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Abstract

The cycle space of a graph G, denoted C(G), is a vector space over Fa, spanned by all incidence
vectors of edge-sets of cycles of G. If G has n vertices, then C,,(G) denotes the subspace of C(G),
spanned by the incidence vectors of Hamilton cycles of G. We consider several known sufficient
conditions for Hamiltonicity and show that an appropriate and fairly mild strengthening of each
such condition in fact ensures the stronger property C,(G) = C(G). In particular, we consider
the classical Chvétal-Erdds criterion and prove that (under various additional restrictions) if n
is odd and k(G) > ca(G), where c is a sufficiently large absolute constant, then C,(G) = C(G).
Moreover, considering the McDiarmid-Yolov criterion we prove that if n is odd and 6(G) >
max {2&(G) + 9, &(G) + 18}, where &(G) is the so-called bipartite independence number of G,
then C,(G) = C(G). We also prove that if n is odd and G admits 16a(G) + 12 pairwise disjoint
connected dominating sets, C,,(G) = C(G). Finally, we consider an effective Chvétal-Erdds type
criterion for bipartite graphs and prove that if G is a balanced bipartite graph on 2n vertices,
satisfying aprp(G) < 26(G) — 24, then Ca,(G) = C(G).

1 Introduction

Let G = (V,E) be a graph on n vertices. The edge space of G, denoted £(G), is a vector space
over Fy consisting of all incidence vectors of subsets of E. The cycle space of G, denoted C(G), is
the subspace of £(G), spanned by all incidence vectors of cycles of G. For any integer 3 < k < n,
let Cr(G) be the subspace of C(G), spanned by all incidence vectors of cycles of length k in G.
Determining conditions under which Cx(G) = C(G) holds for some 3 < k < n is a well-studied
problem (see, e.g., [4, 7, 10, 18, 27, 28]). In this paper we are interested in the case k = n, that is, in
graphs whose cycle space is spanned by their Hamilton cycles. This problem has been addressed by

various researchers (see, e.g., [2, 19, 20, 21, 22, 23]). Since the symmetric difference of any two even
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graphs (i.e., subsets of E of even size) is an even graph, it is evident that if C,(G) = C(G), then G is
bipartite or n is odd. Moreover, G’ must either be acyclic or Hamiltonian.! Since the former case is
trivial, this study can be viewed as part of the common theme of proving that (possibly somewhat
strengthened) various sufficient conditions for Hamiltonicity in fact ensure stronger properties.

One of the earliest and most well-known sufficient conditions for Hamiltonicity is Dirac’s Theorem,
stipulating that any graph on n > 3 vertices whose minimum degree is at least n/2 is Hamiltonian;
n-vertex graphs whose minimum degree is at least n/2 are thus dubbed Dirac graphs. Given an
n-vertex graph G, where n is odd, with minimum degree (n + 1)/2 + k, where k& > 0 is as small
as possible, we would like to determine whether C,(G) = C(G) holds. This question was first
considered by Heinig [21] who proved that C,(G) = C(G) holds whenever G is an n-vertex graph
with minimum degree 6(G) > (1/2 + €)n, for any constant ¢ > 0 and sufficiently large odd n. This
was significantly improved by Christoph, Nenadov, and Petrova [8] who proved that 6(G) > n/2+37
suffices. Recently, a complete resolution of this problem was announced by Hou and Yin [23] who
proved that §(G) > n/2 is sufficient (and necessary) for C,(G) = C(G) to hold.

Another natural venue for this problem are random and pseudo-random graphs. Indeed, it was
proved by Christoph, Nenadov, and Petrova in [8] that C,(G) = C(G) holds whenever G is a pseudo-
random graph with certain appropriate properties (see Theorem 1.3 in [8] for details). One immediate
consequence of this result, significantly improving a result of Heinig [22], is that if G ~ G(n, p), where
n is odd and p > Clogn/n for a sufficiently large constant C, then asymptotically almost surely
(a.a.s. for brevity hereafter) C,(G) = C(G). The exact bound on p has been subsequently attained
by the authors in [19] where it is proved that if p is large enough to ensure that §(G) > 3 holds a.a.s.,
then it also ensures that a.a.s. C,(G) = C(G) (the necessity of this condition was observed by Heinig
n [22]). Note that the required value of p is slightly larger than the one required for Hamiltonicity
(recall that the latter coincides with the probability ensuring that 6(G) > 2 holds a.a.s.).

An additional immediate consequence of the aforementioned result of Christoph, Nenadov, and
Petrova regarding pseudo-random graphs is that if G is an (n, d, A)-graph, n is odd, d > C'logn, and
A < ed, where C' and ¢ are appropriate constants, then C,(G) = C(G). This was somewhat improved
by the authors [20] who proved that d > Clogn/log(d/\) suffices to ensure the same conclusion
(with the other assumptions unchanged). In the most natural special case, where G is a random
d-regular graph G ~ G, 4, it is proved in [20] that sufficiently large yet constant d is a.a.s. enough
to ensure that C,(G) = C(G) holds. Since odd n mandates that d is even, a complementary result,
taking care, in particular, of odd values of d, is also proved in [20]. Namely, it is proved there that
if G ~ Gy, 4, where n is even and d is a sufficiently large constant, then a.a.s. C,—1(G) = C(G).

In light of the aforementioned results for Dirac graphs and for G(n, p), it is natural to consider

this cycle space problem for randomly perturbed dense graphs. This was done by the authors in [20],

n fact, if G is Hamiltonian, then it is also 2-connected, implying that every edge of G is in some cycle of G. Hence,
if G is Hamiltonian and C,(G) = C(G), then any edge of G is in a Hamilton cycle of G. The latter property lies between
being Hamiltonian and being Hamilton-connected.



where it is proved that if H is an n-vertex graph with minimum degree 6(H) > on, where 6 > 0 is a
constant and n is odd, and G ~ G(n, p), where p > C/n for a sufficiently large constant C' := C(d),
then a.a.s. Cp(H UG) = C(H UG) holds.

1.1 Our results

All results stated in this section show that mild strengthenings of known sufficient conditions for
an n-vertex graph G to be Hamiltonian in fact imply that C,(G) = C(G); throughout we assume
(explicitly or implicitly) that n is odd or G is bipartite.

A well-known sufficient condition for Hamiltonicity, due to Chvatal and Erdds [9], stipulates that
highly connected graphs with a small independence number are Hamiltonian. Formally, their result

reads as follows.
Theorem 1.1 ([9]). Let G be a graph on at least 3 vertices. If k(G) > a(Q), then G is Hamiltonian.

It was conjectured by Jackson and Ordaz [24] that the (needed) slight strengthening x(G) > a(G)
in fact ensures that G is pancyclic. Following a recent breakthrough by Dragani¢, Munha Correia,
and Sudakov [13], who proved an asymptotically optimal version of this conjecture, it has been
completely resolved (for large graphs) by Letzter [26]. It is natural to ask whether the same (or,
possibly, slightly strengthened — in particular, n must be odd) condition also implies C,,(G) = C(G).
We prove that this is indeed the case up to a multiplicative constant factor, provided x(G) is not

too small as a function of |V (G)]|.

Theorem 1.2. There exist a constant ¢ and an integer ng such that the following holds. Let G be
an n-vertexr graph, where n > ng is odd. If k(G) > cmax{a(G),logn} or k(G) > ca(G)?, then
Cn(G) =C(G).

The condition k(G) > clogn appearing in the statement of Theorem 1.2 is an artifact of our

proof of that theorem and we do not believe it is necessary; this leads us to the following conjecture.

Conjecture 1.3. There exists a constant ¢ such that the following holds. Let G be an n-vertex graph,
where n is odd. If K(G) > ca(G), then C,(G) = C(G).

The following result offers a first step towards the resolution of Conjecture 1.3.

Theorem 1.4. Let G be an n-vertex graph, where n is a sufficiently large odd integer. If §(G) > dn
for some § :=6(n) > 0, and x(G) > max {180a(G), 200062}, then Cn(G) = C(G).

Note that the constants 180 and 2000 appearing in the statement of Theorem 1.4 are not optimal.
They were chosen in order to make our calculations easy to follow.

A connected dominating set (CDS for brevity, hereafter) in a graph G is a set S C V(G) such
that G[S] is connected and for every vertex v € V(G) \ S there exists a vertex u € S such that



uv € E(G). CDSs form an important concept in graph theory with many practical applications (see,
e.g., the survey [34] and the many references therein). It is easy to see that if G admits ¢ pairwise
disjoint CDSs, then it is t-connected. Therefore, essentially the same arguments we use to prove

Theorem 1.2 can also be used to prove the following result.

Theorem 1.5. Let G be an n-vertex graph, where n is odd, which admits 16ca(G) + 12 pairwise
disjoint CDSs. Then, C,(G) = C(G).

Note that Theorem 1.5 is tight up to the constants 16 and 12. Indeed, given positive integers n
and ¢ satisfying n > 2t+3, let AUXUI be a partition of [n], where |I| = |X| =t and |A| = n—2t. Let
G = ([n], E) be the graph with edge set E = {zy:x #ye€ AUX}U{ay: 2z € X,y € I}. Note that
every vertex of X is a CDS and thus G admits ¢ pairwise disjoint CDSs. Moreover, every independent
set of G of maximum size is of the form I U{x} for some x € A, implying that a(G) = t+ 1. Finally,
G is not 1-tough since deleting X creates ¢+ 1 connected components, namely G[A]| and the vertices
of I. We conclude that G admits «(G) — 1 pairwise disjoint CDSs, is not Hamiltonian, and is not
acyclic, and thus C,(G) # C(G).

Another interesting sufficient condition for Hamiltonicity, which extends Dirac’s classical crite-
rion, was proved by McDiarmid and Yolov [29]. In order to state their result, we need the following

definition.

Definition 1.6. Let G be a graph. The bipartite independence number of G, denoted &(G), is
the smallest integer k for which there exist positive integers a and b such that a +b =k + 1, and
Eq(A, B) # 0 whenever A C V(G) and B C V(G) \ A are sets of sizes |A| = a and |B| = b.

We may now state the aforementioned result of McDiarmid and Yolov.
Theorem 1.7 ([29]). Let G be a graph on at least 3 vertices. If §(G) > &(G), then G is Hamiltonian.

Note that, as alluded to above, this is a generalization of Dirac’s Theorem. Indeed, If §(G) >
[n/2], then Eg(v,A) # 0 for every v € V(G) and every A C V(G) \ {v} of size |n/2|. Hence,
a(G) < [n/2] < §(G) and thus G is Hamiltonian by Theorem 1.7. This theorem of McDiarmid
and Yolov has been significantly strengthened by Dragani¢, Munha Correia, and Sudakov [12] who
proved that the same condition in fact implies that G is pancyclic (with G = K, 5 ,,/2 being the sole
exception). Here too we wish to determine whether this condition also implies C,(G) = C(G). We

prove that this is indeed the case up to a small multiplicative constant factor.

Theorem 1.8. Let G be an n-vertex graph, where n is odd. If 6(G) > max {2&(G) + 9, &(G) + 18},
then C,(G) = C(G).

Note that both the Chvatal-Erdés and the McDiarmid-Yolov sufficient conditions for Hamiltonic-
ity (namely, Theorems 1.1 and 1.7) are trivial for bipartite graphs. Indeed, if G is a bipartite graph
satisfying k(G) > a(G) or 6(G) > a(G), then G is a balanced complete bipartite graph and thus



obviously Hamiltonian. In an attempt to devise an effective variant of the Chvatal-Erdés criterion

for bipartite graphs, the following parameter was defined by Ash [3].

Definition 1.9. Let G = (X UY, E) be a balanced bipartite graph, i.e. |X| =1Y|. An independent
set A C X UY is said to be balanced if |[ANX| = |ANY|. The balanced independence number of G,
denoted apip(G), is the largest size of a balanced independent set in G.

Following results by Ash [3], by Fraisse [17], and by Favaron, Mago, and Ordaz [16], the following

optimal result was proved by Ordaz, Amar, and Raspaud.

Theorem 1.10 ([30]). Let G be a balanced bipartite graph. If apip(G) < 20(G) — 4, then G is

Hamilton-biconnected.?

As alluded to above, this result is tight. Indeed, it is shown in [30] that there are infinitely many
values of n for which there exist non-Hamiltoian balanced bipartite graphs G on 2n vertices which
satisfy app(G) = 20(G) — 2.

Since aprp(G) < a(G) and 6(G) > k(G) clearly hold, Theorem 1.10 may be viewed as an effective
Chvatal-Erdés criterion for balanced bipartite graphs.

Our next result asserts that (a minor strengthening of) the condition appearing in Theorem 1.10

in fact ensures that the cycle space of GG is spanned by its Hamilton cycles.

Theorem 1.11. Let G be a balanced bipartite graph on 2n vertices. If app(G) < 20(G) — 24, then
Con(G) =C(G).

The rest of this paper is organised as follows. In Section 2 we introduce some terminology,
notation, and standard tools, and present the method of Christoph, Nenadov, and Petrova from [8]
which is a central ingredient in our proofs. In Section 3 we prove Theorems 1.2, 1.4, and 1.5. In
Section 4 we prove Theorem 1.8 and in Section 5 we prove Theorem 1.11. Finally, in Section 6 we

discuss possible directions for future work.

2 Preliminaries and tools

For the sake of simplicity and clarity of presentation, we do not make a particular effort to optimize
some of the constants obtained in our proofs. We also omit floor and ceiling signs whenever these
are not crucial. Throughout this paper, log stands for the natural logarithm, unless explicitly stated
otherwise. Our graph-theoretic notation is standard; in particular, we use the following.

For a graph G, let V(G) and E(G) denote its sets of vertices and edges respectively, and let
v(G) = |V(G)| and e(G) = |E(G)|. For a set A C V(G), let Eg(A) denote the set of edges
of G with both endpoints in A and let eq(A) = |Eg(A)|. For disjoint sets A, B C V(G), let

2See the definition of a Hamilton-biconnected graph in Section 2.



E¢(A, B) denote the set of edges of G with one endpoint in A and one endpoint in B, and let
eq(A,B) = |Eqg(A,B)|. For a set S C V(G), let G[S] denote the subgraph of G induced by the
set S, and let G\ S = G[V(G) \ S]. For a set S C V(G), let Ng(S) = {v € V(G)\ S : Ju €
S such that uv € E(G)} denote the external neighbourhood of S in G. For a vertex u € V(G) we
abbreviate Ng({u}) under Ng(u) and let degs(u) = |Ng(u)| denote the degree of u in G. The
maximum degree of a graph G is A(G) := max{degg(u) : v € V(G)}, and the minimum degree of
a graph G is 6(G) := min{deg,(u) : u € V(G)}. For a vertex v € V(G) and a set S C V(G), let
degq(u, S) = |Ng(u)NS|. Given any two (not necessarily distinct) vertices x,y € V(G), the distance
between z and y in G, denoted distg(x,y), is the length of a shortest path between z and y in G,
where the length of a path is the number of its edges (for the sake of formality, we define distg(z,y)
to be co whenever = and y lie in different connected components of G). The diameter of G, denoted
diam(G), is max{distg(z,y) : z,y € V(G)}. A graph G is said to be Hamilton-connected if for every
two vertices z,y € V(G) there is a Hamilton path of G whose endpoints are = and y. A bipartite
graph G = (X UY, E) is said to be Hamilton-biconnected if for every two vertices z € X and y € Y

there is a Hamilton path of G whose endpoints are x and y.

2.1 The recipe of Christoph, Nenadov, and Petrova

Let n be an odd integer, and let G' be an n-vertex Hamiltonian graph. A recipe for proving C,(G) =
C(G) is presented in [8]; it has since been utilized in [19, 20, 23]. In order to describe it we need

some definitions and results.

Lemma 2.1 ([8]). Let G be an n-vertex Hamiltonian graph, where n is odd or G is bipartite, and
suppose that Cp(G) # C(G). Then, there exists a subgraph R of G such that the following conditions
hold.

(C1) R #G;
(C2) Every Hamilton cycle in G contains an even number of edges from R;
(C3) For every partition V(G) = AU B it holds that er(A, B) > eq(A, B)/2 and R # G[A, B.

Remark 2.2. In fact, the version of this lemma appearing in [8] is only for odd n, whereas if G is
bipartite and Hamiltonian it has to be balanced, rendering n even. Howewver, it is not hard to see that
its proof in [8] applies essentially verbatim to the bipartite case as well. Indeed, the only place where
the assumption that n is odd is used in [8] is in the proof of Property (Cl); if n is odd, then it is an
immediate corollary of Property (C2). On the other hand, if G (and thus also R) is bipartite, then

(C1) is an immediate corollary of Property (C3) from the same lemma.

The following definition of a so-called parity switcher is central to the method of [8]. It describes
a construction that, given graphs GG and R as in Lemma 2.1, aids one in finding a Hamilton cycle of

G with an odd number of edges in R, thus arriving at a contradiction to (C2) above.



Definition 2.3. Given a graph G and a subgraph R C G, a subgraph W C G is called an R-parity-
switcher if it consists of an even cycle C = (v1,va,..., vk, v1) with an odd number of edges in R,
and verter-disjoint paths P, ..., Py such that for every 2 < i < k, the endpoints of P; are v; and
Vog—ive and V(P;) NV (C) = {v;, vok—ir2}-

In justification of its title, the parity switcher, as per Definition 2.3, contains two Hamilton paths
whose endpoints are v; and v 1; one having an odd number of edges of R and the other having an
even number of edges of R (additional details and a figure can be found in [8]).

We may now specify the recipe from [8]; it consists of the following five steps.

(S1) Let G be an n-vertex Hamiltonian graph, where n is odd or G is bipartite. Suppose it satisfies
Cn(G) # C(G), and let R C G be a subgraph as in Lemma 2.1.

(S2) Find in G a (small) R-parity-switcher W, that is,

(S2a) Find an even (short) cycle C' = (v1,...,v9k, v1) with an odd number of edges in R.

(S2b) Find pairwise vertex-disjoint (short) paths Ps, ..., Py such that, for every 2 < i < k, the
endpoints of P; are v; and vog—i+2, and V(F;) NV (C) = {v;, vak—it+2}-

(S3) Find in (G \ V(W)) U {v1, vk+1} a Hamilton path P whose endpoints are v; and vj41.

(S4) If P contains an odd (even) number of edges of R, then choose a Hamilton path P’ in W whose

endpoints are v; and vgy1 with an even (odd) number of edges of R.

(S5) Conclude that the concatenation of P and P’ yields a Hamilton cycle H C G with an odd
number of edges in R, contradicting (C2).

Note that there is nothing to prove in steps (S4) and (S5). Moreover, whenever we start with a
graph which we know to be Hamiltonian, Step (S1) becomes immediate. The main task is thus to
deal with steps (S2) and (S3).

Remark 2.4. Again, the method of Christoph, Nenadov, and Petrova [8] was only designed for odd
n (see the description of Step (S1)). However, as noted in Remark 2.2, it applies to the bipartite

case as well (the only change is Lemma 2.1).

3 Highly connected graphs with a small independence number

In this section we prove Theorems 1.2, 1.4, and 1.5. We begin by recalling several known results that
facilitate our proofs.
The first such result, due to Chvatal and Erdds, asserts that a slight strengthening of the condition

appearing in Theorem 1.1 strengthens its conclusion.



Theorem 3.1 ([9]). If G is a graph satisfying x(G) > a(G), then G is Hamilton-connected.

Improving earlier results by Robertson and Seymour [31] and by Bollobas and Thomason [6], it

was proved by Thomas and Wollan [32] that highly connected graphs are also highly linked.

Theorem 3.2 ([32]). Let G be a graph and let x1,y1,...,2.,y, be 2r distinct vertices of G. If
k(G) > 10r, then G admits pairwise vertex-disjoint paths Py, ..., P. such that, for every i € [r|, the

endpoints of P; are x; and y;.

A variant of Theorem 3.2 in which the paths span the vertex-set of G was proved by Aigner-Horev

and the authors.

Theorem 3.3 ([1]). Let G = (V,E) be an n-vertex graph and let xi,y1,...,%y,yr be 2r distinct
vertices of G. There exists a constant ¢ > 0 such that if K(G) > cmax{«a(G),logn,r}, then G admits
pairwise vertez-disjoint paths Py, ..., P, such that V(P)U...UV(P,) =V and, for every i € [r],

the endpoints of P; are x; and vy;.
The following result allows one to partition a graph into large highly connected subgraphs.

Lemma 3.4 ([5]). Let H = (V, E) be an n-vertex graph with minimum degree k > 0. Then, there
exists a partition V = V1 U. ..UV} such that, for everyi € [t], the subgraph H[V;] is k? /(16n)-connected
and |V;| > k/8.

The following simple observation will be useful in the proof of Theorem 1.4.

Observation 3.5. Let G be a k-edge-connected graph and let V1 U. ..UV} be a partition of V(G) into
non-empty parts. Let H be the multigraph obtained from G by collapsing each set V; into a single
vertez, that is, V(H) = {v1,..., v} and for every 1 < i < j <t there are eq(V;,V;) edges of H

between v; and vj. Then, H is k-edge-connected.

Proof. Fix any 1 <i < j <t, and let x € V; and y € V; be arbitrary vertices. Since G is k-edge-
connected, it admits k pairwise edge-disjoint paths between x and y. Upon collapsing G to yield
H, each such path becomes a walk between v; and v; and these walks are pairwise edge-disjoint.
Each such walk contains a path between v; and v;; clearly these paths are also pairwise edge-disjoint.
Since i and j were arbitrary, it follows that H admits k pairwise edge-disjoint paths between v; and

v; for every 1 < ¢ < j <, and is thus k-edge-connected. ]
The following result is the main technical tool of this section; it handles Step (S2a).

Lemma 3.6. Let G be a graph satisfying k(G) > 12a(G) + 8. Let R be a subgraph of G as in
Lemma 2.1. Then, there exists a cycle C C G for which the following two properties hold.

(a) |C| is even and |E(C) \ E(R)| is odd;



(b)

|C| < 10a(G) + 8.

Proof. Let k = k(G) and let @ = a(G). It follows by Property (C3) from Lemma 2.1 that R is
k/2-edge-connected and, in particular, that 6(R) > k/2. We begin by proving that there exists a

cycle of some length satisfying Property (a); we distinguish between the following two cases.

(1)

R is bipartite. Let AU B be the bipartition of R. Since R # G[A, B] holds by Property (C3)
from Lemma 2.1, there exist vertices z € A and y € B such that zy € E(G) \ E(R). Since R
is connected, there is a path P in R between x and y. Since R is bipartite, the length of P is
odd. Hence, combined with the edge xy, this yields a cycle which satisfies Property (a).

R is not bipartite. Let C; = (x1,...,22-1,21) be an odd cycle in R of minimum possible
length and let U = V(G) \ V(C1). Note that we may assume that |V (C1)| < 2a + 1. Indeed,
assume that |V (C1)| > 2a+3 and let S = {x9; : 1 < i < a+ 1}. Since |S| > o+ 1, there
exist 1 <1i < j < a+ 1 such that zg;29; € E(G). By the assumed minimality of Cy, it must
hold that zg;x9; € E(G) \ E(R). In this case, one of the two cycles in Cy U {z2;x9;} which
contain the edge x2;x9; satisfies Property (a). This case is further divided into the following

two subcases.

(2.1) (G \ R)[U] is not bipartite. Let Co = (y1,...,y2s—1,%1) be an odd cycle in (G \ R)[U].
Since G is 2-connected, it follows by Menger’s Theorem (see, e.g., Exercise 4.2.28 in [33])
that there are distinct vertices u, v’ € V/(C1) and v,v" € V(Cq) for which there are vertex-
disjoint paths P; and P, such that the endpoints of P; are u and v, the endpoints of P
are v’ and v/, V(C1) NV (P) = {u}, V(C1) NV (P) = {u'}, V(Co) NV (P) = {v}, and
V(Ce) NV (Py) = {v'}. By choosing one of the two paths that connect u and ' along
(', which we denote by P, one can ensure that |[E(R) N (E(P)U E(P;) U E(P,))| is odd.
Similarly, by choosing one of the two paths that connect v and v’ along Co, which we
denote by P’, one can ensure that |E(G \ R) N (E(P)U E(Py)U E(P,) U E(P"))| is odd.
In particular, the cycle PU P; U P’ U Ps is even and thus satisfies Property (a).

(2.2) (G \ R)[U] is bipartite. Let U = AU B be some bipartition of (G \ R)[U]. Let P =
(ui,...,usa+1) be an arbitrary path in R[U]; such a path exists since §(R[U]) > 0(R) —
[V(C)| > k/2—(2a+1) >4a+1. Let G = G[(V(G) \ V(P1)) U {u1, usq+1}] and note
that k(G") > k(G) — (4a — 1) > a(G) > a(G’). It thus follows by Theorem 3.1 that G’
is Hamilton-connected. Let P be a Hamilton path of G’ whose endpoints are u; and
Uga+1 and let C’ be the Hamilton cycle of G that is obtained via the concatenation of
P; and P». Note that C’ must contain an even number of edges of R (and thus an odd,
and in particular positive, number of edges of G \ R) as otherwise we would obtain a
contradiction to Property (C2) from Lemma 2.1. Assume without loss of generality that
|[ANV(P1)| > | BNV (P1)|. Let wiy, ..., u;, be the vertices of ANV (Py), where r > 2a+1.



Let S1 = {u;; : 1 < j < randijiseven} and let So = {u;; : 1 < j < r and i; is odd};
assume without loss of generality that |S1| > |Sa|. Note that Sj is an independent set in C’
of size |S1| > a+ 1. Hence, there exist vertices u;, and w;, in S7 such that u; u;, € E(G).
Since S1 € A by construction, it follows that u; u;, € E(R). Let P’ be the subpath
of P, whose endpoints are u;, and wu;,. Since both is and ¢; are even, we conclude that

(C"\ P") U {uj,u;} is a cycle satisfying Property (a).

Let C' = (v1,...,v2,v1) be a cycle of minimum length that satisfies Property (a); we claim that
it satisfies Property (b) as well. Suppose for a contradiction that |C| > 10ac+10. For every 1 <i <5
let A; = {vgj: (1 —1la+1i < j <ia+i}. It follows by the definition of « that for every 1 <i <5
there are indices s;,t; € A; such that s; < t; and vs,v;;, € E(G). By the pigeonhole principle, at
least three of these edges are in E(R) or at least three are in E(G) \ E(R). Assume without loss
of generality that vs,v; € E(R) for every 1 < i < 3 (the remaining cases are analogous and can be
treated similarly). For every 1 <1i <3 let P; = (vs;, Us,+1,--.,0). The path P; is said to be even if
|E(P;)NE(R)| is even; otherwise P; is said to be odd. Another application of the pigeonhole principle
implies that at least two of P, P», and P3 are even or at least two of them are odd. Assume without
loss of generality that P, and P, are both even (again, the remaining cases are analogous and can
be treated similarly). It then follows that (C' U {vs,v¢,,vs,01,}) \ (P1 U Py) forms a cycle satisfying
Property (a), contrary to the minimality of C'. O

We are now in a position to prove Theorems 1.2, 1.4, and 1.5.

Proof of Theorem 1.2. Let ¢ be the constant whose existence is ensured by Theorem 3.3 and let
c = max{42,20c'}. Let a = a(G) and assume that x(G) > cmin{max{a,logn}, a?}.

Suppose for a contradiction that C,(G) # C(G). We follow the recipe that was presented in
Section 2.1. That is, we need to handle steps (S1), (S2), and (S3). Our assumption that C,(G) # C(Q)
will then lead to the contradiction appearing in (S5).

It follows by Theorem 1.1 that G is Hamiltonian. Let R be as in the premise of Lemma 2.1; this
takes care of (S1).

Next, we take care of (S2a). It follows by Lemma 3.6 that G contains an even cycle C' =
(v1,...,v9r,v1), having an odd number of edges in R, whose length is at most 10 + 8 < 20«.

Assume first that k(G) > clogn. We may then apply Theorem 3.3 with (z1,y1) = (v1,v,41) and
(23, yi) = (v3, V2, 42) for every 2 < i < r to obtain both (S2b) and (S3).

Assume then that x(G) > ca®. We begin by handling Step (S2b). Let G1 = G \ {v1,v,41} and
note that k(G1) > k(G) —2 > 10r. Applying Theorem 3.2 to G with (z;—1,yi—1) = (vi, vor—it2) for
every 2 < i < r yields pairwise vertex-disjoint paths Ps,..., P, such that for every 2 < i < r, the
endpoints of P; are v; and vg,_;+2. Choose such a path system for which max{|V(F;)|:2 <i <r}
is minimal and note that this implies that max{|V(F;)| : 2 < i < r} < 2a. Indeed, suppose for a

contradiction that there exists some 2 < ¢ < r such that P, = (x1,x9,...,2¢) for some t > 2a + 1.
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Let S = {x; : 1 < i < tisodd}, and note that |[S| > a + 1. It follows that there exist indices
1 <i < j <tsuch that z;z; € E(G), yielding the shorter path P} = (z1,..., 2,2}, ..., 2¢).
Finally, we take care of (S3). Let W =V (P;)U...UV(P,) and let G’ = G\ W. Note that

k(G > k(G) — W] > ca® — 40a% > a > a(G'),

and thus G’ is Hamilton-connected by Theorem 3.1. We conclude that G’ admits a Hamilton path

whose endpoints are v; and v,1. ]

Proof of Theorem 1.4. Let a = o(G) and assume that §(G) > dn and x(G) > max {180a, 200062 }.
We may assume that a = O(logn) and that § = Q (1/y/Iogn) as otherwise Theorem 1.4 is an
immediate corollary of Theorem 1.2.

Suppose for a contradiction that C,(G) # C(G). We follow the recipe that was presented in
Section 2.1. That is, we need to handle steps (S1), (S2), and (S3). Our assumption that C,(G) # C(G)
will then lead to the contradiction appearing in (S5).

Since k(G) > 180« > «, it follows by Theorem 1.1 that G is Hamiltonian. Let R be as in the
premise of Lemma 2.1; this takes care of (S1).

Next, we take care of (S2a). Since k(G) > 12a + 8, it follows by Lemma 3.6 that G contains
an even cycle C' = (vy,...,v9k,v1), having an odd number of edges in R, whose length is at most
10a + 8.

In preparation for Step (S3), let Gi1 = G \ V(C); note that §(G1) > §(G) — |[V(C)| > dn/2.
Applying Lemma 3.4 to G we obtain a partition V(G1) = V4 U...UV; such that x(G1[Vi]) > §?n/64
and |V;| > 6n/16 hold for every 1 < i < ¢; in particular ¢ < 16/6. Let x € Ng(v1,V;) for some
1 <r <tandletye Ng(vgsr, Vs \ {z}) for some 1 < s < t; such vertices x and y exist since
min{degq(v1),degq(vg4+1)} > 0(G) > on > |V(C)|. In order to handle Step (S3) we wish to set aside

a certain structure; this is done via the following claim.

Claim 3.7. There is a sequence (ui,wi, U, Wa, ..., Uq, Wy) of (not necessarily distinct) vertices of

G satisfying all of the following properties.
(1) w1 €V, and wy € Vy;
(2) wj,w; e ViU...UVi\{z,y} for every 1 <i <g;
(3) wewe € Uy<jcjcy Ec(Vi, V) for every 1 <€ <gq;

(4) Setting wy = x and ug+1 =y, for every 1 < i < tit holds that |V;N{wo, w1, w1, ug, ..., wg, ug+1}| <
9

(5) For every 1 < i <t and every 0 < j < q it holds that w; € V; if and only if ujq1 € Vi.
Moreover, for every 1 < i <t there exists some 0 < j < q such that w; € V;, ujq1 € V;, and

wj # Ujt1y
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(6) If two vertices of the sequence (ui,wi,us, wa, ..., uq, Wy) are equal, then there exists some

1 <j < q—1 such that these two vertices are w; and uj41.

Proof. For convenience assume that » = 1 and s = ¢ (this is possible by relabeling the indices

unless » = s; the latter case, however, can be treated similarly). We construct the required

sequence in ¢t — 1 steps, that is, for every 1 < j < t — 1 we construct a subsequence S; :=
_ i1 .

(U415 Wi 415+ - 5 Utjtqys Wi, +q;), Where Zfzi ¢ = qand t; = Y1 ¢ for every 1 < j < t¢—1

(in particular, t; = 0), satisfying the following two properties

(i) ug; 41 € Vy and wy;4q; € Vjya;
(ii) |A; NV;] <2 holds for every 1 <i <t, where A; := {ug; 11, Wt; 11, -, Ut;1q;, Wt;+q; 1
(111) Aj N (Al U...uU Aj—l U {J},y}) = .

Suppose that for some 1 < j <t — 1 we have already constructed Si,...,S5;-1 for which the above
properties hold, and now wish to construct Sj. Let G; = Gy \ (A1 U...U A;_1 U {z,y}) and note
that
j—1
K(Gj) > K(G) = |[V(C)| = ) |Ai] — 2 > max {1800, 20000 ?} — (10a +10) — 2¢* > 1, (1)
i1
where the second inequality holds by Lemma 3.6(b) and by (ii).
For every 1 < i <t let Vij =Vi\(A1U...UA;_1U{x,y}), and let H; be the multigraph obtained
from éj by collapsing each Vij into a single vertex v;. It follows by (1) and by Observation 3.5 that
Hj is connected. In particular, H; admits a path P; between v; and vj;1; clearly the length of P;

is at most ¢ — 1. Viewing P; as a directed path from v; to vji1, let ey,... e, be the edges of P;
appearing in this order. Viewing ey,...,e,; as edges of éj, for every 1 < i < gj, let ut;4; be the tail
of e; in éj and let wy;4; be the head of e; in éj (note that it is possible that Wi = Ut 4itl for
some values of 7). It is straightforward to verify that S; := (s, +1,We; 41, - -, Utj4q;, Wt; ;) Satisfies
properties (i), (ii), and (iii).

Having constructed Si,...,St—1 in this manner, it is then straightforward to verify that their
concatenation, namely (u1, w1, u2, ws, ..., uq, wy), satisfies properties (1)—(6). O

Returning to the proof of Theorem 1.4, fix a sequence (u1, w1, ug, wa, ..., uq, W) as per Claim 3.7,
and let G = G\ {u1, w1, ug, wa, ..., ug, Wy, T, Y, V1, Vpy1}-

Next, we handle Step (S2b). Note that

Kk(G2) > K(G) — (2¢ + 4) > max {180a, 20005} — 2% — 2
> max {180c, 20006 ?} — 51462 > 90a > 10k,

where the second inequality holds by Claim 3.7(4). Applying Theorem 3.2 to G with (z;-1,¥y;—1) =
(vi, Vog—ir2) for every 2 < i < k yields pairwise vertex-disjoint paths P, ..., Py such that for every
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2 < i < k, the endpoints of P; are v; and wvor_;19. Moreover, as in the proof of Theorem 1.2, we
choose the paths P, ..., Py such that max{|V(P;)| : 2 <i < k} < 2« holds.

Finally, we take care of Step (S3). Let W = V(P2)U... UV (F) and let Gg = G\ W. Note that
{ur, wi,ug,wa, ..., uq, Wy, z,y,v1, 0541} € V(G3) and that

k(G3[Vi \ W) > k(G1[Vi]) — [W| > 6°n/64 — 2a(5a + 4) > 62n /65 (2)

holds for every 1 <i <t. Set wo =z and ug41 =y. Forevery 1 <i<tlet B;={1<j<qg+1:
uj € V;}, and let b; = | B;|; note that b; < ¢ holds for every 1 < i <t by properties (4) and (5) from
Claim 3.7. For every 1 < i < t, it then follows by (2) and by Theorem 3.3 that there are pairwise
vertex-disjoint paths P}, ... ,Pgi such that V(P})U...U V(Pgi) = V; \ W and for every 1 < j <b;
the endpoints of P]Z are w;_1 and u; (such an application of Theorem 3.3 is possible by Property
(5) of Claim 3.7 which ensures that w;_; # u; holds for at least one j € B;. Note that whenever
wj_1 = uj, the path P]? consists of a single vertex). Combining the paths in {PJZ :1<i<tje€ B}
and the edges in {uw; : 1 <7 < q}U{viz,vp41y} yields a Hamilton path of G3 whose endpoints are
v1 and vg41. ]

Proof of Theorem 1.5. Let o = a(G) and assume that Si,...,S; are pairwise disjoint CDSs of G,
where ¢ > 16 4+ 12. Note that k(G) >t > 16 + 12.

Suppose for a contradiction that C,(G) # C(G). We follow the recipe that was presented in
Section 2.1. That is, we need to handle steps (S1), (S2), and (S3). Our assumption that C,(G) # C(G)
will then lead to the contradiction appearing in (S5).

Since kK(G) > 16a + 12 > «, it follows by Theorem 1.1 that G is Hamiltonian. Let R be as in the
premise of Lemma 2.1; this takes care of (S1).

Next, we take care of (S2a). Since k(G) > 16a + 12, it follows by Lemma 3.6 that G contains
an even cycle C' = (vy,..., v, v1), having an odd number of edges in R, whose length is at most
10 + 8.

Next, we handle Step (S2b). Let I = {i € [t] : S;NV(C) # @} and note that |[I| < |C| < 10a+8.
Let ¢ : {2,...,7} — [t] \ I be an injective mapping; such a mapping exists since ¢ > 16 + 12 >
|[I| +r — 1. For every 2 < i < r let P; be a path in G whose endpoints are v; and v9,_;12 and such
that V(B;) \ {vi,var—ir2} C S,(i); such a path exists since S ;) is a dominating set and G[Sw(i)] is
connected.

Finally, we take care of (S3). Let W = V(P) U...UV(P,) and let G’ = G\ W. Let J = {i €
[t] : SiN W = @}, and note that [J| >t — [C] — (r — 1) > . Since J,c; S € V(G'), it follows that
k(G') > |J| > a > a(G), and thus G’ is Hamilton-connected by Theorem 3.1. We conclude that G’

admits a Hamilton path whose endpoints are v; and v,41. O
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4 Graphs with a small bipartite independence number

In this section we prove Theorem 1.8. We begin by stating and proving several auxiliary results that

facilitate our proof. The following known result takes care of Step (S3).

Theorem 4.1 (Theorem 6 in [35]). Let G be a graph on at least 3 vertices. If 6(G) > &(G), then G

is Hamilton-connected.
The following result takes care of Step (S2a).

Lemma 4.2. Let G be a graph satisfying 6(G) > 2&(G) + 9. Let R # G be a subgraph of G such
that er(A, B) > eq(A, B)/2 and R # G[A, B] hold for every partition V(G) = AU B. Then, there
exists a cycle C C G for which the following two properties hold.

(a) |C| is even and |E(C)\ E(R)| = 1;
(b) |C] < 12.

Proof. Let k = &(G) and let a < b be positive integers such that a +b =k + 1 and Eg(A4,B) # 0
whenever A C V(G) and B C V(G) \ A are sets of sizes |A| = a and |B| = b. It follows by the
premise of the lemma that §(R) > [0(G)/2] > a+ b+ 4. We claim that R is 2-connected. Indeed,
suppose for a contradiction that there exists a vertex v € V(G) such that R\ v is disconnected. Let
S be the vertex-set of a smallest connected component of R\ v and let T'= V(R) \ (S U {v}). Let
s = | S| and note that

n/2>s>96(R)>a+b. (3)

Let S1 and S2 be disjoint subsets of S, where |S1| = a and |Sa| = b. Fori € {1,2} let T; = Ng(S;)NT.
It follows by the definition of a and b that |T1| > |T|—b+1 > n—s—>b and, similarly, |T3| > |T|—a+1 >
n — s —a. Therefore eq(S,T) > eq(S1,T1) + eq(S2, 1) > |T1| + |T2] > 2(n —s) — (a+b) > s, where
the last inequality holds by (3). We conclude that

degp(v,S) = er(S, T U{v}) > eq(S,TU{v})/2 > (eq(S,T) + degr(v,S))/2 > (s + degr(v, S))/2,

which in turn implies the obvious contradiction degg(v,S) > s.

Next, we prove that there exists a cycle satisfying Property (a); we distinguish between the

following two cases.

(1) R is bipartite. Let AU B be the bipartition of R. Since R # G[A, B] by the premise of the
lemma, there exist vertices x € A and y € B such that xy € E(G)\ E(R). Since R is connected,
it admits a path P whose endpoints are z and y. Since R is bipartite, the length of P is odd.
Hence, combined with the edge xy, this yields a cycle which satisfies Property (a).
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(2)

R is not bipartite. Let C' = (x1,...,x9—1,71) be an odd cycle in R. Let xzy € E(G)\ E(R) be
an arbitrary edge; such an edge exists since R # G holds by the premise of the lemma. Since R
is 2-connected, it follows by Menger’s Theorem (see, e.g., Exercise 4.2.28 in [33]) that there are
distinct vertices u, v’ € V(C") for which there are vertex-disjoint paths P; and P, in R such that
the endpoints of P, are u and x, the endpoints of P, are v’ and y, V(C') NV (P;) = {u}, and
V(C"NV (P,) = {u'}. Note that it is possible that V(P;) = {u} = {z} or V() = {v'} = {y}.
Combining the edge xy, the paths P; and P», and one of the two paths connecting u and '’
along C’ yields a cycle C' which satisfies Property (a).

Let C = (v1,...,v9,,v1) be a cycle in G of minimum length out of all the cycles that satisfy

Property (a). Assume without loss of generality that vivs is the unique edge of E(C) \ E(R). We

claim that C satisfies Property (b) as well. Suppose for a contradiction that |C| > 14. We distinguish

between the following cases.

(1)

There exists an edge v;v; € E(R) which is a chord of C' and, moreover, i and j are of opposite
parity. In this case the unique cycle in C'U {v;v;} which contains both vive and v;v; satisfies

Property (a), contrary to the minimality of C.

degpr(v2,V(C)) > 4 and degp(ver, V(C)) > 4. Since we are not in Case (1), there exist
2 <i,j <r—1such that vovy; € E(R) and vo,v2; € E(R). If i = j, then (v1, vz, v2;, vor, v1)
is a cycle satisfying Property (a). If i < j, then (vi,va,v2;, V2541, .., V25, v2r, v1) is a cycle
satisfying Property (a). Finally, if i > j, then (vi,v2,v2i,v2i—1,...,v25,v2r,v1) is a cycle

satisfying Property (a). In all three cases we arrive at a contradiction to the minimality of C.

degr(v7, V(C)) > 7 and degr(var—5, V(C)) > 7 (note that 2r —5 > 7 holds by our assumption
that |C|] > 14). Since we are not in Case (1), there exist 1 < ¢ < r—4 such that v7vg;4+1 € E(R)
and 4 < j < r — 1 such that vy, _5v9;41 € E(R). Similarly to Case (2), the unique cycle in
C U {v7v2i41, V2r—5V254+1} which contains vive, v7v2;41, and vo,_5v9j41 satisfies Property (a),

contrary to the minimality of C.

There exist ¢ € {2,2r} and j € {7,2r—>5} such that degr(v;, V(C)) < 3 and degg(v;, V(C)) < 6.
Assume without loss of generality that ¢ = 2 and j = 7 are such indices; the remaining cases
can be treated similarly. Let A be a subset of Ng(v7) \ V(C) of size a and let B be a subset
of Ngr(ve) \ (V(C) U A) of size b; such sets exist since 6(R) > a+b+4 > a+ 6. By the
definition of &(G) there exist z € A and y € B such that zy € E(G). If zy € E(R), then
(v1,v2,y,2,v7,08, ...,V 01) is a cycle satisfying Property (a). Otherwise, zy € E(G) \ E(R)
and then (ve,...,v7,x,y,vs) is a cycle satisfying Property (a). In both cases we arrive at a

contradiction to the minimality of C.
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The following result takes care of Step (S2b).

Lemma 4.3. Let G be a graph satisfying §(G) > max {2&(G) + 9, &(G) + 15} and let R be as in
Lemma 4.2. Let C = (v1,...,v2,v1) be a cycle of minimum possible length of all cycles in G
satisfying properties (a) and (b) from Lemma 4.2. Then there erist vertex-disjoint paths Pa, ..., P,
such that the following properties hold for every 2 < i <r.

(i) The endpoints of P; are v; and var—iy2, and V(P;) NV (C) = {vi, var—_iy2};
(ii) The length of P; is 2 or 3;
(iii) deg(v,V(F;)) < 3 holds for everyv € V(G)\ (V(C)UV(P)U...UV(P)).

Proof. Let a < b be positive integers such that a + b = &(G) + 1 and Eg(A, B) # () whenever
A CV(G) and B C V(G) \ A are sets of sizes |A| = a and |B| = b. We construct the required
paths P, ..., P. one by one as follows. Assume that for some 2 < ¢ < r we have already built
Py, ..., P;,_1, each satisfying properties (i), (ii), and (iii), and now wish to construct P;. Let W; =
({v1,..., v, UV (P2)U...UV(P_1)) \ {vi, var—ita}. If there exists a vertex w € V(G) \ W; which
is a common neighbour of v; and wvg,_;12, then we set P; = (v;, w,vo,—;+2); it is evident that P;
satisfies properties (i), (ii), and (iii) in this case.

Assume then that A := Ng(v;) \ W; and B := Ng(ver—i+2) \ W; are disjoint sets. It follows
by the minimality of |C| that C' has no chord vsv; such that s is even and t is odd. In par-
ticular, max{degq(v;, V(C)),degqs(var—it2,V(C))} < r+ 1 < 7, where the last inequality holds
by Property (b) from Lemma 4.2. Moreover, it follows by Property (ii) that max{degq(v;, W; \
V(C)),degq(var—it2, Wi \ V(C))} < 2(i — 2) < 2(r — 2) < 8. Therefore min{|A|,|B|} > §(G) — 15 >
a(G) > b > a. Hence, by the definition of a and b there are vertices © € A and y € B such that
xy € E(G). Set P; = (v;,x,y,v2,—i+2) and note that P; satisfies properties (i) and (ii). Since no
vertex of V(G)\ W; is adjacent to both v; and ve,_;12, the path P; satisfies Property (iii) as well. [

Having Theorem 4.1 and Lemmas 4.2 and 4.3 at our disposal, proving Theorem 1.8 becomes

fairly straightforward.

Proof of Theorem 1.8. Suppose for a contradiction that C,(G) # C(G). We follow the recipe that
was presented in Section 2.1. That is, we need to handle steps (S1), (S2), and (S3). Our assumption
that C,(G) # C(G) will then lead to the contradiction appearing in (S5).

It follows by Theorem 1.7 that G is Hamiltonian. Let R be as in the premise of Lemma 2.1; this
takes care of (S1).

Next, we take care of (S2). Starting with (S2a), it follows by Lemma 4.2 that G contains an even
cycle of length at most 12, and such that all its edges but exactly one are in R; let C' = (vq, ..., v, v1)
be such a cycle of minimum possible length. As for (S2b), the required paths Ps, ..., P, are attained

via Lemma 4.3.
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Finally, we take care of (S3). Let W = V(P2) U...UV(P,). Let G’ = G\ W. Similarly
to the proof of Lemma 4.3, it follows by the minimality of |C| and by Property (ii) from that
lemma that max{degq(vi, W), degq(vr41, W)} <r+1+2(r —1) < 17. Moreover, for every vertex
v e V(G)\ W, it follows by Property (iii) from Lemma 4.3 that degg, (v, W) < 3(r —1) < 15. Hence,
(G > 6(G)—17 > a(G) > a(G’) and thus G’ is Hamilton-connected by Theorem 4.1. In particular,

there is a Hamilton path of G’ whose endpoints are vy and v, 1. O

5 Bipartite graphs

Our aim in this section is to prove Theorem 1.11. We begin by stating and proving several auxiliary

results that facilitate our proof. The following result takes care of Step (S2a).

Lemma 5.1. Let G be a balanced bipartite graph satisfying app(G) < 26(G) — 6. Let R # G be
a subgraph of G such that er(X,Y) > eq(X,Y)/2 holds for every partition V(G) = X UY. Then,
there exists a cycle C C G for which the following two properties hold.

(a) |C] € {6,10};
(b) |E(C)\ E(R)] is odd.

Proof. 1t follows by Theorem 1.10 that G is connected. It then follows by the premise of the lemma
that R is connected as well. Let V(G) = AU B be the bipartition of G. Note that R is bipartite
as well and V(R) = AU B is the unique bipartition of R. Since R # G holds by the premise of the
lemma, there exist vertices z € A and y € B such that xy € F(G) \ E(R). Since R is connected, it
admits a path P whose endpoints are = and y. Since R is bipartite, the length of P is odd. Hence,
combined with the edge zy, this yields an even cycle which satisfies Property (b).

Let C' = (v1,...,v2r,v1) be an even cycle in G of minimum length out of all even cycles satisfying
Property (b); assume without loss of generality that v; € A. We claim that |C'| < 8. Prior to
proving this, we show that C’ has no chords. Indeed, suppose for a contradiction that there exist
1 <i < j < 2r such that v;v; is a chord of C’; note that without loss of generality this implies that
v; € A and vj € B. It is then straightforward to verify that one of the cycles in C’ U {v;v;} which
contain v;v; is even and satisfies Property (b). In all possible cases, the obtained cycle is shorter
than C’, contrary to its assumed minimality.

Next, we show that |C’| < 8. Suppose for a contradiction that r > 5. Let k = app(G) and
note that §(G) > k/2 + 3 holds by the premise of the lemma. Since v; € A by assumption, it
follows that vg € B. Since C’ has no chords, it then follows that degg(vi, B\ V(C")) > k/2 + 1
and that degq(ve, A\ V(C")) > k/2 + 1. Hence, by the definition of app(G), there are vertices
x € Ng(vi, B\ V(C") and y € Ng(vg, A\ V(C")) such that zy € F(G). Similarly as above, it is
straightforward to verify that one of the cycles in C' U{v1z, zy, yvs} which contain viz, zy, and yvg,
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is an even cycle satisfying Property (b). In all possible cases, if |C’| > 10, then the obtained cycle is
shorter than C’, contrary to its assumed minimality.

Next, using C’, we construct a cycle C' which satisfies properties (a) and (b). If |C’| = 6, then
set C' = C’. We consider the remaining two possible lengths of C’ separately.

(1) |C"| =4. Let X = Ng(v1,V(G)\ V(C")) C B and note that
| X| > degg(vi) —2>k/2+ 1.

Similarly, let Y = Ng(vs, V(G) \ V(C")) C B and note that Y # (). Let y € Y be an arbitrary
vertex and let Z = Ng(y,V(G) \ V(C")) € A. Note that |Z| > degqa(y) — |[V(C') N Al >
k/2 + 1. Tt then follows by the definition of app(G) that there exist vertices z € X and
z € Z such that zz € E(G). It is straightforward to verify that either (vi,ve,vs,y, 2, z,v1) or

(v1,v4,v3,y, 2,2,v1) is a cycle satisfying properties (a) and (b).

(2) |C"| =8. Let X = Ng(v1, V(G)\V(C")) C B and let Y = Ng(v2, V(G) \ V(C")) C A. Since
C’ has no chords, it follows that min{|X|,|Y|} > §(G) —2 > k/2 + 1. It then follows by the
definition of app(G) that there exist vertices x € X and y € Y such that zy € E(G). It is
straightforward to verify that either (vq,z,y,v2,vs,...,vs,v1) is a cycle satisfying properties
(a) and (b), or (v1,x,y,v2,v1) is a cycle of length 4 which satisfies Property (b); in the latter

case we may apply Case (1) to obtain the required cycle.

The following result takes care of Step (S2b).

Lemma 5.2. Let G be a balanced bipartite graph satisfying app(G) < 26(G) — 20, and let C' =
(v1,...,v2,01) be a cycle in G satisfying properties (a) and (b) from Lemma 5.1. Then there exist
vertex-disjoint paths P, ..., P. such that the following properties hold for every 2 <i <r.

(i) The endpoints of P; are v; and var—_it2, and V(P;) NV (C) = {v;, var—it2};
(ii) The length of P; is 2 or 4;
(iii) degqg(v, V(P;)) <2 holds for every v € V(G)\ (V(C)UV(P)U...UV(F,)).

Proof. Let k = apip(G) and note that » < 5 holds by Property (a) from Lemma 5.1. We construct the
required paths Ps, ..., P, one by one as follows. Assume that for some 2 < i < r we have already built
Py, ..., Pi_1, each satisfying properties (i), (ii), and (iii) (the latter meaning that degq (v, V/(P;)) < 2
holds for every 2 < j <i—1 and every v € V(G) \ (V(C)UV (P2)U...UV(Pi_1))), and now wish to
construct P;. Note that v; and ve,_;42 are in the same part of the bipartition of G; assume without
loss of generality that both are in A. Let W; = {v1,...,v2, }UV(P)U...UV(P;_1). If there exists a
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vertex w € B\ W; which is a common neighbour of v; and va,_; 12, then we set P; = (v, w, vay—i12);
it is evident that P; satisfies properties (i), (ii), and (iii) in this case.

Assume then that X := Ng(v;) \ W; and Y := Ng(ve,r—it2) \ W; are disjoint sets. Since G
is bipartite, it follows that degq (v, V(C)) < r < 5 and degg(var—it2, V(C)) < r < 5. Fix any
2 < j <i—1. Since G is bipartite, it follows by Property (ii) that

max{degg (vi, V(P;) \ V(C)), degg(var—ir2, V(P;) \ V(C))} < 2
if j =4 mod 2, and that
max{degg (vi, V(P;) \ V(C)), degg(var—ir2, V(P) \ V(C))} < 1

if 7 #4 mod 2. Since r < 5, we conclude that max{degq(v;, W;), degq(var—it2, W;)} < 9. Since
d(G) > k/2 + 10 holds by the premise of the lemma, it follows that |X| > k/2 4+ 1 and that Y # ().
Let y € Y be an arbitrary vertex and let Z = Ng(y, A\ W;). Note that X U {y} C B and Z C A.
Moreover, degq(y, W;) < 8 holds by Property (iii) and since < 5. Since §(G) > k/2 + 10 holds by
the premise of the lemma, it follows that |Z| > k/2 + 1. Hence, by the definition of apip(G), there
exist z € X and z € Z such that xz € E(G). Set P; = (v;, x, z,y, v2y—i+2) and note that P; satisfies
properties (i) and (ii). Since no vertex of V(G) \ W; is adjacent to both v; and va,_;19, the path P
satisfies Property (iii) as well. O

Having proved Theorem 1.10 and Lemmas 5.1 and 5.2, we are in good position to prove Theo-

rem 1.11.

Proof of Theorem 1.11. Suppose for a contradiction that Coy,(G) # C(G). We follow the recipe that
was presented in Section 2.1. That is, we need to handle steps (S1), (S2), and (S3). Our assumption
that Ca,(G) # C(G) will then lead to the contradiction appearing in (S5).

It follows by Theorem 1.10 that G is Hamiltonian. Let R be as in the premise of Lemma 2.1;
this takes care of (S1).

Next, we take care of (52). Starting with (S2a), it follows by Lemma 5.1 that G contains a cycle
satisfying properties (a) and (b) from that lemma; let C' = (v,..., v, v1) be such a cycle. As for
(S2b), the required paths Ps, ..., P, are attained via Lemma 5.2.

Finally, we take care of (S3). Let W = V(Py) U...UV(P,); it follows by Property (a) from
Lemma 5.1 and by Property (ii) from Lemma 5.2 that |[W| < 20. Let G’ = G \ W and note that
G’ is a balanced bipartite graph. Moreover, it follows by Property (a) from Lemma 5.1 that vy
and v,41 belong to different parts of G’. Since G is bipartite, it follows by Lemma 5.1(a) and by
Lemma 5.2(ii) that max{degq(vi, W), degs(vr+1, W)} < max{|ANW|,|BNW]|} < 10. Moreover,
for every vertex v € V(G) \ W, it follows by Property (iii) from Lemma 5.2 that degq(v, W) < 8.
Hence, §(G’) > §(G) —10 and thus app(G’) < apip(G) < 26(G)—24 < 26(G’)—4. Tt then follows by
Theorem 1.10 that G’ is Hamilton-biconnected; in particular, there is a Hamilton path of G’ whose

endpoints are v; and V1. ]
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6 Concluding remarks and open problems

In this paper we have considered various sufficient conditions for a graph G to be Hamiltonian,
and proved that a mild strengthening of each such condition in fact implies the stronger property
Cn(G) = C(G). It would be interesting to tighten these strengthenings so as to make them best
possible. The most interesting open problem stemming from our results is Conjecture 1.3 asserting
that the conclusion of Theorem 1.2 should hold even if x(G) grows to infinity with n arbitrarily
slowly.

One can of course study the question of whether C,(G) = C(G) holds with respect to other
sufficient conditions for Hamiltonicity. A related problem, introduced by Erdds [15], asks for the
smallest function f such that any Hamiltonian n-vertex graph G satisfying n > f(a(G)) is pancyclic.
Following a series of results, this problem was recently solved by Dragani¢, Munhd Correia, and
Sudakov [14] who proved that n > (2 + o(1))a(G)? is sufficient (a construction of Erdés shows
that this is asymptotically best possible). It is natural to ask whether the same condition (possibly
somewhat strengthened) also implies C,,(G) = C(G) (assuming of course that n is odd). As the
following example shows, this turns out to be false. Let n be a sufficiently large odd integer and let
G be an n-vertex graph consisting of two disjoint cliques whose orders differ by 1, and a matching
of size 2 between these cliques. It is evident that G is Hamiltonian, that «(G) = 2, and that n (and
also the minimum degree) can be taken to be larger than f(a(G)) for any given function f. On
the other hand, we claim that C,(G) # C(G). Indeed, let e; and es denote the two matching edges
connecting the two cliques. Any Hamilton cycle of G contains both e; and es. Hence, if C' is a cycle
in G\ {e1,e2}, then in order to generate C' we must use an even number of Hamilton cycles of G
(in order to “get rid” of e; and ey). However, this does not work if C' is of odd length. The main
obstruction in this construction is the two edges that are a part of every Hamilton cycle. It seems

plausible that avoiding this obstruction would solve the problem.

Problem 1. Determine whether there exist a constant k and a function f such that the following
holds. Let n be an odd integer and let G be an n-vertex k-connected Hamiltonian graph satisfying

n > f(a(Q@)). Then, C,(G) = C(G).

It is possible that the conclusion appearing in Problem 1 holds for & = 3 and f(x) = cz?, where
c is a sufficiently large constant. Note, however, that even holding with k£ being an arbitrarily large
constant and with f(x) = e, would settle Conjecture 1.3 in the affirmative. Indeed, suppose that
k > ca(G) for an appropriate constant c. If a(G) > logn, then C,,(G) = C(G) holds by Theorem 1.2.
Otherwise, n > e and thus C,(G) = C(G) holds by the assumed solution to Problem 1.
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