < [
As the length |I,,| of I, is comparable to 1/n?, we have A < |I,,|log ﬁ < 00, and so
the Gauss map is non-uniformly hyperbolic by Theorem [5.1]

Remark. Since the Gauss map satisfies the Adler condition, it is in fact uniformly
hyperbolic by Corollary [17.2]
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5.6 Example: Rational maps

Let F : C — C be a rational map and p be an invariant measure supported on the

Julia set of F' whose Lyapunov exponent is finite and positive:
0< / log |F'(z)|dp < oo.
J(F)

For a point x € J(F), let Inj(z) denote the radius of the largest ball centered at x
on which F is injective. (If z is a critical point of F', we set Inj(x) to 0.) By Koebe’s
distortion theorem,

1, r > Inj(z),

op(x,r) <
o r/Inj(z), r < Inj(z),

which leads to the estimate

1
A§1+/ log™ —— du(z). 5.2
o ) (52)
Let d(z, CV) be the Euclidean distance from x to the set of the critical values of

F. With help of Koebe’s distortion theorem, it is not difficult to see that
d(F(x),CV)

< Injz.
|F" ()|

Consequently,
1
A < 1+/ logt ———— du(z). (5.3)
J(

According to [PrUl0, Lemma 10.2.2], for any critical value v, the function z —
log |z — v| € LY(p). As rational maps have finitely many critical values, the integral
in (5.3) is finite.
Remark. (i) A priori, for i a.e. x, the rescaling limit F2° is defined only on a small
neighbourhood of the origin. When F' is a rational map, Lemma ensures that
F2° extends to a meromorphic function defined on the whole complex plane.

(i) The estimates and continue to hold for entire functions, provided
one replaces critical values with singular values. However, since an entire function

may have infinitely many singular values, A could be infinite. For applications, see
[Jov24].
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6 A measurable atlas

By a measurable atlas, we mean a collection of measurable sets that cover a measure
space up to a set of measure zero. Below, we describe convenient collections of AL
charts for ()? , 1) and ()A( s lp), which we will use throughout this paper.

Suppose F is differentiable along the forward orbit of  and |(F°")(x)| — oo as
n — oco. (By and the ergodic theorem, we are excluding a set of points of

measure zero.) We write
O=0:= B(xﬂ])ﬂX C X

and
O=0::= (Blx,n)NX)x(e™,t) C X xR;.

Due to the above restriction on the point x € X, when the scale 0 < n < no(z) is
sufficiently small,
FrO)ynd =10, for any n > 0, (6.1)

and consequently, the sets {F~"(0) : n > 0} are disjoint.

Let y be a repeated pre-image of x, i.e. a point in X such that F°"(y) = x for
some n > 0. We write O, for the connected component of F~"(()) which contains y
and O, for the connected component of F~"(0J) which contains (y, |(F°")'(y)|~'). We
say that y is “e-linear at scale n” or “good” if for any 0 < k < n, the branch of F"=*
which takes 2 — F°("%)y defines an e-linear homeomorphism from O, to O Fo(n—k)y-
We denote the union of the boxes U, associated to good repeated pre-images of x
by 0., € X x R.

Similarly, we say that a backward orbit x = (z_,,)%, with 2y = z is “c-linear at
scale n” or “good” if for any n > 0, =" defines an e-linear homeomorphism from
Oy 10 Oz_,,. We define Ox C X as the set of inverse orbits z = (z-n)p2, with
2. € O, and Uy C X x R, as the set of inverse orbits (z,t) with (z_,,t_,) €
O, ,. Finally, we define 6 C 6 and ﬁsn C O as unions of Ox and Oy over
all good inverse orbits that start in (. Under the assumptlon . the natural
pIOJeCtIOIl from X x R, to X is injective on EIE 1, 5o that D e 1s naturally a subset

of Xp.
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To summarize, for any fixed ¢ > 0, the sets {61;],77]]_} cover X up to /i measure
zero, while the sets {E’xj,tj,nj} satisfying 1) cover X , up to ji, measure zero.

6.1 Abundance of good pre-images

We now show that for a non-uniformly hyperbolic dynamical system, when the scale

1 > 0 is small, most pre-images are good:

Lemma 6.1. For any p a.e. x € X and every 0 < e < 1/10,

fi 2 Ozn) _ 1, (6.2)
=0 1i(O)

where () = B(z,n) N X and 687,7 C X is the union of all e-linear inverse branches
defined on ().

We say that © € X is a Pesin point if (6.2)) holds for every ¢ > 0. The above

lemma asserts that p a.e. x € X is a Pesin point.

Proof. Fix an ¢ > 0. For r > 0, we define G, C X as the set of inverse orbits
Yy = (y_n)ioy € X for which inverse iteration is e-linear on B (yo, 7). It is clear
from the definitions that the sets G, are increasing as r — 0. By non-uniform
hyperbolicity, the union (J,., G, has full 1z measure.

Let v, = (m)«i|g, be the pushforward of fi|g, under the projection to the zeroth
coordinate. As r — 07, the measures v, increase to (7).t = . Equivalently, for u
a.e. x € X, the Radon-Nikodym derivatives (dv, /du)(x) increase to 1.

By the Lebesgue differentiation theorem, for p a.e. x € X and every 6 > 0, there

exists an r = r(z,d) > 0 such that

lim ICANS) li w(Q) _ dn (x) > 1—0. (6.3)

0 w(O) e w(O) | dp

Observe that if 0 < n < r/2 and y is an inverse orbit with yo € (O for which inverse

iteration under F' is e-linear on B(yy,r) along y, then y € 65777. Therefore,

jim AOea) 5 13, BEG0O) 5

()= (e)

The lemma follows since 9, > 0 were arbitrary. [
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Part 11

Dobbs-Ledrappier systems

In Part [[I] of the manuscript, we assume that F : X — X is a conformal dy-

namical system satisfying the assumptions [(OC1)H(OC5)l For brevity, we refer to

such dynamical systems as Dobbs-Ledrappier systems in honour of N. Dobbs and
F. Ledrappier, who established many of their basic properties.

In Section [7], we establish a relation between the conformal measure m and the
invariant measure u. In Section [§] we use this relation to prove the absolute continu-
ity of the horizontal holonomy. Our proof differs from Ledrappier’s in that it relies
on the measurable atlas from Section [0, rather than on measure-theoretic entropy.

This absolute continuity plays a key role in the following two results:

e In Section @ we show that the suspension flow on X , 1s mixing if and only if
the functional equation (|1.2)) has no non-trivial solutions.

e In Section we show that any solution of the functional equation (1.2)) is

continuous on the Pesin set.

7 A relation between m and p

Lemma 7.1. Let F be a conformal dynamical system satisfying the assumptions
(OC1)H(OCSH). Then, for any measurable set E C X, we have

—_

u(B) = lim LS m(F3(8). 7.1

Proof. Let v be a subsequential weak limit of the measures

By construction, v is an F-invariant probability measure. To prove the lemma, it
suffices to show that v is absolutely continuous with respect to m, the equality v =

then follows from the ergodicity of .
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For any € > 0, we can partition X as
X=UulU,U---UUgq)) U X, (7.2)

where ﬁ((/}k,e_hnear) > (1—e)u(Us), k=1,2,...,K(e), and u(X.) < e. Any measur-
able set £ C X can then be decomposed as

E=(EyUE,U---UFEge)UE, (7.3)

where Ej, := ENUy and E. = ENX_. For each j > 0, we split the pre-image F~/(F)
into good and bad parts:

K(e)

good U good Fk;]d<E) ( )\ good( )

where F gojo 4(Ey) is the union of the pre-images of Ej, which are e-linear on Uj,. We

form the measure .
1 —

Vn,good (E) = n Z (Fgoi)d(E))
§=0

From the conformality of m and the uniform bound on the distortion, it follows that
any subsequential weak limit vgo0q4 Of the measures v, go0q is absolutely continuous
with respect to m.

Meanwhile, the bad pre-images F, % (FE), j = 1,2,..., have small 1 measure (at
most 2¢). Since the measures p and m are equivalent by , the bad pre-images
Fb_;d(E) also have small m measure. In other words, for any n > 0, one can select
e > 0 sufficiently small so that (v —vg0q)(X) < 7. It follows that v itself is absolutely
continuous with respect to m, completing the proof. ]

Lemma 7.2. Let F' be a conformal dynamical system satisfying the assumptions
[((OCT1)H(OC5) For any measurable set B C ()., we have

o~ B
A(BNO.,) =lim =% > m(B), (7.4)
J=0 B;CcF~3(B)
e-linear

where the sum is over inverse iterates of F which are e-linear on (), for at least j

steps.
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Proof. Fix k > 1. Since omitting finitely many terms does not affect the Cesaro

average, we have

s 3 m<Bj>=J:f£onZ 2, B

J=0 B,cr-i(B J=k B;CF~I(B)
e- hnear e-linear

We say that an inverse orbit x (starting at xy = x) is k-good if the branch of F~J
which takes z to z_; is well-defined and e-linear on O, for 7 = 1,2,...,k. One

can similarly define k-good repeated pre-images of x. As the sets 6k_g00d decrease

o~

to O., as k — oo,

—

ﬁ(é N Oe,n) = khjgo ﬁ(é N 6k—good)'

By formula ([7.1)),
. 1 n—1
A(BNOkgood) = D pl(B) = lim =% = > m(F UN(By),
B,CF~%(B) Jj=k B,CF~k(B)
e-linear e-linear

where as before, dropping the initial £ terms does not affect the Cesaro average. For

j >k, we have

> o mFEINBY)) - Y m(B)) = m(Bradgw);

By,CF~*(B) B;CF~J(B)
e-linear e-linear

where Bpaqgjx) C F ~J(B) consists of pre-images of order j that are e-linear for the
first k£ steps but fail to stay e-linear through the j-th iterate.

Inspection shows that z1(Bpaa(jk)) — 0 as k — oo, uniformly in j > k. Since m
is equivalent to p, the same holds for m(Byaq(jk)). The lemma follows after taking

k — oo. [
By the conformality of the measure m and e-linearity, we have:

Corollary 7.3. For any measurable set B C (),

' ﬁ(@e,n) :




More generally, for a repeated pre-image y of x with F°Nv(y) = x, we have

m(B) =~
e )

where Oy en C O,y consists of inverse branches which “follow” the pre-images

A(BNOyye) =

from x toy for the first N, steps.

7.1 Lower bounds on the Radon-Nikodym derivative

Lemma 7.4. Fiz the threshold of distortion 0 < ¢ < 1/10. Under the assumptions
[((OC1)H(OC5)|, the Radon-Nikodym derivative v > c¢(U) > 0 is bounded below on any
open set U C X such that ,u(U8 linear) > 0.

Proof. Since p(U) = ﬁ([/j) > ﬁ(ﬁg_hnear), the open set U has positive p measure.

Consequently, U also has positive m measure. For a measurable set B C U, let

H’good(B) - ﬂ(B N Ua—linear - nlggo n Z Z m(Bj)a
J=0 B;CF=i(
e- llnear
where the inner sum is over the sets of the form B; = F~7/(B) N U;, where U; is an
e-linear repeated pre-image of U of order j. By e-linearity and the fact that m is a
conformal measure of dimension «, we have

Mgood(B) > c. m(B) —ae

Igood (U) m(U)’
From ([7.1)), it follows that

W(B) 2 thooa(B) = c- L2t )

m(U)
Since B C U was an arbitrary measurable set, the Radon-Nikodym derivative
Ngood(U)
> . 2800d\ "/
is bounded below on U. O
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Corollary 7.5. Let F' : X — X be a conformal dynamical system satisfying the
assumptions [(OC1L)H(OCH)|. Suppose further that:

(1) F: X — X is eventually onto in the sense that for any relatively open set
U C X, there is an n > 0 so that F°"(U) = X.

(2) Almost every point of x has at least two pre-images and the derivative |F'| < M

1s bounded above m a.e. on X.

Then F : X — X also satisfies [(OC6)| and [(OCT)|.

Proof. Since follows immediately from assumption (2), the substantive con-
tent of the theorem lies in verifying [(OC6). As m is a conformal measure and p is

an invariant measure, for a point z € X, we have

V@)= D AWIEY I = D A IFE W)
For(y)=x Fon(y)=x
yelU

Assumption (1) ensures that the sum on the right is non-empty. In view of assump-
tion (2), if v is bounded below on a relatively open subset U C X, then it is also
bounded below on all of X. ]

As a consequence, we recover one aspect of [Dobl12, Theorem 8§]:

Theorem 7.6. Let F' be a rational map satisfying the conditions |(OC1)H(OC4).
Then F also satisfies|(OCH)H(OCT),.

Proof. In Section [5.6] we saw that |[(OC5)|holds for any rational map F' and invariant
probability measure p supported on the Julia set of F' with a positive Lyapunov

exponent. Since the derivative of a rational map is bounded above and rational

maps are eventually onto, Corollary [7.5| gives and |(OCT7)| O

8 Absolute continuity of the holonomy

lean0<€<1/10 FoerXandn>OIetO Oz = B(x,n) N X. The

product chart QE n= Qx em C X carries two natural foliations:
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e In the horizontal foliation, the leaves are images of e-good inverse branches z

defined on O
L, :={z(a'): 2" € O}.

e In the wertical foliation, the leaves consist of inverse orbits which start at a
given point:
T(2') :={x € 66’,7 Lz =a'}, ' e.
The notation emphasizes that the vertical leaves are transverse to the horizontal

ones.

Every point in 65777 lies at the intersection of a unique horizontal and a unique

vertical leaf.

8.1 Conditional measures

Suppose y is an (g,n)-good repeated pre-image of z, with F°"(y) = x. The con-
struction below depends on n as well as y, but for simplicity, we omit n from the
notation. Let O, ,., C O,., be the set of good inverse orbits which follow the

inverse branch from x to y for the first n steps. Since

py = (mo)lils, <t

we can write
dpy(2') = 7,0 (2")dp ('), 7 €O,

For each ' € (),, we define a conditional measure 7,» on the vertical fiber T(z") N

—

Osem bY -
Ty (T(x') N Ox,y,s,r]) = Tp ().

From the construction, it follows that for any measurable set £ C 6:575,777

A(E) = / 7 (T(&) A E) du(e').

x

The above identity is clear for product sets BN 611731,8777 with B € (), measurable.

By standard measure-theoretic arguments, it then extends to all measurable subsets

of Ox,s,r]‘
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We may regard 7,» as a probability measure on T(z’) by patching the above
definition over a countable collection of charts {me} that cover X up to a set of

it measure zero. Then, for any measurable set £ C X, we have

fi(E) = / 7o (T(2') N E) du(2)). (8.1)
b's
We now consider the weighted conditional measures

YVor = (2" )dTp.

From (8.1) and the definition of v as the Radon-Nikodym derivative du/dm, it is

immediate that
A(E) = /X o (T(2') N B)dm(a), (3.2)

for any measurable set £ C X. As T, is a probability measure, the measure 7, has

mass
Y2 (T(2')) = y(a").
Suppose y is a repeated pre-image of x, with F°"(y) = x, as before. As the
identity determines p a.e. conditional measure 7,, uniquely,

Yol @y = [(F) (W)~ (F) sy,

where T'(2’,1/) is the set of inverse orbits x” with z{, = z and 2’ ,, = y. In particular,

Yo (T(2',4)) = v (y)(F") ()],

which is in agreement with the formula y(2') = 35— Y(Y)[(F") (y)[ 7

8.2 The vertical projection and horizontal holonomy

The projection map

70 (Ocps fllg. ) = (O, mlo)s ' = ai,

is non-singular in the sense that the pre-image of a measure zero set is a measure

zero set. Indeed, by the definition of the natural extension measure, fi(A) = p(A)

for any measurable set A C (), so if A has measure zero, then so does A
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Lemma 8.1. If up to a correction on a set of ;i measure zero, a function ¢(x') is
constant on the leaves of the vertical foliation, then for p a.e. ©’' € (), ¢ is constant
Ty a.e. on the leaf T(2').

We now turn to examining the horizontal holonomy in X:

Lemma 8.2. Let F': X — X be a conformal dynamical system satisfying the as-
sumptions [(OC1)H(OC5)| Fiz a product chart O, C X. For pu a.e. pair of points
', 2" € O, the horizontal holonomy map

Hy o : T(@)N O,y = T(@") N O, 2(2) — (2,

is absolutely continuous. Moreover, the measures (Hy 4 )«Ty and T, are comparable,

with comparability constants depending on x’ and z”.

Proof. Let y be a good pre-image of z. By the Lebesgue differentiation theorem, we
have

. BB )N Opyen) p . (B, r) N Opyen)
= , Toy(2") = lim ,
r—0 w(B(z', 7)) =0 pw(B(x", 7))

)

o (BT
"5 m(B(, 1))

"

v(z")

Consequently, by Corollary [7.3]

T:v,y(x,) — hm ﬁ(é(xlﬂ T) M Qm,y,e,n) (§<I”7 T) N 635,3/,6,7]) _ Tx,y<x”)
W) e m(B@,r) M m(Br) (@)

=)

It remains to note that since the measures m and p are equivalent by [(OC3)| the
Radon-Nikodym derivative 7 is non-zero p a.e. [

Corollary 8.3. If up to a correction on a set of i measure zero, a function ¢(x') is
constant on the leaves of the horizontal foliation, then for 7, a.e. good inverse orbit

X, ¢ is constant y a.e. on the leaf Ly passing through x.
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8.3 The case of X x R,

We now describe analogous results for the larger space X x R, . This time, a chart

—

Oey xRy C X x R, carries stable and unstable foliations:

e The leaves of the stable foliation are homeomorphic copies of ():

Loy ={(z(2), t- |(F,=)(@)]) : 2’ € O},
where F_*°(z2') is the rescaling limit of the inverse iterates of F' along x = z(z).
(Rescaling limits were defined in Section [5.1])
e The unstable leaves are

U2, t) = {(x',t) : 2y =2'}, e, t>0.

In Section 9.3 we will give a dynamical interpretation of these foliations. When

we equip 65777 x R, with the measure mﬁg . the projection

XR+’
To: Qe xRy = O, (x',t) — xp,
is non-singular.

Lemma 8.4. If up to a correction on a set of i X (ds/s) measure zero, a function
(X', t) is constant on the leaves of the unstable foliation, then for u a.e. ' € O and

Lebesque a.e. t > 0, ¢ is constant 1, a.e. on the leaf U(z',t).
The transversals to the stable foliation are
T(z') x Ry, e Q.

From the absolute continuity of the horizontal holonomy map on X , it is easy to see
that:

Lemma 8.5. The stable holonomy map

o~ o~

Hix’,t’),(x“,t”) : (T(‘r/) X R+> n Oa,n — (T(LU//) X R+) n Oa,na
which takes
(2(2), " - [(Fe®) (2)]) = (z(2"),t" - [(F>) (2")])

s absolutely continuous.
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Corollary 8.6. If up to a correction on a set of it X (ds/s) measure zero, a function
d(x/,t) is constant on the leaves of the stable foliation, then for T, a.e. good inverse

orbit x and Lebesque a.e. t > 0, ¢ is constant p a.e. on the leaf Ly, passing through
(x,1).

9 When is the suspension flow mixing?

In this section, we show the following theorem:

Theorem 9.1. Let (X, F, i) be a conformal dynamical system satisfying the assump-
tions |(OCl)H(OC5)l. The associated suspension flow g; : )A(p — )A(p is mixing if and
only if there does not exist a measurable function w : X — 0D and a real number

a € R\ {0} such that

w(F(x)) = ei1osIF@ly (1), woae xeX. (9.1)

9.1 If a solution exists, then the flow is not mixing

Lemma 9.2. If the functional equation has a non-trivial solution, then the

suspension flow g : X, — X, is not mizing.

Proof. Since argw(x) is defined modulo 27, the quantity (1/a)argw(z) is well-

defined modulo 27 /a. By the functional equation for w, the set
A={(zt) € X xRy : (1/a)argw(z) —logt € [0,7/a] mod 27/a}

is invariant under F': X x R, — X x R,. By construction of A, for any measurable
set £ C X, the function

Ig(T) = / xal(z, e_T)d,u, T € R,
E

is periodic with period 27 /a.
Assume for the sake of contradiction that the flow g, is mixing. Then, by Theorem
3.2 with h = x4 and ¢ = xg, for any § > 0, the limit

1 T+6
Jim /T /E Y@, e T)dp 9.2)
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exists. As § > 0 is arbitrary, this implies that Ig(7) is constant in 7". Since E was
arbitrary, for u a.e. x € X, the integrand y4(z, e~T) must be independent of T'. This
is impossible since the function T — ya(z,e™7T) alternates between 0 and 1, taking

each value for exactly half of the period. ]

9.2 Hyperbolic metric on the suspension

Let
XpaL = {xe X : TAL(F\_j(X)) > 0 for some j > 0}.

be the set of inverse orbits along which the dynamics is eventually asymptotically
linear. By non-uniform hyperbolicity, Xpar, C X is an F-invariant subset of full m
measure. Likewise,

)?EALXRJFC)A(XRJr

is a full u x (dt/t) measure subset of X x R,, invariant under both F and g,.
In Section [3| we defined a hyperbolic metric on X x R by

dxxr, ((z,t1), (y,12)) == du(ity, |z — y| + it2),

where dy is the hyperbolic metric on the upper half-plane. We now define a hyper-

bolic metric on )A(EAL x Ry by

ne’l

1
iy (%.5), (3. 4)) := min( 5., inf D, ). (9.3)
where
Dy = dxur, (Tny $n), (Uns tn)) + 5+ o + 03 (F(X), 50) + 05 (F(3), 1)

To explain this definition, we consider what it means for the distance between two
bi-infinite orbits (x,8) = (zn, sn)oe_ o and (y,t) = (yn, )22 ., to be small. The
quantity D, is relevant if the two orbits separate at index n, i.e. if (x,, s,) and (y,, t,)
are close to each other, but (z;, s;) and (y;,t;) are far apart for j < n. What matters
is not the index of separation n itself, but rather the height of separation s, + t,.
Furthermore, we ask that after the orbits separate, the subsequent dynamics is close

to linear.
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We take a moment to verify that (9.3) satisfies the triangle inequality

duyp((%,8), (2,1)) < duyp ((x,8), (y, 1)) + duyp (¥, 1), (2, 1)),

so that dpy, indeed defines a metric on )A(EAL x R,. If either dhyp((x, s), (y,t)) or
duyp ((y,1), (z,1)) is equal to 1/10, then the inequality is trivial. Therefore, we may
assume that both distances are strictly less than 1/10. Suppose

duyp ((x,8), (y,8)) = DY, duyp((y, %), (2,7)) = DY,

and without loss of generality, n < m. By the definitions of the hyperbolic metric

on X x R, and linear distortion, we have

dx sy (Tn, 80)s Wnsta)) < dxxie (@ms Sm)s Yo tn)) + 05 (F(y), ta),

so that DX < DX¥ 4 D¥* and the triangle inequality for dyy, follows.

Similarly, we define a hyperbolic metric on the full measure subset )?p, lin =
)?EAL X R+/N of )?p by

duyp ((x,8), (v, 1)) := min(li, inf Dm7n>, (9.4)

m,ne’

where

Do = dxxiy (T Sm)y Unstn)) + S+t + 05 (F(), 8) + 02 (F(y), )

Here, we have the added complication of aligning the orbits (x,s) and (y, t) as closely

as possible, hence the need for taking the infimum over all pairs m,n € Z.

9.3 Stable and unstable foliations

We say that =,y € )A(p,hn lie on the same stable leaf if dyyp(gsz, gsy) — 0 as s — 400
and on the same unstable leaf if dyy,(gsz, gsy) — 0 as s — —o0.

A function ¢ € L2(X »» 1) is We-invariant if after modification on a measure zero
set, it is constant along the stable leaves and W*-invariant if it is constant along the

unstable leaves. To prove Theorem we employ a lemma due to M. Babillot
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[Bab02, Lemma 1] in the form given by [Cou06l Theorem 3.3]: if every {W* W"}-
invariant function ¢ € LQ()? p, 1) is constant, then the flow g, is mixing.

Let U be a bounded open set which intersects X with ﬁ(ﬁ ar) > 0 and zg, yo are
two points in X NU. For an AL inverse branch z defined on U, we write x = z(zg),
y = z(yo) and Ax(yo) = [(F°°)'(y0)|- By construction, the function yo — Ax(yo) is

continuous on X NU and is normalized so that Ay(xg) = 1.

Lemma 9.3 (Using the forward geodesic flow). Suppose ¢ € LQ()A(p,ﬁp) is a W2-
invariant function. After redefining ¢ on a set of i, measure zero, one can arrange
that

w(X, t) = w(y7 AX(Z/O)t)? t>0, (95)
for all asymptotically linear inverse branches z defined on U.
Proof. To check that (x,t) and (y, Ax(yo)t) are forward-asymptotic under the geodesic
flow, i.e. limy o dhyp((x, e’t), (y, Ax(yg)est)) = 0, we estimate the quantity D_,, _,
where n = n(s) > 0 is a large.

By the “shrinking of the diameters” property of AL inverse branches, for a fixed
s > 0, the height

[(F) ()|t + 1) (y—n)| ™" Ax(yo)e™t — 0,

as n — oco. By Corollary after excluding a measure zero set of inverse branches
z, for a fixed s > 0, we have

A 0 (F7™(x), |(F™) (x_,,)| "te’t) — 0,
3% (F=™(y), [(F™ (y—n)| ' Ax(yo)e’t) — 0,

as n — oo. By the definition of the mapping Ax(:) and asymptotic linearity, the
hyperbolic distance

s (2 [F™) (@) e), (g [(F) (220)] ~ Al)e’t))

s

is comparable to e™®, where the comparability constant may depend on z,t, xq and

Yo, but not on s > 0. [
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Lemma 9.4 (Using the backward geodesic flow). Suppose ¥ € LQ()A(,), I,) is a W*-
invariant function. After redefining ¢ on a set of i, measure zero, one can arrange

that
(x,1) = ¢(20,7) (9.6)

only depends on the 0-th coordinate of x.

Proof. By non-uniform hyperbolicity, for i a.e. inverse orbit x € X , the maximal
linear distortion g%o(x, r) — 0 as r — 0. We denote by & C X the complementary
set of measure zero.

Let U be an open set which intersects X with 7i(Uxr) > 0. Suppose z(-) =
(z2on())g, Z2'(1) = (22,,(+))5, are two AL inverse branches defined on U and x =
z(xg), X' = 7'(xg) are two inverse orbits that start at the same point zy € X NU.

Then, (x,t) and (x',t) belong to the same unstable leaf, provided that
Doo((x,e7°t), (x/,e7%t)) = 2e "t + 02 (x, e7°) 4 0 (X, e 1)

tends to zero as s — oo. It follows that outside &, the function ¢ depends only on
the 0-th coordinate. [

9.4 If the flow is not mixing, a solution exists

Lemma says that if the functional equation (9.1) has a solution, then the flow
G - X — X is not mixing. To complete the proof of Theorem (9.1} it remains to
show the converse, namely: if the flow is not mixing, then the functional equation
has a solution w : X — 0D.

Proof of Theorem[9.1]. If the suspension flow is not mixing, then by Babillot’s lemma,
there exists a non-constant {W#* W"}-invariant function ¢ € LZ()? oo 1) We fix a
measure zero representative of 1 : X » — Rand lift it to a function defined on X x R,.
We say that A > 0 is a period of ¢ on the fiber {x} x R, if

Y(x, At) = (%, 1), for a.e. t > 0. (9.7)

We write Per(x) C R, for the set of periods of ¢ on {x} x R,. We say that A > 0
is an essential period of v if 1} holds for i a.e. inverse orbit x € X , that is, if
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Giog ¢ = 1. We denote the essential periods of ¢ by Per(y). Since s — gs1 is a
continuous Lz()? 0 1,)-valued function, Per(t) forms a closed multiplicative subgroup
of R,. Note that Per(x) depends on the chosen representative of ¢, whereas Per(1))
does not.

One issue that complicates matters is that although 1 can be modified on a
measure zero set so that it satisfies or , it is not clear whether one can
choose a single modification for which both and hold simultaneously.
Furthermore, a modification which achieves or may break the F-invariance
of ¥. In what follows, we will use the unmodified Flinvariant function .

~

Suppose U is an open set with (U jinear) > 0. We say that an inverse orbit

~

X = (2-2)%0 € U(Ustinear) is vertically generic if
W(x,t) = (x,t), for 14 ae. X' € T(0) N Ueiinear and a.e. ¢ > 0.
Similarly, we say that x = z(z) € ﬁs_lincar is horizontally generic if

W(z(xg),t) = U(z(yo), Ax(yo)t), for pa.e. yo € U and a.e. t > 0.

Observe that if z(z() and z(z{) are horizontally generic then

U(z(x0), 1) = ¥(2(y0), Ax(yo)t) = 1(2(x0), Ax(yo) Ay (20)t) = ¥ (z(xp), Ax(p)t).

We say that x is generic if it is both horizontally and vertically generic. By
Lemmas and , [La.e X€E ﬁe_hnear is generic. We denote by G the set of generic
inverse orbits in (Afe-hnear-

We let G be the set of points xy € X N U such that 7,, a.e. inverse orbit x €
T (z9) N [Z-hnear is generic. Evidently, G is a full ;1 measure subset of X N U.

-~

Step 1. Suppose U is an open set such that ji(Ujinear) > 0. We make the following

simple observations:
1. Since ¢ : X x Ry — R is F-invariant, Per(x) = Per(F(x)).

2. With help of the forward geodesic flow (9.5)), it follows that for i a.e. e-linear

inverse branch z defined on U,

Per(z(z)) = Per(z(y)), for pae x,y e XNU.
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3. Meanwhile, the backward geodesic flow tells us that for p a.e. x € U, we
have Per(x) = Per(x’) outside a set of 7, measure zero.

~

Observations 2 and 3 say that Per(x) is the same for i a.e. x € [(U.jinear). By

Observation 1 and ergodicity, Per(x) is the same for 7 a.e. x € X.

Step 2. In this step, we show that 1) has a non-trivial essential period. Let
X = (x_p)2, € [/J\E_hnear. By the F-invariance of (IR X x R, — R and |} it

n=0

follows that if x, F~"(x) € G (so in particular, zo,z_, € X NU) then
Ax(x_n)|(F") (x_,)| € Per(x). (9.8)

By the Poincaré recurrence theorem, for i a.e. x € ﬁe_hnear, there is an increasing
sequence of integers n; — oo such that Fmi (x) lands in ﬁg_linear. As one of the
requirements in the definition of an AL or an e-linear inverse branch, the derivative
|(F°™) (z_)| = 00 as m — oo. Since ! < Ay(z_,) < €', the period constructed
in is non-trivial when n; is large.

Step 3. Since 1) is not constant, the set of essential periods of 1 is a proper
subgroup of R,. In the last step, we saw that Per(y)) # {0}. Hence, the set
of essential periods is {\" : n € Z} for some A > 1. We choose a > 0 so that
A =exp(27/a).

To construct a solution of the functional equation (9.1)), we fix a point o € G C
X NU. We first define w on G by

w(yO) — eiGIOgAx(yO)7 for any x = Z(I‘O) & g such that Yy = Z(yo) S g

and then use the functional equation to extend w to | J,, F'™"(G) C X. By ergodic-
ity, the inverse images cover a set of full y measure. Equation guarantees that
w is well-defined. n

9.5 Non-alignment implies mixing

Suppose z and z’ are two asymptotically linear inverse branches defined on an open
set U which intersects X.
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e We say that z and z' are aligned on X N U if the derivates of the associated

rescaling limits agree outside a set of measure zero:

(F2)(y) = (F™)(y), pae zyecXNU,

x/
where x = z(x) and x' = 7z/(z) are inverse orbits starting at x.

e More generally, we say that z and 2z’ are absolute-value aligned if the weaker
condition [(F ) (y)| = [(F.*°)(y)| holds for 1 a.e. z,y € X NU.

e Finally, for a given constant A > 1, we say that z and 2z’ are absolute-value

aligned modulo X if

~

—0oQY\/
’(z(m)(y) GAZ:{AnnEZ}7 uaex,yGXﬂU

Remark. (i) If X is a perfect topological space and the measure p gives positive mass
to every open set which intersects X, then alignment almost everywhere implies
alignment at all points:

(F-)(y) = (F.™°) (y), for all z,y € X NU.

X

Indeed, under these assumptions on X and u, a continuous function is determined
by its values on a full measure subset.
(i) Suppose €* < A. Then, any two e-linear inverse branches z,z’ that are

absolute-value aligned modulo A are necessarily absolute-value aligned.

By Step 3 of the proof of Theorem [9.1], we have:

Theorem 9.5. If the suspension flow g; : )?p — )?p 18 not maxing, then there exists a
constant X > 1 such that for every open set U intersecting X, almost every pair (with
respect to i) of asymptotically linear inverse branches defined on U are absolute-value
aligned on X N'U modulo .
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10 Continuity of solutions on the Pesin set

We define the Pesin set Xy, C X as the union of relatively open subsets X NU C X
for which ﬁ(ﬁ aL) > 0. From Section IEL we know that these cover X up to a set of
measure 0, so that pu(Xy,) = u(X) = 1.

Having established the absolute continuity of the holonomy map in Section [§] we
can follow an argument due to A. Zdunik [Zdu90, Lemma 2], see also [FU00, Lemma
3], to show:

Lemma 10.1. Let F' be a conformal dynamical system satisfying the assumptions
[((OC1)H(OC5)|. After redefining on a set of u measure zero, any solution w : X — 0D
of the functional equation 15 continuous on the Pesin set.

Proof. By Lusin’s theorem, there exists a compact set G C X with u(G) > 1/2 such
that w|¢ is continuous (and hence, uniformly continuous).
Let O = O, C X be a chart such that (O.,) > 0. By Birkhoft’s ergodic

theorem, there exists a subset W C 657,7 of full iz measure such that for any inverse

5,77)

orbit w € W, the proportion of time spent in G satisfies:
) 0<j<n—1l:w_;eqG
lim #{0<j < J } _

n—00 n

w(@) > 1/2. (10.1)

—~

Since (W) = 1i(Oy.,,), for pp a.e. y € O, we have

7,(WNT)) = 7,(O.,, N T(y)).

By the absolute continuity of the horizontal holonomy map, for p a.e. pair y,y" € O,
there exists an e-linear inverse branch z = (z_,(+))52, defined on () such that the
inverse orbits y = z(y) and y’ = z(y’) belong to W.

By , for the inverse orbits y,y’ € W constructed above, there exists a
sequence n; — oo such that y_nj,y’_nj € G. In view of the uniform continuity of
w|g, along this subsequence,

w(y—nj)
w(f—nj)
By the functional equation , for any n > 0, we have

|(F°")’(y—n)|>
[(F) ()l )

— 1.

wy) _wly=—n)
W)~ oy p( o

41



Taking the limit along the above subsequence, we get

W) _ i 1oe JEx ) W)
o) p( log |<F,:°°>'<y'>|>’

where x = z(x) and F_ > is the rescaling limit normalized at z € ().

From the above equation, it follows that after redefining on a set of p measure
zero, w is continuous on (). Since such relatively open charts cover the Pesin set, w

is continuous on the Pesin set. O]

Part 111
Orbit Counting

In Part [[T]] of the manuscript, we deduce Orbit Counting results from the ergodicity
and mixing of the suspension flow g, : X=X,

In Section we establish an a priori estimate for the number of pre-images
of a point x € X. The estimate is accurate up to a multiplicative constant when
compared with the exact count given by the Orbit Counting Theorem. To prove
this estimate, we assume and in addition to the Dobbs-Ledrappier
hypotheses |(OC1)H(OC5H)l This estimate will be used to control the number of bad

pre-images of x which fail to be e-linear in a small neighbourhood (), of x.

In Section we use the ergodicity of the suspension flow (which always holds)
to prove the Orbit Counting Theorem up to a Cesaro average, while in Section
we use the mixing of the suspension flow to prove the full Orbit Counting Theorem.
To count the number of good pre-images of x, we design an weakly almost-invariant
function supported on the pre-images of [J, and apply either Theorem [3.1]or Theorem
depending on the setting.

11 A rough estimate

In this section, we give a rough upper bound for the number of repeated pre-images

of a point z € X:
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Lemma 11.1. Under the assumptions and |(OCT)|, there exists a constant
C >0 so that

n(z,T) < Ce*Try(x),
for any point © € X with v(x) < oo and T > 0.

Proof. For the convenience of exposition, we assume that x is not a periodic point,
so that the repeated pre-images of x form a tree, which we call 7 (z).

For a vertex y € .7 (x), we write N, for the iterate of F' which takes y to x, so that
FoNu(y) = . Fix a T > 0. We say that a vertex y is heavy if |(F°™v)'(y)| < €T and
light otherwise. Our goal is to show that the number of heavy vertices is bounded
by Ce*Try(z).

Let 7 (x,T) C Z(z) be the minimal subtree which contains the root = and the

heavy vertices. We classify vertices y € & (x,T) as leaves, ordinary vertices or joints:
e y € 0T (x,T) is a leaf if it has no heavy descendants.
e y is an ordinary vertex if it has exactly one child with heavy descendants.
e y is a joint if it has at least two children with heavy descendants.

It is well known (and not difficult to see) that the Radon-Nikodym derivative

of invariant and conformal measures satisfies the transfer identity
V)= D IF(2)] (). (11.1)
F(z)=y

In terms of the function I'(y) := |(F°™) (y)|=*v(y), the above identity takes the
form

T(y) = T(2). (11.2)
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so that the number of heavy leaves is at most e*T~y(x)/c, where ¢ is the constant
from . Inspection shows that the number of joints is bounded above by the
number of heavy leaves minus 1, and so is also < e*T(z)/c.

It remains to estimate the number of ordinary heavy vertices. Let y be an ordinary
heavy vertex and z be the (unique) child of y which has a heavy descendent. The
equation

D(y) = T(:) + [(FY ) 32 1P )| (w)

F(w)=y
w#z

implies that I'(y) > T'(z) + Ke T, where K = cc’ > 0 is the product of the constants
from the assumptions |(OC6)[and [(OC7). An induction argument shows that v(z) =

['(z) is at least Ke™°T times the number of heavy ordinary vertices. Consequently,
the number of heavy ordinary vertices is bounded above by e®T~(x)/K. Putting the

above estimates together proves the lemma. ]

12 Orbit Counting up to a Cesaro average

In this section, we show Theorem [I.1| which says that if a dynamical system F :
X — X satisfies the hypotheses |(OC1)H(OCT)|from the introduction, then the Orbit

Counting Theorem holds up to a Cesaro average. The idea is to count the good and

bad pre-images separately. Given 0 < e < 1/10, 7> 0 and z € X,

Ne)good (T, T) = #{(n >0,y € X) : F"(y) =z, |(F")(y)| <", (g,m)-good}

counts repeated pre-images of = that are e-linear at scale 7. Naturally, we set
Nen)bad (T, T) = n(x,T) — Ney)-good(z,T). The proof of Theorem splits into

two lemmas:

Lemma 12.1. Fix the threshold of distortion 0 < e < 1/10. For p a.e. x € X, when
the scale 0 < n < no(x,e) is sufficiently small,

l/T n(e,ﬂ)-g00d<x7s) dS ~. Py(x) . eoch
o e & T Tog [P/l

T

for all T > 0 sufficiently large.
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The notation “A ~. B” indicates that there exists a constant C' > 0 such that
(1-Ce)A < B < (1+Ce)A.

Lemma 12.2. Fiz the threshold of distortion 0 < ¢ < 1/10. For p a.e. x € X and
0 > 0, when the scale 0 < n < no(z,e,0) is sufficiently small,

Nembad (T, T) < 0 y(z)e”, T 0,

12.1 Some assumptions on r € X

Since we only want to prove the Orbit Counting Theorem for p a.e. z € X, we may

make the following assumptions on z:

A. By and the ergodic theorem, the derivative

(F°™)(z) — oo, as n — 0o. (12.1)

B. By Lebesgue’s differentiation theorem,

. w(O)

lim —=% = . 12.2

ey~ 1@ (12.2)
C. By Lemma [6.1] x is a Pesin point:

lim ’U(L“?) =1.

=0 1(O)

12.2 Asymptotic counting of good pre-images

We define h : X x Ry — R to be 1 on the e-linear repeated pre-images of [J under
the dynamics of F' : X x R, — X x R, and 0 otherwise. From the definition, it
is clear that h(z,t) is a bounded weakly almost-invariant function supported on the
set ﬁam. We denote its natural extension to X », described in , by ﬁ(x, t). Since
we have chosen 7 > 0 sufficiently small so that holds, we have

| i), =70

Xp
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Lemma 12.3. Fiz the threshold of distortion 0 < e < 1/10. For p a.e. x € X, when
0 <n<nolx,e,0) is sufficiently small, the modified counting function

(e n)-good (T, T') := Z [(F") (y)|

n>0, F°"(y)=z, (¢,n)-good
log |(F°™) (y)|<T

satisfies
M(em)-good (T, T') N 7(z)
T © [y log | F"(x)|dp’
for any T > 0 sufficiently large.

Proof. Step 1. Using ergodicity. By Theorem for p a.e. x € X, we have

17 i(O..,)
—/ h(z,e™")dt — M(OEW/) 7 , as T — oo.
T Jo Jx log |[F'(x)|dp

As the measures p and m are equivalent, the above identity also holds for m a.e. x €

X. Integrating with respect to m (and using the bounded convergence theorem), we
get

"7
Bdtd En T . 12.3
// (x,e” m—>leog|F/ i as T — oo (12.3)

Step 2. Left hand side of (12.5 (-) From the definition of e-linearity and the
description of the function h, it is clear that the left hand side of ((12.3)) is bounded

below by .

n>0, F°" (y)=w, (¢,n)-good
log |(F°™) (y )|<T e—n

and bounded above by

Ui
n>0, F°"(y)=z, (¢,n)-good
log [(F°") ()| <T+-+n

Since m is a conformal measure of dimension «, we have

e |EF) W) m(Oa) < m(Oy) < e - [(F) ()™ - m(Ox)-
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As a result,

ey ﬁ(g,n)-good(l'y T—¢e— 77) < LHS < ot ﬁ(gm)_good(I', T + e+ 77)

T N nm<Om> - T ’

for any T' > Ty(x,€,n) sufficiently large.

Step 3. Right hand side of . In view of the assumptions B and C on the
point x € X, by asking n > 0 to be sufficiently small,

RHS  p(O0n)/m(Qw)  AOucy)

can be made as close as we want to

v(x)
[y log [F'(z)|dp

Comparing the expressions in Steps 2 and 3 completes the proof. ]

Proof of Lemma [12.1 By the previous lemma,

1 T N (e,n)-good (.T, S) 1 g —as
- /O s A= > /1 e™*%dS

n>0, Fom (y)=z, (¢,1)-good ¥ 108 |(F°") (¥)]
log |(F°™)' (y)|<T

1 ony
=— Z (e~ los (P W)l _ g=aT)

n207 Fon(y):a:’ (Evn)_gOOd
log |(F°") (y)|<T

==X IEY I ),

n>0, F°"(y)=z, (¢,n)-good
log [(F°™)" (y)|<T

_ (z)
a [y log |F'(x)]|dp

where in the third step we used the a priori estimate (Lemma [11.1)) to estimate the

number of terms. O]

+o(1),
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12.3 Estimating the number of bad pre-images

As in Section we denote the set of repeated pre-images of « by .7 (x). Naturally,
we denote the subset of repeated pre-images of x which are e-linear at scale n by
T n(x). Equivalently,

Ta(@) =T @)\ || T,
yEmax-bad(z)
where the union is over the maximal bad repeated pre-images (we say that y is a

maximal bad pre-image of x if y is a bad pre-image but F(y) is a good pre-image).

Lemma 12.4. Fiz the threshold of distortion 0 < ¢ < 1/10. For p a.e. x € X and
0 >0, we can choose n =n(x,0) > 0 sufficiently small so that the ratio

F(Z’) - ’Y(l’) yEmax-bad(z)

Proof. As in the proof of Lemma for n > 0, we denote by G, the set of inverse
orbits y = (y_n)2%, € X for which inverse iteration is e-linear on B(yo, 7).
Recall from Section that T(x) C X denotes the transversal of inverse orbits

X = (2_,)22, that start at gy = z, and if y is a repeated pre-image of z, then

r
Zy@max—bad(a:) (y) 1 Z fy(y)](FONy)/(y)ra < 0. (12.4)

T(z,y) C T(z) is the set of inverse orbits that start at « and pass through y. By
(8.2), for any n > 0, we have

i(G,) = /X Y (') N G, )dm (),
while
1= u(X) = (%) = /X () )dm ()

Since fi(G,) — 1 as n — 0" by non-uniform hyperbolicity, it follows that

w(T)NG)
w(T@)

or equivalently,
Zy/emax-bad(x’) F(y/) _ er’(T(x/) \ gﬂ)
I(x') Yo (T(2"))
as desired. O

~ 0,
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Proof of Lemma[12.3 By Lemmas and [12.4] we have

n(z—:,n)—bad(w? T) = Z n(ya T — log |(F0Ny)/(y>‘)

yEmax-bad(z)

<C Z 7<y)€oc(T—log [(FoNy) (y)))

yEmax-bad(x)

=Ce” > AWIENY ()
yEmax-bad(z)

< C6 - vy(x)e T,

as desired. 0

13 Mixing implies Orbit Counting
In this section, we show Theorem [[.2] For z € X and 0 < T} < Ty, we write
B, T Ty) = #{(n 2 0,y € X) : F(y) =2, Ty < log|(F)(y)] < T},

To prove the Orbit Counting Theorem, it is enough to show that for a fixed window
size0<d<1land pae xeX,

n(z, T, T + ) ~s T log’ﬁf’)(x)]du et as T — o0, (13.1)
where the notation ~y indicates that the ratio of the two sides is 1 +O(0) when T is
large. Indeed, once we show ([13.1]), we can derive an asymptotic formula for n(z, T)
by partitioning the interval [0,T") into windows of width § = T/N, where N > T is
a large integer, and summing the contributions from each window.

We assume that the point x satisfies the Conditions A, B, C from Section [12.1
When applying the mixing of the suspension flow, we fix two constants 0 < e, << 9.

Proof of Theorem[1.4 Applying Theorem to the function h(x,t) from Section
12.2, with ¢ = y~!, we obtain

— 0.1
Sy log |[F(x)|dp

(m x dt/)((X x [T, ™)) A B ry-go0a) AO.,). (132)

49



as T' — oo. In view of e-linearity, the left hand side of (13.2)) is bounded below by

§ n- m(Oy)
n>0, F°" (y)=w, (¢,n)-good
T+e+n<log|(F°™) (y)|<(T+68)—e—n

and bounded above by

Z n-m(Oy)-

n>0, F'°"(y)=w, (e,n)-good
T—e—n<log|(F°™) (y)|<(T+8)+e+n

Since m is a conformal measure of dimension «,

m(Oy) ~s ¢ Tm(Ox),

for all repeated pre-images y involved in these expressions. We will be slightly im-
precise and say that the left hand side of ([13.2)) is roughly

n(a,n)-good(l‘7 Ta T + 5) - e—ocT ' m(Ox)

Since the point x € X satisfies Conditions B and C, when 1 > 0 is small,

—

H(Oep) = Ox) = 7(@)m(Ox)-

Putting the above equations together, we obtain

’y(l‘) . (5 eaT‘
[y log |[F'(z)|dp

As in the case of orbit counting up to a Cesaro average discussed in the previous
section, we may use the a priori estimate (Lemma[11.1)) to show that the number of
the bad pre-images is negligible. Taking ¢, — 0 yields ((13.1)). O

n(aan)-good($7 T7 T + 5) ~g

Remark. To show the equidistribution statement , one can approximate B from
below by closed sets K, and above by open sets U, such that m(U, \ K,) — 0.
Applying the above argument with ¢(x) = xp, - v(z)™! yields an upper bound on
n(z,T, B), while using ¢(z) = xx\k, - 7(x) " gives a lower bound.
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Part IV

Applications to rational maps

In Part [[V]of the manuscript, we study Orbit Counting for rational maps. In Section
[7.1] we saw that if a rational map satisfies the conditions [[OCT)H(OC4)] then it also
satisfies [OC5)H(OCT7)} By Theorem [1.1] this implies the Orbit Counting Theorem
up to a Cesaro average.

To obtain the full Orbit Counting Theorem, we use Theorem [9.5] which says that

if a positive measure of inverse branches are not absolute-aligned modulo some real

number A > 1, then the suspension flow g; : jp — jp is mixing. In Section
we show that if backward iteration along some two homoclinic inverse branches is
not absolute-valued aligned, then misalignment occurs on a positive measure set of
inverse branches. In Section [I5 we show that if all homoclinic inverse branches are
aligned, then F' is conjugate to a power map, a Chebyshev polynomial or a Lattés
map.

In Section [16], we study Orbit Counting with rotation, where a weaker notion
of alignment is more appropriate. We show that if the inverse branches are weakly
absolute-valued aligned, then F' belongs to the extended list of exceptional rational
maps, which also includes rational maps whose Julia sets are contained in a circle or

a line.

14 On the alignment of inverse branches

Let (J, F, i) be a non-uniformly hyperbolic rational map of degree d > 2, acting on
its Julia set. For simplicity, we assume that F' has a repelling fixed point r € J that
does not belong to the grand orbit of any critical point. (The general case involving
a repelling periodic orbit is similar.) A homoclinic orbit x = (x_,)5°, associated to
r is an inverse orbit with

To=T and lim x_,, =r.
n—o0
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By the assumption on r, for any such homoclinic orbit x, there exists a neighbourhood
Vi of r and an AL inverse branch z = (2_,(+))22, defined on V; with z(r) = x. In
fact, for every 0 < ¢ < 1/10, there exists a neighbourhood V4 . of r such that inverse
iteration along x is e-linear on Vi .. With loss of generality, we may assume that
Vi C Vi. The following lemma says that for any homoclinic orbit x, there is a
positive measure family of inverse branches whose rescaling limits are close to the

one along x:

Lemma 14.1. Let x be a homoclinic orbit starting at xqg = r. For every 0 < § <
1/10, there exists a positive j1 measure family of inverse branches w € Zy defined on

Vi whose rescaling limits satisfy
L ER
—EY W) T
Proof. Fix 0 < § < 1/10. By non-uniform hyperbolicity, there is a ball B(&, p)

centered at a point £ € J such that the union of the (§/3)-linear inverse branches

y e Vi (14.1)

defined on B(&, p) has positive i measure. We refer to these inverse branches as
Pesin branches.

Since iterated pre-images of any point in the Julia set are dense, there exists
a point y € B(£p) N J and an integer N, > 1 such that F°M(y) = r. We
choose o > 0 so that the inverse iterate F'~"v is (§/3)-linear on B(r,o) and sat-
isfies FF~Nv(B(r,0)) C B(&,p). We call this inverse iterate the transition to B(E, p).

Let z be the AL inverse branch defined on V' = V; with z(r) = x. As one of
the requirements of an AL inverse branch, diam z_, (V) — 0 as n — co. We choose

n > 0 sufficiently large such that
2_n(V) C B(r,o) and e < (B /(E™)| < e on V.

We produce a positive i1 measure collection Z, of inverse branches defined on V'
which satisfy (14.1)), by first following z for n steps, then transitioning to B(¢, p) and

finally, following a Pesin branch from there. ]

Remark. (i) The Pesin set of a rational map may be non-empty. For instance, if
F(z) = 2% +1, then one cannot find any AL inverse branch defined in any neighbour-

hood of 7, since the only pre-image of ¢ is the critical point 0.
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(ii) It is conceivable that some AL inverse branches may be isolated. For instance,
one could imagine a rational map F' of degree 3 which has a repelling periodic
orbit (rq,79) of period 2 and two critical points ¢;,co € J with F(¢;) = m and
F(c3) = ro. In this case, there exists an inverse branch z in a neighbourhood of
with 2_,(r1) = 71-n (mod 2). However, are no inverse branches close to z, since we

cannot ever switch to using different pre-images.

Corollary 14.2. Let z,7z' be AL inverse branches associated to homoclinic orbits
x,x'. Suppose that z,z' are not absolute-value aligned on J NU for any open neigh-
bourhood U of r. Then there exists an open neighbourhood V' of r (depending on
z,7') and positive [i measure families of e-linear inverse branches Zy, Zy defined on

V' such that no branch in Z« is absolute-value aligned with any branch in Z. on

JnNV.

Proof. Let V. = Vi .5 NV /2. Applying Lemma with the constant § > 0 to
be determined, we obtain positive ;i measure families of inverse branches Z,, Z,

defined on V.
e To ensure that all branches in these families are e-linear, we require 6 < /2.

e Since z,z’ are not absolute-value aligned on JNV/, there exists a point y € JNV
such that |(F°) (y)| # [(Fa>) (y)]. Let

7 = |log |(Fy ™) (y)| — log |(Fa*™) ().

To guarantee that no branch in Z, is absolute-value aligned with any branch
in Z,, it suffices to choose 6 < 7/3.

Thus, taking 6 smaller than both of these bounds ensures that the families are

e-linear and pairwise misaligned on J NV ]

Corollary 14.3. If the suspension flow g; : j\p — jp 1s not mixing, then for every
pair of homoclinic orbits x,x" starting at r, the associated inverse branches z,z' are
absolute-valued aligned on J NV for some open neighbourhood V' of r.
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Proof. By Theorem [0.5] if the suspension flow is not mixing, there exists A > 1 such
that for any open set U intersecting 7, almost all AL inverse branches defined on
U are absolute-value aligned on J N U modulo \. Fix ¢ > 0 such that e* < \.
By the remark preceding Theorem (9.5, almost all e-linear inverse branches on U are
absolute-value aligned on J NU.

If a pair of homoclinic inverse branches z, z’ were not aligned on every neighbour-
hood of r, Corollary would produce a positive measure family of non-aligned

branches, giving a contradiction. ]

15 Alignment implies rigidity

To prove the Orbit Counting Theorem for rational maps, we show the following

theorem:

Theorem 15.1. Let F' be a rational function satisfying the conditions|(OC1)H(OCT).

If any two homoclinic inverse branches are absolute-value aligned, then F' is one of

the exceptional rational functions listed in the introduction.

We follow an argument of V. Mayer [May02], almost verbatim. We recall the
main techniques. A holomorphic function ¥ : C — Cis automorphic with respect to

a discrete group I' C Isom™ C if:

1. Yoy =1 for every v € T,

2. T acts transitively on the fibers, i.e. if ¥(2;) = ¥(z2y), then there is an element

~v € I' which takes z; to 2s.

As explained in [May02, Lemma 2.5, in order to check that the transitivity of
I' on the fibers, it is enough to check that I'" acts transitively on some regular fiber,
i.e. there exists a point w € W(C) which is not a critical value of ¥, such that for
any two pre-images 21,z € U1 (w), there is an element of I' which takes z; to zo.

The following lemma due to Ritt is at the core of Mayer’s argument:
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Lemma 15.2. Let F : C — C be a rational map. Suppose there exists a meromorphic
function ¥ : C — C such that

F(U(z)) = ¥(A\z2), z € C,

for some X € C with |\| > 1. If ¥ is automorphic with respect to a lattice I' C
Isom™ C, then F is a Lattés map. On the other hand, if ¥ is automorphic with
respect to 7, then F is either a power map z — 2% with d > 2 or a Chebyshev

polynomial.

The following two elementary lemmas are implicit in Mayer’s paper. We state

them explicitly for convenience:

Lemma 15.3. Let Z C C be a set invariant under z — Az for some A € C with
|IA| > 1. If there exists a non-trivial harmonic function h # 0 on a domain Uy
containing 0, which vanishes on Z NUy, then Z is contained in a finite union of lines

through the origin.

Lemma 15.4. Let S C C be a discrete set in the plane which contains at least 2
points. If v € Aut C maps S to S, then v € Isom™ C.

With the above preparations, we are now ready to prove Theorem [15.1

Proof of Theorem [15.1] For simplicity, we assume that F' has a repelling fixed point
r € J that does not belong to the grand orbit of any critical point. (In the general
case involving a repelling periodic orbit, an additional argument is required. We
refer to Mayer’s paper for details.) We denote the multiplier of the repelling fixed
point by A = F’(r). Let r be the constant inverse orbit associated to r, i.e. r_, =r
for all n > 0, and ¥(¢) = F°(¢) be the rescaling limit at r, defined in Section
The map W is just the inverse of the linearizing coordinate at r. (While in Section
5.1} U was only defined in a neighbourhood of the origin, it is easy to see that for
rational maps, it extends to a meromorphic function defined on all of C.)

Being the Julia set of a rational map, J = J(F) is a perfect set. Consequently,
so is K = U1(J). In view of the normalization of ¥, the point 0 € ¥~1(r) C K.
The relation

F(¥(w)) =¥ (\w), w e C,
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tells us that the set K is invariant under multiplication by A. By assumption on
the point r, the fiber ¥~1(r) is discrete and ¥ is a local homeomorphism from a
neighbourhood of any point in ¥~!(r) € K to a neighbourhood of r € J. (In fact, a
point in ¥~!(r) corresponds to a homoclinic orbit x = J with 2o = r and z_, — r
as n — 00.)

Fix a point £ € U~(r). There exist neighborhoods Uy of 0 and U of ¢ such that ¥
maps Uy and Ug homeomorphically onto neighborhoods V) and V; of r. By shrinking
these neighborhoods if necessary, we may assume V = Ve, = V. Consequently, the
composition v = v¢ := (¥|y,) " o (¥]y,) defines a conformal map from U to U.

Absolute-value alignment implies
‘ (V5,)'(2)] _ ' (Y5)' ()| _ ‘ (7095, (2)
(P (O] [(Wg)'(0)] | (yoPg,)(0)

By the chain rule, there exists a real constant C' € R so that

, zeJnNV.

log (Ol =C, (=5 (2) € LN

We now show that v : Uy — U is an affine map. Suppose for the sake of
contradiction that {log |y (¢)| = C'} is a proper real-analytic subset of Uy. As K is
invariant under multiplication by A, by Lemma [15.3] K is contained in a union of
finitely many lines through the origin. In particular, near £ # 0, K is contained in a
single line through £. Since 7 : Uy — Ue conformally maps K N Uy onto K N Ug, we
see that /C lies on a single line through the origin. Consequently, arg+/(() is constant
on K NUy. Hence, logy/(() = C + arg~/({) is also constant on X N Uy. As K is a
perfect set, log+/(() is constant on Uy, contradicting the assumption above.

Since £ € ¥!(r) was arbitrary, every “local symmetry” 7 of K which maps a
neighbourhood of 0 € K to a neighbourhood of £ € ¥™(r) extends to a “global
symmetry” defined on all of C. In other words, ¥ is automorphic with respect to

the group of automorphisms
I' = {v affine with V o~y = ¥}.

By Lemma [15.4] T' must actually be a group of isometries. In view of Lemma

F must be one of the exceptional rational maps listed in the introduction. O
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16 Orbit counting with rotation

In this section, we prove Theorem [I.4] As the strategy is similar to that of Theorem
[1.3] we only sketch the differences. We equip the space

J xR, x D,

with the measure i x (dt/t) x (df/2m) and consider the quotient \/7\,)79 with respect

to the equivalence relation

R N e ]

" F (o)
Theorem 16.1. Let F : C — C be a rational map which satisfies the hypotheses
(OCH(OCT)| from the introduction. The suspension flow g, : (x,t,e"?) — (x, e’t, %)

is mizing on J,9 unless F' is in the extended list of exceptional rational maps. In

this case, the Orbit Counting Theorem with Rotation holds.
For brevity, we write
ax(yo) = log [(F. ) (wo)l,  Bx(vo) = arg(F ™) (vo)-

We say that two AL inverse branches z(-) and z'(-) are weakly aligned on J NU if
there are constants Cy,Cy € R (not both zero) such that

Crox (o) + C2fx(yo) = Crose (yo) + Cafx (Y0), yo € I NU,

i.e. if the Z-linear span of the vectors

(ax<yo> — ax(Yo), Bx(yo) — 5x’(y0))a (16.1)

as 1o varies over J N U is not all of R2.
Following the discussion in Section we see that if all AL inverse branches are

weakly aligned, then the local symmetries v : Uy — U of the set K satisfy
Chlog |7 (Q)] + Crarg~/'(¢) = C, z € KNU. (16.2)

As Cylog |/ (¢)] + Crarg+'(¢) is a harmonic function on Uy, (16.2)) should continue
to hold on the minimal real-analytic set containing L N Uy. As before, we consider

two cases:
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1. If I is not contained in a proper real-analytic set near 0, then

Cylog | (Q)| + Crarg~'(¢) = C, ¢ € Uy,

which forces 7/(¢) to be constant on U by Lemma below. In other words,
7 is an affine mapping. (The proof now continues as in Section .

2. Suppose K is contained in a proper real-analytic set near the origin. Since K is
invariant under multiplication by A, Lemma [15.3|implies that K is contained in
a union of finitely many lines passing through the origin. As ¥ is a local home-
omorphism between a neighbourhood of 0 € KL and a neighbourhood of r € 7,
a relatively open subset of J is contained in a smooth curve. Consequently, by
the remark following [EvS11, Corollary 1.1], the Julia set J is contained in a

circle or a line.

We now show the elementary lemma used in the above proof:

Lemma 16.2. Let u : Q0 — R be a harmonic function and v be its harmonic conju-
gate. Suppose that
Ciu(z) + Cov(z) = K, z € Q, (16.3)

for some real constants C7,Cy, K € R. If C,Cy are not both zero, then u and v are

constant functions.

Proof. 1f Cy is not zero, then i(C}/Cs)u+iv and u+ iv are analytic functions, which
implies that (iC}/Cy — 1)u is analytic. Consequently, u itself is analytic. Since u
is real-valued, it is constant. As the harmonic conjugate of a constant function is

constant, v is also constant. The case that C # 0 is similar. [

As in Section , suppose that ¢ € LQ(jpﬂ, L) is invariant under both W* and
Wu. Using the backward geodesic flow as before shows that 1 (x,t, €?) depends only
on the zeroth coordinate of x € :7\ and € € OD. The argument with the forward
geodesic flow then shows that if the vectors in ([16.1) span the plane, as yy varies

over U, then 9(x,t,e?) is constant. By Babillot’s lemma, ¢; is mixing.
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Remark. By following the argument in Section [0.4] one can show that the geodesic
flow g, : jpﬁ — jpﬂ is mixing if and only if the functional equation
F'(z)

w(F(2)) = w(z) ei@loel | (W) pae z€J,

has no non-constant measurable solutions for any a € R and n € Z.

Part V
Applications to one-dimensional

dynamics

17 Orbit counting for Adler maps

We now turn to one-dimensional dynamics. In this section, we show Theorem [1.5|on

orbit counting for Adler maps acting on the unit circle. (Adler maps were defined in

Section [1.2])

17.1 Anatomy of an Adler map

Adler maps resemble one component inner functions, see [[U23| Section 7], but are
more general since there are no holomorphy requirements. While Adler maps possess
many of the same properties that one component inner functions do, the proofs are
slightly more complicated since we cannot rely on Koebe’s distortion theorem. Below,
we write I(x,r) for the arc of the unit circle of length 27 centered at x.

From the definition of the Adler map, it is clear that F' is either orientation-
preserving or orientation-reversing on each complementary arc in 9D\ 3. Moreover,
F is injective on an arc [z,y] C 0D\ ¥ if and only if the image F([z,y]) is not the

entire circle, in which case, by the fundamental theorem of calculus and the Adler
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condition,

< M -length([F(z), F(y)])-

More generally, if F°™ is injective on [z, y], then by the chain rule and the expansion

of F', we have

—1
|log(F°")'(x) — log(F°")' leogF’ Foi(z)) — log F'(F (y))]
7=0

< MZlength [FI (), F* (y)])

Jj=1

< o2 dength([F"(2), F*" ().

In particular, [(F°")'(¢t)] < [(F°")'(z)| < |(F°")(y)| for any ¢t € [z,y]. From the

above estimate, it follows that F' is a covering map from 0D \ ¥ — 0D:

Lemma 17.1. If I(x,ro) € 0D is an arc on the unit circle and F(y) = x with
y € 0D\ X, then F~1 admits a continuous inverse branch on I(x,ro) which takes
x — y. If the singular set ¥ is empty, then F' is a finite covering map. On the other
hand, if ¥ # 0, then for any p € 0D, then E, = F~(p) partitions each connected
component J C 0D\ X into countably many subarcs Ij,. Furthermore, each arc Iy, is
mapped homeomorphically onto 0D \ {p} and

|F'(@)| < 1/|Ll, €1y
where the implicit constant depends only on F'.

Since F is expanding on the unit circle, F~*(I(z,r)) C I(y, 7o), which allows us

to compose an arbitrary number of inverse branches:
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Corollary 17.2. For any € > 0, there exists an ro > 0 so that inverse iteration is

e-linear on 1(x,r9) along any inverse orbit x = (x_,)>, with xo = x.
In particular, Lemma implies that
1
/ log|[Fldm <00« 3 ||log 0 < oo, (17.1)
oD |1
where the sum ranges over the complementary arcs in 0D \ E,,.

Corollary 17.3. Repeated pre-images of any point x € 0D are dense in ID.

Proof. By Lemmal|l7.1, 9D\ X can expressed as a union of arcs of generation n, each
of which gets mapped onto the unit circle by F°". As Adler maps are expanding,
each arc of generation n has length at most ©~" - 2w. Since each arc contains a

pre-image of x under F°", repeated pre-images of x are dense in the unit circle. [

17.2 Conformal and invariant measures

Clearly, the normalized Lebesgue measure m on the unit circle is a 1-dimensional
conformal measure for F' : D — 0D. Using thermodynamic formalism, one can
construct an ergodic absolutely continuous invariant probability measure p = v dm,
e.g. see [Rych83] or [URM22, Theorem 14.3.1]. As explained in these references, the
Radon-Nikodym derivative 7 is a non-negative Holder continuous function on the

unit circle. It is not difficult to see that v does not vanish: the transfer relation

)= > [Py y(y)
F(y)==
implies that the set Z = {z € 0D : y(x) = 0} is backward-invariant. If Z were not
empty, then Z would be dense in the unit circle by Corollary Since v is con-
tinuous, it would then follow that v is identically zero, contradicting the assumption

that p is a probability measure.

17.3 Adler maps satisfy [(OC1)H(OC7)|

Let F' be an Adler map satisfying ([1.5)). We take a moment to verify that F' satisfies
the conditions |[(OC1)H(OCT);
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¢ [(OC1)} [(OC2)| hold trivially since m is a 1-dimensional conformal measure.

e For [(OC3)} [(OC6), we have constructed an absolutely continuous invariant

measure g using thermodynamic formalism. We saw that the density v €

dji/dm was continuous on 0D and bounded away from zero.

e Since the density v is bounded above, we have log |F'(z)| € L'(0D,u). As
|F'(x)] > 1 for Lebesgue a.e. € dD, the Lyapunov exponent is positive, so

holds.

e ((OC5)[ holds in view of the uniform hyperbolicity of F' (Corollary [17.2]).

e Since Adler maps are expanding, they cannot be homeomorphisms of the unit

circle. Consequently, there exist at least two intervals I;, Io which get mapped
to the unit circle under F. By Lemma [17.1} |F’| is bounded above on I; U I5.
Consequently,

F'(y)|™™ — max [F'(y)]™™ > min |F'(y)|™® > 0.
> PG~ max [ > min [F)
F(y)== yelhUly

Having checked the above properties, we conclude from Theorem that the Orbit
Counting Theorem holds up to a Cesaro average for any Adler map satisfying (1.5]).

17.4 Mixing of the suspension flow

To complete the proof of Theorem [I.5] it remains to show the Orbit Counting The-
orem holds for any infinite-to-one Adler map. By Theorem [I.2], one needs to check
that the suspension flow on X = 8]1) is mixing. Since the Pesin set Xy, = X = 9D,
by Theorem and Lemma [10.1], this amounts to showing the following lemma:

Lemma 17.4. Let F' be an infinite-degree Adler map. For any a € R\ {0}, the
equation
w(F(z)) = eloslF @l (), (17.2)

has no continuous solutions w : 0D — 0D.
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Proof. Let d be the topological degree of w. Since F' is an infinite Adler map, the
singular set ¥ # (). Pick an arbitrary complementary arc J = J, ., Ix in 0D \ X.
Since J is simply-connected, the arguments of w(x) and w(F(x)) admit continuous

branches on J. We consider two cases:

Case I. d = 0. Let Iy = [z, zk41]- As z moves from z; to zpy1, the net change
of the argument of w(F(z)) is zero. Consequently, argw(F(z)) is bounded on J.
As argw(z) is bounded on J, equation implies that alog |F'(z)| must also be
bounded on J. This contradicts the definition of an Adler map, which asks that
|F'(z)| = 00 as z — X,

Case II. d # 0. Below, we assume that d > 0, as the case d < 0 is similar. As z

moves from z; to zpy1, the argument of w(F(z)) increases by d, so that
argw(F(z)) —argw(F(z0)) = kd + O(1).

In particular, this implies that log|F'(z;)| — —oo as & — —oo. This once again
contradicts the definition of an Adler map. ]

Part VI

Appendices

A On the equivalence of measures

In this appendix, we prove a slight generalization of [Dob12, Proposition 34|, which
says that under fairly general circumstances, the conformal and invariant measures
are equivalent. We closely follow Dobbs’ original argument, correcting one minor
mistake along the way.

We say that a dynamical system F': X — X is weakly eventually onto if for any
relatively open set U C X,

o0

U Fru) =x.

n=0
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Lemma A.1. If F : X — X is weakly eventually onto, then any conformal proba-

bility measure m gives positive mass to every relatively open set.

Proof. Let U C X be a non-empty open set. The inequality

m(x) <} / (FY (2)]dm

shows that if m assigned zero mass to U, then it would be identically zero. [

Theorem A.2. Suppose (F, X, u) is a non-uniformly hyperbolic conformal dynamical
system, m is a conformal measure and p = vy dm is an absolutely continuous invariant

measure. If F' is weakly eventually onto, then the measures p and m are equivalent.

Proof. Step 0. Assume there exists a measurable set B C X such that m(B) > 0
and p(B) = 0. Then,
X' =Xx\|JF7(B)
J20

is a forward-invariant set such that u(X’) =1 but m(X’) < 1.

Step 1. Fix the threshold of distortion 0 < ¢ < 1/10. Choose an open ball
U C R? such that ﬁ(ﬁs—linear) > 0 and let V be a slightly smaller ball with the same

center, compactly contained in U, such that
,l/Z(V N Us—linear) = ,E({z € X: 20 € V} N Us—linear) > 0.

By Lebesgue’s density point theorem, e.g. see [Mat95, Corollary 2.14], for m
a.e. x € X’ (and hence for p a.e. v € X'),

lim m(X' N B(x,r))

r—0t  m(B(x,r)) =1 (A1)

Moreover, by the Poincaré recurrence theorem, for iz a.e. x € X , there is an increasing
sequence of integers n; — oo such that Fon (x) € vV l/f\g_linear. In particular, for u
a.e. v € X', there are open sets U; 5 z and integers n; — oo such that F" : U; — U
is e-linear, with F°" (z) € V.
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Step 2. Fix a point z € X’ satisfying both and the recurrence property
above. Let B(x,r;) denote the largest ball contained in U;. Since U, is approximately
round, r; < diam U;. As the images W, := F%(B(z,r;)) are e-linearly distorted
balls, we have

B(F"(x;),2p) € W; C U,
where p := dist(V, 0U) /4.

By compactness, we may pass to a subsequence so that F°"(z;) converges to
some point ¥, € V. Choose j, > 1 sufficiently large so that |z; — x| < p for all
J > jo0. By construction, the ball

B = B(F°"o(xj,),p) C Wj, for all 7 > jo.

Step 3. In view of the conformality of m and the uniform bound on the distortion,

(A.1)) implies
. m((X'NWj)
lim ——%
j=oe m(Wj)
As m(#) > 0 by Lemma this forces m(# \ X’) = 0. By the weakly eventually

onto property and the conformality of the measure m, we have m(X \ X’) = 0, which

=1.

contradicts the assumption that m(X’) < 1. O

Remark. (i) In the proof above, we would have liked to apply Lebesgue’s density
point theorem to conclude that
lim M =1.
j=oo  m(Uj)
However, the classical form of the theorem applies only to round balls centered at
x, not to the sets U; which are only e-linearly distorted images of such balls. If the
measure m were doubling, then the density point theorem would extend to sets like
Uj.
(ii) Some assumption on the dynamics of F' is necessary. For instance, consider
the dynamical system
F:s'us' - stust,
which acts as z — 22 on each component. Let m be the measure which assigns half
the Lebesgue measure to each copy and u be the Lebesgue measure on one copy and

zero on the other. While p << m, the two measures are not equivalent.
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B Exactness and mixing

In this appendix, we present a slight generalization of [GS09, Lemma 6.2], which
describes a sufficient condition for the invariant measure i to be exact and therefore,
mixing. We say that a dynamical system F': X — X is eventually onto if for every
relatively open set U C X, there exists an integer N > 0 such that F°V(U) = X.

Lemma B.1. Suppose (F, X, u) is a non-uniformly hyperbolic conformal dynami-
cal system and m is a conformal probability measure. Assume that p is absolutely

continuous with respect to m. If ||[F'(x)||Lec@m) < 00 and F is eventually onto, then

lim u(F(A)) = 1,

n—oo
for every measurable set A C X with p(A) > 0. In particular, (F, X, p) is ezact.
Proof. Arguing as in the proof of Theorem with X’ replaced by A, we obtain a
ball # and a sequence n; — oo such that
lim m(F°mi(A) N AB)
j—ro0 m(A)
Since F is eventually onto, there exists an integer N > 0 such that F°V (%) = X.

By the conformality of m, we have

=1.

m(X \ FPVH(A)) < /E . |(FNY ()] dm.

Since [(F°V)'(z)|* is bounded on 4, the integral on the right tends to 0 as n; — oco.

By absolute continuity, we also have
X\ o (A)) — 0,

which implies that limsup,,_, . u(F°"(A4)) = 1.
Finally, since p is invariant, the sequence of numbers p(F°"*(A)) is non-decreasing
in n, so that lim,_,., u(F°"(A)) = 1. O

Even though we do not use the mixing property of p in this paper, it is worth
noting that it may be used to simplify some of the formulas in Section[7] For instance,
(7.1)) reduces to

w(E) = lim m(F"(F)). (B.1)

n—o0
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