LONG INDUCED CYCLES IN PSEUDORANDOM GRAPHS

SAHAR DISKIN®, LYUBEN LICHEV!, MICHAEL KRIVELEVICH!, AND ITAY MARKBREITS

ABSTRACT. We show that, for some absolute constants c1,ca > 0, every (n,d, A\)-graph with A < c¢1d contains an
induced cycle of length at least canlog(d/A)/d. This is best possible up to the values of c¢1,ca. Our techniques
include a multi-scale algorithmic analysis, an adapted depth-first exploration procedure, a link to percolation
theory, and estimates for random row-and-column extraction in symmetric matrices.

1. INTRODUCTION

Long cycles in random graphs have been a main theme in probabilistic combinatorics literature for many
decades. Classic benchmark problems include the study of long cycles [5, 6, 7, 8, 15, 24, 17, 33, 51, 58] and
Hamiltonicity [1, 11, 12, 13, 16, 23, 27, 43, 44, 54, 55, 56, 59, 60, 62]. A related popular and fruitful direction
of research studies the length of a longest induced cycle. In a pioneering work, Frieze and Jackson [34] showed
that binomial random graphs with fixed expected degree and random regular graphs with fixed degree d > 3
typically contain induced cycles of linear length. Their result on binomial random graphs was improved by
Luczak [52] and, independently, by Suen [63], proving that whenever ¢ > 1, G(n,c¢/n) typically contains an
induced cycle of length at least (1 + o(1))(logc)n/c. A simple first-moment argument implies that the typical
length of a longest induced cycle for large ¢ in G(n,c¢/n) is at most (1 4 o0.(1)) - 2(log ¢)n/c. Finally, this upper
bound was shown to be asymptotically tight for large ¢ by Draganié, Glock, and Krivelevich [20]. In the other
extreme when ¢ is close to 1, the same authors [21] showed that G(n,c¢/n) typically contains an induced path of
length ©((c — 1)?n), which coincides with the order of the 2-core in the giant component up to the value of the
hidden constant (see, for example, [30, Lemma 2.16]). In the setting of random graphs on more general degree
sequences, Enriquez, Faraud, Ménard and Noiry [25] provided lower bounds for the length of a longest induced
cycle by sharpening the analysis of the algorithm used in [34]. We direct the reader to the survey of Frieze [29]
for further results on cycles in random graphs.

In the context of the mentioned results, it is natural to wonder which features of the random graph deter-
mine the length of its longest cycle, induced or not. In this direction, Dragani¢, Montgomery, Munha Correia,
Pokrovskiy and Sudakov [23] showed that sufficiently strong vertex-expansion implies Hamiltonicity, thus gen-
eralising many earlier results [11, 31, 36, 37, 47, 56|, a very recent work of Brada¢ and Janzer [13] relaxed
the expansion condition at the price of requiring approximate d-regularity where d > polylog(n). While the
mentioned criteria for Hamiltonicity need expansion on all scales, expansion on large, small or fixed scales is
already enough to guarantee the existence of long paths and cycles. For example, Krivelevich and Sudakov [50]
have shown that graphs with large minimum degree d percolated with parameter p where pd > 1 + ¢ typically
contain a path of order Q(d). This result was strengthened in the regime pd — oo to containment of a cycle of
length at least d — o(d) by Krivelevich, Lee and Sudakov [46] and by Riordan [58]. In graphs where sets up to
size k vertex-expand by a factor of d, Collares, Diskin, Erde and Krivelevich [15] showed that percolation with
the same parameter p where pd > 1 + ¢ typically leaves behind a cycle of length ©(kd), and Hollom [40] later
extended this result to graphs where only sets of a given size k are required to expand.

A recent line of research studied the related problem of finding long induced paths and cycles in expanders,
with particular focus on (n,d, A)-graphs, which are defined as follows:

Definition 1.1. Given a graph G, order its eigenvalues (that is, the eigenvalues of its adjacency matrix)
by A1 > ... > \,. The largest eigenvalue, A1, of any d-regular graph is easily seen to be d, sometimes
referred to as the trivial eigenvalue of G. A d-regular graph G on n vertices is said to be an (n,d, \)-graph if
max{|Az|, |An|} < A

We refer the reader to the survey [48] for an extensive discussion on (n,d, A)-graphs and other notions of
pseudorandom graphs. Dragani¢ and Keevash [22] showed that every (n,d, \)-graph with 100\ < d/* and
10d < n contains an induced path of length at least n/64d. This result was strengthened by Diskin, Krivelevich,
Markbreit and Zhukovskii [19] who showed that, for suitable positive constants &y, d2, ds, every (n,d, A)-graph
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with d < d3n and A/d < 07 contains an induced cycle of length at least don/d. The authors also suggested that
induced cycles of length Q(nlog(d/\)/d) may exist; indeed, independent sets of this order exist [3, 48], and the
bound is sharp up to the hidden constant in that case. Our main result confirms this prediction, and guarantees
the existence of induced cycles of length Q(nlog(d/))/d) for the even broader family of (n, (1 +~)d, \)-graphs.
A graph G is called an (n, (1 £v)d, A)-graph (for some constant v := v(n,d, A) > 0) if G has n vertices, each of
them having degree in the interval [(1 —+)d, (14 y)d], and all eigenvalues of G but the largest one have absolute
values at most A.

Theorem 1.2. Fiz a constant « € (0,1). Then, there are constants ¢y = c1(a), c2 = ca(c1, @), c3 == c3(a) >0
such that, for all sufficiently large integers n,d with d < an, every (n, (1 :|:03()\/d)1/3) d, )\) -graph G with
A < e1d contains an induced cycle of length at least canlog(d/N)/d.

A few comments are in order. Since an (n,d, A)-graph is also an (n, (1 £ v)d, \)-graph for every v > 0,
Theorem 1.2 applies to (n,d, \)-graphs. In particular, Theorem 1.2 extends all previous results on a longest
induced cycle [19, 22, 34] and on the largest independent set [3, 48] in (n, d, A)-graphs. Furthermore, for (n,d, A)-
graphs, Theorem 1.2 is actually optimal up to the value of the constants ¢y, co: for example, for a wide range
of d == d(n) > 3, the random regular graph G(n,d) is known to be an (n, d, 3v/d)-graph with high probability,
see e.g. [49, 57, 61, 64], but its largest independent set typically has size at most 3nlog(d)/d (and thus, its
longest induced cycle has at most twice this length). A deterministic example matching the lower bound from
Theorem 1.2 up to constant may also be found in [19, Section 5], though a slightly more careful analysis than
the one presented there is required to make the log(d/\) appear explicitly.

Plan of the paper. The paper is structured as follows. In Section 2, we provide an outline of the proof of
Theorem 1.2. In Section 3, we set our notation, collect several useful lemmas and present some definitions for
almost regular and pseudorandom graphs. Section 4 is devoted to the proof of Theorem 1.2. Finally, Section 5
contains some concluding remarks and discusses possible extensions and directions for future research.

2. PROOF OUTLINE

We present an outline of the proof of Theorem 1.2. In the first part of the argument, we prove the theorem for
the range d® < n. The range d = o(n) is then handled by a reduction to the previous case via site percolation,
and a separate deterministic argument for when d = O(n) and A is small completes the proof.

The sparse case. We begin with the case d® < n. Fix constants
O<Co<<01<<ﬂ<<€<<1,

and write

k = colog(d/N).
Our goal is to construct k vertex-disjoint induced path, each of length Q(n/d), and to stitch them together into
one induced cycle.

To this end, set n; = e~ (179 and d; = e~ (119)d for all i € {0,...,k}. Starting from G(0) = G, we
construct a nested sequence of induced subgraphs G = G(0) 2 G(1) D --- O G(k) such that each G(i) is a
nearly-d;-regular graph on n; vertices. We construct these graphs as follows. Given the graph G(i — 1) with
the said properties, we choose a random set Y; C V(G(i — 1)) by retaining each vertex independently and
with probability p; = (14 ¢)/d;—1. We then delete the set Y; together with its neighbourhood from G(i — 1),
and perform a clean-up procedure in the remaining graph to find an induced nearly-d;-regular graph on n;
vertices. Observe that, following the Poisson paradigm, deleting Y; and its neighbourhood expected to create
the ‘correct’ drop of the order/degree: the probability that a vertex survives after this procedure is about
P(Poisson(d;_1p;) = 0) ~ e~ (1+e),

We show that typically the promised cleaning procedure can be done at all stages in Section 4.2. First,
Lemma 4.1 shows that V(G(i—1))\ (Y U Ng(;—1)(Yi)) has roughly the expected size; we note that the hypothesis
that d is small is used here. Then, Lemma 4.2 shows that any large enough set in G(i—1) contains a large nearly
regular induced subgraph. Together, these give Lemma 4.3: with high probability, for all ¢ € [0, k], the graphs
G (i) exist, have an order roughly n;, are nearly-d;-regular, and inherit the required expander-mixing property
from the original graph. Indeed, starting with V'(G) (of size n), we iteratively remove the sets Y; U Ng(i—1)(Y3),
leaving approximately an e~ (1*+%)_fraction of the vertices. The expander-mixing property allows us to control the
edge distribution of sets of size up to O(An/d). Consequently, Lemmas 4.1 and 4.2 may be applied iteratively
O(log(d/\)) times.

We show that typically, in each G(i — 1)[Y;], we can find an induced path P; of length Q(n/d). Note that, by
construction, all future subgraphs G(j) with j > 4, and hence all future paths P;j;1, lie outside Y; U Ng(i,l)(Yi),
and thus vertices of P; have no neighbours in them. We produce the said paths by analysing a DFS exploration
on the graphs G(i — 1)[Y;] similar to the one of [19]. To this end, we prove that each random set Y; has two key
properties. The first property is good vertex-expansion: in Lemma 4.4, we show that typically every set of size
about n;_1/d;—1 expands in G(i — 1) almost as well as in a random d;_1-regular graph. The second property is
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small excess: namely, in Theorem 4.6, we show that we may typically delete a relatively small number of edges
from G(i — 1)[Y;] to form a forest. These two properties allow us to successfully run a modified DFS procedure
described in Section 4.5, and obtain an induced path P; C G(i — 1)[Y;] of length ©(n;/d;) = ©(n/d).

It remains to stitch the paths. For each path P;, call P, and Pf its initial and terminal thirds, and let W~
and W;r be the sets of vertices outside P; which have exactly one neighbour in P;, and that unique neighbour
lies in P, or P;", respectively. In Theorem 4.8, we show that both W,  and W," are large. This follows
from the almost optimal expansion of P;: since the path has about d;_1|V(FP;)| neighbours, almost each one of
them has a unique neighbour in P;. Note that a vertex in I/Vii is a good candidate for connecting to another
path, but it could create a chord if it has a neighbour in the random sets Y;1,..., Y. To resolve this danger,
Lemma 4.9 uses the randomness of the construction to extract large subsets Z= C W7 such that no vertex of
Z; U Z;+ has a neighbour in Y;; U---UY}. The paths P;, P,y (indices seen modulo k) are patched via edges
e; € EG(ZZT|r , Z;,,) found using the expander-mixing property: note that the endpoints of e; send edges neither
to Y1,...,Y;_; (thanks to the nested construction) nor to Yjyo,..., Yy (by the properties of Z). The patching
edges (ei)le are chosen to form an induced matching by minor alterations of Z;r »Zi41 at every stage. This

allows us to form an induced cycle of the desired length in the case d® < n.

Bootstrapping to the full range of degrees. The above argument proves the theorem for the sparse regime
d8 < n. To pass from this regime to large values of d, we consider random induced subgraphs of the original graph,
while preserving the pseudorandom structure of the original graph. To this end, in Theorem 4.11, we prove
a quantitative strengthening of a theorem of Ferber, Han, Mao, and Vershynin [28, Theorem 6.2] on random
induced subgraphs of pseudorandom graphs. Roughly speaking, the theorem says that if G is an (n, d, \)-graph
and X C V(G) is a uniformly random subset of size on, then under suitable hypothesis on n,d and A\, G[X] is
typically again pseudorandom, this time on on vertices, with degrees about od, and second largest (in absolute
value) eigenvalue about oA. Our sharpening relaxes the assumptions on d and A, thus allowing to iterate the
result efficiently for denser (almost-)regular pseudorandom graphs with smaller spectral gap. The proof of
Theorem 4.11 follows by improving the relevant operator-norm estimates for random submatrices.

We then use Theorem 4.11 to bootstrap on our result for d® < n as follows. Suppose the main theorem has
already been proven for all graphs whose degree is at most n® for some s < 1. Fix a pseudorandom graph G with
somewhat larger degree d on n vertices. By choosing a random subset X with density ¢ so that the new degree
od is at most (on)®, Theorem 4.11 allows us to deduce that the induced subgraph G[X] is typically also an
(almost-)regular pseudo-random graph, where a suitably long induced cycle exists. This one-step bootstrapping
is formalised in Theorem 4.10 and further iterated in Corollary 4.12, thus gradually extending the range of
possible degrees all the way to d = o(n) when A is relatively large.

The final remaining case is when d = ©(n) and A is small, which is handled separately in Lemma 4.13.
There, starting from a vertex vy, we build an induced path vertex by vertex via a deterministic algorithm which
maintains simultaneously a large set of available extensions, and a large set of possible closing vertices near vy
— which ultimately allows us to close this path into an induced cycle. The key for ensuring the said property
for the required number of steps is the expander-mixing property, which is especially powerful for dense graphs
with good spectral expansion. Combining this with Corollary 4.12 and one final application of Theorem 4.11
proves Theorem 1.2 for all d < an.

3. NOTATION AND PRELIMINARIES

First, we set up some notation. For an integer m > 1, we denote [m] = {1,...,m}. Given z,y,z € R>o,
we write z = x + y to say that z € [z — y,z + y]. We use usual hierarchy notation: for positive real numbers
1, .., Tk, We Write 1 <€ Ty < -+ < xp when, for every i € {2,...,k}, x,_1 has to be chosen sufficiently small
as a function of x;, x;41 ..., xr. We also use standard asymptotic notations.

For a graph G, we write V(G) for the vertex set of G and E(G) for the edge set of G. Given sets A, B C V(G),
we denote by eg (A, B) the number of edges with one endpoint in A and the other endpoint in B; here, edges
with two endpoints in AN B counted twice. We also abbreviate eg(A) = e (A, A)/2 = |E(G)|. We denote by
N¢(A) the open neighbourhood of A in G, that is,

Ng(A) ={v eV \ A: there exists u € A with uwv € E(GQ)},

we write Ng[A] = Ng(A) U A for the closed neighbourhood of A in G. For a vertex v € V, we write degq(v) for
the number of neighbours of v in G. When the underlying graph is clear from the context, we often omit the
subscript G. Throughout the paper, we ignore rounding signs as long as this does not affect the validity of our
arguments.

3.1. Concentration inequalities. We start by stating a version of the Chernoff inequality for the hypergeo-
metric distribution, see [41, Theorem 2.10].
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Lemma 3.1. Fiz integers m,n, N and define a random subset S C [N] distributed uniformly over all subsets
of size n. Denote by X the size of SN [m]. Then,

2
for allt >0, max{P(X —EX >1),P(X —EX < —¢)} < exp <_M> .
We continue with the classic Bernstein’s inequality, see [66, Theorem 2.9.5].
Lemma 3.2. Consider independent real-valued random variables X1, ..., X, such that, for all i € [n], such
that | X; — EX;| < M for some constant M > 0. Write X =% | X; and o* =" Var[X;]. Then,
2
forallt >0, max{P(X —EX >t),P(X —EX < —t)} <exp (—M) . (1)
We also make use of a theorem of Hoeffding comparing the tails of sums of random subsets of {z1,...,z,} CR

obtained by subsampling with and without replacement, see [38, Section 6].

Lemma 3.3. Fix real numbers x1,...,2T, in an interval [a,b], and define I to be a uniformly random subset
of [n] of size m. Denote by X the sum of (x;);cr, and denote by Y the sum of m independent uniform random
variables on {x1,...,x,}. Then,

for allt >0, P(X —EX >t) <P(Y —EY >1) and P(X —EX < —t) <P(Y —EY < —t).

For a constant C' > 0 and a domain A = Ay x--- x A,;, € R™, a function f: A — R is said to be C-Lipschitz
if changing one coordinate of its input changes its value by at most C. We will use the following bounded
difference inequality; see, for example, [53, Theorem 3.9] and [67, Corollary 6].

Lemma 3.4. Consider p € [0,1], a C-Lipschitz function f:{0,1}™ — R and a vector X = (X1, ..., X,,) with
independent Bernoulli(p) entries. Then,

2
or every t > 0 P(|f(X)—Ef(X)| >1t) <2e —_——— ] .
for every 20, PF(X) ~BFX)| 2 0) < 200 (-t
3.2. Subtrees in graphs and random trees. Next, we state an estimate on the number of subtrees of a
graph rooted in a particular vertex; this bound appears, for example, as [10, Lemma 2].

Lemma 3.5. Consider a graph G with mazimum degree A, a vertex v € V(G) and an integer r > 1. Then,
the number t(v,r) of r-vertex subtrees of G rooted at v satisfies

7,7"72Ar71
t < —.
(v,r) < (r—1)!
Finally, for o > 1 we define & < 1 to be the unique solution (other than «) of the equation ze™ = ae™®. It

is known (see, for example, [26]) that
k—1

a=3E 2 (et

k=1

Also, observe that

— (k—1)kF2 k@
D

which can be seen from the fact that the LHS is asymptotically equal to the expected number of edges of
G(n,a/n) which lie on trees (see, for example, [32]). Together, these two facts imply that

QI3

e kk—2 2

k@
> (e =a- 5 (2)

k=1

3.3. Pseudorandom graphs. The main tool in the analysis of (n,d, \)-graphs is the celebrated expander
mizing lemma due to Alon and Chung [2].

Lemma 3.6. For every (n,d,\)-graph G and vertex sets A, B C V(G), |e(4, B) — (d/n)|A||B|| < A\/|A||B].

We say that a graph on n vertices is an (n, (1 ++)d, A)-graph if all the degrees of G are between (1 —~)d and
(14)d, and all of the eigenvalues of G but the largest one have absolute value at most A. The following claim
asserts that (n, (1 £ +)d, A)-graphs satisfy the following generalisation of the expander mixing lemma.

Lemma 3.7 (Corollary 4.3 of [28]). For every (n, (1 +~)d, A)-graph G and sets S,T C V(G), we have

(1—=9)%dS|IT] 1+~ (1+7)%dS|IT] 1+~
M9|IT| < e(S,T) < + M]9[T]. 3

Next, we state and prove a generalisation of the Ramanujan spectral lower bound on .
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Lemma 3.8. For every (n, (1 £v)d, \)-graph G, we have

2o A== (1+5)%)
- n—1

In particular, if d = o(n), then A > (1 — o(1))V/d.

Proof. Denote by A1, As, ..., A\, the eigenvalues of G, and by dy,ds,...,d, the degree sequence of G. It is
well-known that A; lies between the average degree and the maximum degree of G (see e.g. [14, Proposition

3.1.2]), so (1 = y)d < A1 < (1 +7)d. Furthermore, 377 | A3 = tr(A%) = 33", d; = (1 £~)dn, and thus

DA (1 =y)dn— (1+7)*d® = d((1 = 7)n — (1 +7)%d).
j=2

As each summand on the left is at most A2, the claim follows. O

Finally, we introduce two important definitions. The first one formalises the type of ‘almost regularity’ we
require from our graphs.

Definition 3.9. Fix 6 € [0,1) and D > 1. A graph H is called (6, D)-nearly reqular if H has no vertex of
degree more than (14 6)D, and H has at most §|V (H)| vertices of degree less than (1 —§)D.

The last definition in this section provides a convenient notation for the pseudorandomness property (3).

Definition 3.10. For real numbers A,y > 0 and positive integers d < n, we say that a graph H has property
EM(n, (1 £+ ~)d, M) if (3) holds for all sets S,T C V(H).

Observe that if H has property EM(n, (1 &+ +)d, \), then so does every induced subgraph of H.

4. PROOF OF THEOREM 1.2

4.1. Setup and parameters. We work with constants
I<pg<KanKpfkKeka<l
To begin with, throughout Sections 4.1-4.7 we assume that
d® <mn, (4)

and prove the theorem for an (n,d, A)-graph G, choosing cs = (co,c1, 58,¢) > 0 sufficiently small and setting
c3 = 1. Set

k= Leolog(d/2)]

and note that we may assume that k& > 3 (indeed, up to small and harmless change in constants, for k < 3 the
result follows from [19, Theorem 1]). We define

a=1+¢, n; = e %n, d; = e~ %, Dit1 = a/d; forall 0 <i<k.

N\ 3
d; = 100 (61’—1 + < > > .
di—1

In particular, A\/d; < (§;+1/100)3. Furthemore, note that \/d; = e*()\/d) for all integers i € [0, k], and also

i A A 1/3 ‘ A 1/3 A 1/3 A 1/4
5 =100/ (d ) < 100" (d) e®/3 < 1002 loa(d/) <d> < <d> <alt, (5)
j=1 v

where the second inequality uses that k = |¢plog(d/A)], and the third inequality uses that ¢g is small enough.
In particular, by choosing ¢; sufficiently small in terms of 3, we may (and will) assume throughout that

Set dg = 0 and, for all ¢ € [k], define

<< fkgexl for all integers ¢ € [0, k]. (6)

Finally, set v = (\/d)'/? and note that

100y < min d;. (7)
i€ (k]
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4.2. A regularisation step. In this subsection, we inductively construct the sequence of induced subgraphs
G =G(0) D G(1) D --- D G(k) promised in the proof outline after proving a couple of auxiliary lemmas. The
first lemma estimates the number of vertices which remain after deleting the closed neighbourhood of a random
set.

Lemma 4.1. Fiz an integer i € [0,k —1]. Suppose that G(i) is an induced subgraph of G and is a (6;,d;)-nearly
regular graph on (14 20;)n; vertices satisfying EM(n, (1 +£+)d,\). Let Y;11 C V(G(4)) be obtained by retaining
every vertex independently with probability p;+1. Then, with probability at least 1 — exp(—+/n),
IV(G()) \ Ne@) [Yita]| = (1 £ 0i41/10)e™[V(G(2))].
Proof. Let X = |V(G(i)) \ Ng)|Yit1]l. A vertex v € V(G(i)) is counted by X precisely when none of the
vertices in {v} U Ng(;)(v) are retained. Thus
EX = Y (1-piy)ecmn®t
veV(G(i))

Since G(%) is (s, d;)-nearly regular, all vertices have degree at most (1 + d;)d;, and all but at most J;|V (G(4))]
vertices have degree at least (1 — §;)d;. Since p;11 = a/d; < 0; < 1, this gives

EX = (1 —piy) FIEHV(G0) £ 6| V(G(0)] = (L £ 48:)e™ |V (G(0)| = (1% g8i41)e” |V (G(0)],

where the last step uses d;1.1 > 1000;.
Next, note that adding or removing one vertex to/from Y;;1 can change X by at most 1+ (1 + §;)d; < 2d;.
By Lemma 3.4 with m = [V(G(i))| = (1 +26;)n;, C = 2d;, p = p;+1 and t = 556,116 *|V(G(i))|, we obtain

62,1
P (|X — EX| > 5501e” “[V(G(i))|) < exp (—Q <§n>) :

Now note that A\ > v/d/2 by Lemma 3.8, d; < d by construction, and d® < n by (4). Therefore,

62 1, AN n n 1
il - | = _ /2
a0 (di) d _Q(d4/3) Zn

completing the proof. O

Next, we show that, for every sufficiently large vertex subset A of a (d;,d;)-nearly regular graph G, G[A]
contains a large (0;+1,d;1+1)-nearly regular induced subgraph.

Lemma 4.2. Fiz an integer i € [0,k —1]. Suppose that G(i) is an induced subgraph of G and is a (6;,d;)-nearly
regular graph on (14 20;)n; vertices satisfying EM(n, (1+v)d, A). Consider a vertex set A C V(G(i)) such that

|Al = (1 = 6i1/5)e V(G ()]
Then, G(i)[A] contains a (0,41, diy1)-nearly reqular induced subgraph on (1 4+ 28,11)n;4+1 vertices.

Proof. By passing to a subset of A and using that 1000; < §;41, we may assume that

[Al = (1= 0ig1/5)e[V(GQ))| = (1 £ 0511 /3)ni41. (8)
Define Ut = {v € A:equy(v,A) > (1 + 0i41/2)dip1}. If UT # @, then
e(UT,A) > (14 6i41/2)di1 [UT]. (9)

On the other hand, the EM(n, (1 £ v)d, A) property gives
1+7)%d 1+ 1+
ew,4) < SE 4y + PO < S 69l + 1A B0
< (]. + 51+1/25)(1 + 5i+1/3)di+1|U+| + 2)\\/ 2'/L1'Jr1|(]+ s (10)

where the last inequality follows by (7). Combining (9) and (10) yields

Z“ dip1 |UT] < 200/2n;41|UT].

Solving for |[U*|, we have

800A2n;4 1
6z2+1 7+1

where the second inequality used that &; 11 > 100(\/d;)*/3.

Similarly, let

U™ < < 0741, (11)

U ={vedA:egu(v,A) <(1—0di1+1/2)dit1}.
The same argument, now using the lower bound guaranteed by EM(n, (1 & v)d, A), gives

U] < 8 1nisr (12)
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Set A’ = A\ U" and note that, by combining (8) and (11), we have that |A’| = (1 & 28;41)n;+1. Moreover,
the graph G(i)[A’] has maximum degree at most (1 +0;4+1/2)d;i+1 < (14 d;41)d;11. It remains to count vertices
whose degree in A’ is too small. Any vertex v € A’ with

ea(y(v,A') < (1= diy1)dina (13)

either belongs to U~ or has at least d;11d;11/2 neighbours in UT. Since G(i) has maximum degree at most
(14 6;)d;, the number of vertices of the latter type is at most

1+ 6;)d; U+
Aradot] o

dip1diy1/2
Combining this (8) and (12) shows that A’ contains at most (1 — d;41)|A’| vertices satisfying (13), and thus
G(3)[A'] is the desired (0;41, di+1)-nearly regular induced subgraph. O

The construction of G(0),...,G(k). Set G(0) = G and suppose that G(i) has been defined for some i €
[0,k — 1]. Recall the random set Y;1; C V(G(%)) retaining every vertex independently with probability p;.
If G(i) \ Ng@)[Yig1] contains a (6;41, di11)-nearly regular induced subgraph on (1 4 28;41)n;41 vertices, we
choose one such subgraph and call it G(i + 1); otherwise, we set G(i + 1) = §). Observe that by construction,

G(0),...,G(k) form a nested sequence of induced subgraphs of G. Furthermore,

Lemma 4.3. With probability at least 1 — exp(—n'/3), for every integer i € [0,k], the induced graph G(i) C G
is a (0;,d;)-nearly reqular graph on (1 £ 26;)n; vertices and satisfies EM(n, (1 £v)d, \).

Proof. The assertion holds deterministically for G(0) = G. Assume it holds for G(i). By Lemma 4.1, with
probability at least 1 —exp(—+/n), the set A = V(G(i)) \ Ng(i)[Yit1] has size at least (1 —d;4.1/5)e™*|V(G(4))].
Then, Lemma 4.2 produces the desired G(i + 1). Since induced subgraphs inherit EM(n, (1 ++)d, A), the claim
follows by induction and a union bound over k < logn stages. O

In the rest of the proof, we work with the sequence G(0),...,G(k) of induced subgraphs of G, which satisfy
the properties of Lemma 4.3. For every ¢ € [k], we will abbreviate

()" »

By the choice of ¢ and ¢, for every i € [k] we have

5,0 < B<e, 0,07 =9 > s, (15)

n
di—1 d

Indeed, the first inequality follows since ¢; < f and A\/d;—; < \/A/d < \/c1 < B, and the second inequality
follows from Lemma 3.8, (4) and the relation § < 1.

4.3. Expansion of subsets of random sets. The following lemma estimates the probability that moderately
large subsets of Y; expand well in G(i—1). The proof follows ideas from [45, Lemma 3.1], adapted to the present
nearly regular setting.

Lemma 4.4. With probability 1 — O(n=3), for every i € [k] and every subset L C'Y; of size

Ni—1 ni—1
0, <L < (1— ,
g, = Ll <(1-5) 4,
we have
2 d7 4| L|?
INa(-1(L)]| = (1 —=8)" ( (L —d&)di1|L| — ———— — )

Proof. Fix i € [k]. We call a set L C V(G(i — 1)) non-expanding if it violates the displayed inequality. We now
bound from above the probability that Y; contains such a set. For any set L, we abbreviate ¢ := |L|.

Consider an ordered sequence 7 = (v1, ..., v,) of distinct vertices. For all j € [¢], write L; = {v1,...,v;} and
Nj = Ngi—1)(Lj). For j € {2,..., £}, given vy, ...,v;_1, call a vertex v € V(G(i — 1))\ L;j_1 bad if it has fewer
than

dii(dic1 +1)(j — 1)) (16)

N1

(170 (-1 -

neighbours in V(G(i — 1)) \ (Lj—1 U N,_1), and good otherwise.
Suppose first that at most 5¢/4 vertices of 7 are bad. Each good vertex increases the current open neigh-
bourhood by at least the displayed quantity in (16), except that vertices chosen later in the sequence may have
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been counted earlier as boundary vertices; the latter accounts for at most £ vertices. Since ¢ < (1—)n;—1/d;—1,
we get in this case

¢

INoa-n(Lol > | > (1—8/4) <d¢_1 Cdisa(dim + 1) — 1)) ,

Mn;—
j=pe/a+1 i-1

4

Z di(dia +1)(G—1)

ni—1

> (1—B/4)°di1 L —L— (1—p5/4)
j=pL/4+1
Now, observe that

XZ: di-1(di-1 +1)(j — 1) <(1- ﬁ/4)d —1(di-1 +1) L(£-1)

ni_1 ni_1 2 i1

(1—5/4)

j=B/4+1
In addition, since (1 — 3)24;d;_; > 1, we have that
(1= B/4)di—1l — € > (1= B)?di—1£ — (1 — B)?6;d;i—1£ > (1 — B)*(1 — &;)d;—1 L.
Substituting these calculations back into (17) yields
¢

Z di—1(di—1 +1)(j — 1)

Ti—1

INe1y(Le)| > (1 — B/4)2di—10 — £ — (1 — B/4)
j=BL/4+1
2 2
> (1- ) ((1 )il - M) .
Ti—1

Thus, every ordering of a non-expanding set has at least 5¢/4 bad positions.

We next bound the number of choices for a bad vertex at a fixed position j. Let X = L;_1 U N;_q, let
U=V(G@{E—-1))\ X, and let B be the set of bad vertices. Since G(i — 1) is (0;—1,d;—1)-nearly regular and
[V(G(i—1)) = (1£26;—1)n;—1, we have

Ul > (1 —=28-1)ni—1 — (1 4+ 0i—1)di—1 +1)(j — 1) > (8/2 — 30;—1) ni—1 > Bn;—1/3, (18)
where the second inequality uses that j < ¢ < (1 — 8)n;—1/d;—1, and the last inequality uses that d;_; < S.
Further, note that

di1(di-1 +1)( = 1) _ dia|U] di—1|U|

P ) <
di_1 P S +30;_1d;—1 < (1 + ﬂ/QO) e (19)
where the last inequality uses (18) and that §;_1 < 5. Hence, by definition of the bad vertices,
di—1(di—1+1)(j -1
e(B,U) < (1 - 5/4) (di_l _ dimal . ) )> |B]
i—1|U di—1|U
< (- g0+ 52021 B < - 510 =2 g, (20
1—1 7,

where the second inequality follows from (19). On the other hand, by the property EM(n, (1++)d, A) of G(i—1),

(1-9)%dB|lU| 1+~
B, U) > — M| B||U],

and thus by (20),

(1—9)°dia|B|IU|  1—v B di- 1|U\ de 1
M/ |B||U| > — 1= B||U 21
VIBI] > Cee B 20 (3 - ) Sy > Sty (21)
where the last inequality holds since v < §. By combining (18) and (21), we obtain
20\ \2n2 (20)3( A )2
B| < G < — ;1. 22
m< (i) < (5) () e 22

By using that ( Bf/ 4) < (4e/B)P*/* it follows that the number of ordered non-expanding /-tuples is at most

Ga (3) () o) o< () (25)) )

Multiplying by pf and dividing by ¢!, the probability that Y; contains a non-expanding f-set is at most

¢
20\* / A \? o (1+e)en;—q
<5> <d¢1> di—1 0
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Since ¢ > 0;n;—1/d;—1 and 6; = (A/di,1)5/8 < B <« 1, the expression in the square brackets above is at most

B 33/8 38/8 3

20 A 20 /A 0; 1

l+e)e- | — l1+e)e- — <100+ < —.
avae () (7)) =0rae () 2

Summing over all admissible £ gives a failure probability at most

Z 27t =0(n")

£>0;ni_1/di—1

by (15), and the lemma follows by a union bound over i € [k]. O

4.4. Estimating the excess of random induced subgraphs. The excess of a graph F is
ex(F) = |E(F)| — [V(F)| 4 &(F),

where k(F') denotes the number of connected components of F.
Before turning to estimate the excess of each G(i — 1)[Y;], we require the following auxiliary result.

Lemma 4.5. With probability 1—O(n=3), for everyi € [k], there are at most 0;n;_1/d;_1 vertices in components
F of G(i — 1)[Y3] satisfying

V(F)| < 9 - and ING(i—1)(F)] < (1= B)°dia[V(F)].
Proof. Work on the event from Lemma 4.4. Suppose that the conclusion fails for some fixed i. Let F be the
family of components F' of G(i — 1)[Y;] satisfying the two displayed conditions. Since every member of F has
order less than 6;n;_1/d;_1, we may choose a subfamily F' C F such that, writing U = Jpc 7 V(F),
9
d

nzl

<|U|<29

1—1 7.71

The components in F’ are pairwise non-adjacent in G(i — 1)[ and therefore

il
INe-1)(U)] < > [Ne—1)(F)| < (1= B)%d; 1 |U.
FeF’
On the other hand, since |U| lies in the range of Lemma 4.4,
2 d;_,|UP
INai-n(U)] > (1 =8)"( (1 —3d:)di-1|U| - T
> (1—B)*(1 - 6; — 20;)d;—1|U|.
As §;,0; < B3, this is larger than (1 — 3)3d;_1|U|, a contradiction. O
Lemma 4.6. With probability 1 — O(n=3), for every i € [k],
eX(G(i — 1)[}/1]) = 0(837’Li,1/di,1).
Proof. Fix i € [k]. Since G(i — 1) is a (0;—1,d;—1)-nearly regular graph on (1 + 2§;_1)n;_; vertices, we have
e(G(i — 1)) = (1 + O(6i-1))di—1mi-1/2.

Moreover, adding or removing a single vertex to/from Y; can change the value of |V (G(i — 1)[Y;])| by 1, and
of e(G(i — 1)[Y;]) by at most 2d; ;. Applying Lemma 3.4 with error term e3n;_;/d;_; gives

3ni_1/di—1)?
P<V(G(i DYl # 1+ 53)pi”i—1> < oxp ( 2pmi(j- 2(534;1_1/3%—1)/3)’

and similarly
pRe(Gli — 1))
P(e(Gli — D[Y; 1+ 3p2e(Gi — 1)) ) < . (e"pie
(ct@ts -0 1 20ttt -10) < o (- g s 49 s G )
Further using that d® < n and pe(G(i — 1)) = O(n;_1/d;—1) = ©(n/d), with probability 1 — O(n=3),
(1 —|—5)ni_1 (1 +€)27’L1‘_1
difl 2di71 .
It remains to bound the number of components. By Lemma 4.5, the number of components of order less
than 0;n;_1/d;_1 and vertex-neighbourhood of size at most (1 — 3)3d;_1|V (F)]| is at most §;n;_1/d;_1. Also,
(15) implies ;n;_1/d;—1 > 0;1. Combining this with the first part of (23) shows that there are O(6;n;_1/d;—1)
components of order at least ¢, '. It remains to estimate the number  of components F of G(i — 1)[Y;] with
V(F) <6;'  and  [Ngu-1)(F)| > (1 —B)>di_1|F|.
For a vertex v and an integer r > 1, Lemma 3.5 bounds the number of r-vertex trees in G(i — 1) rooted at v by

21+ m1)di—1)" !
(r—1)! '

V(G(i - 1)[Yi]) = (1 +O()) and  |E(G(i - DY) = (1+O0(”)) (23)
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After summing over the choice of a root and dividing by r, every possible vertex set S of a component is counted
at most once for each tree spanning S. If such a tree T has at least (1 — 3)3rd;_; vertex-neighbours in G(i — 1),
then the probability that its vertex set spans a component of G(i — 1)[Y;] is at most

1+e\" 1+¢ (1=p)rdi—
1-— .
(dil ) ( di—1 )

Consequently, summing over all > 1 for an upper bound,

r—2 . . r—1 T (1*5)37“11'71
ST Sy (L /Sy (R WO

= 7! di—1 di—1
< M S (4 06 )(1+9) exp (- (14 €)1 - 0E)r). (24)

r>1
Using (2) and applying a (by now) standard tree-function estimate (see, for example, [18, Section 5] and [32,
p. 8]), we can conclude
Ti—1
di—1’
Moreover, changing one vertex-exposure can change «/ by at most 26, 41 < 3n*%a /m (where the last inequality
follows from (15)); applying Lemma 3.4 with t = e3n;_1/d;_1 gives k; < Ex} +O(e3n;_1/d;_1) with probability
1—-0(n=3).

Combining the above and using that 6;,5;_1, 3 < &, we obtain with probability 1 — O(n~2) that
(1 + 8)2 1 g2 ) ni—1

ex@ti- ) < (5 -0+ 5 - 5 +069) 52

=0(e%ni—1/di—1).

(25)

Ex < (; _ ; + 0% +0(B) + O(5i—1))

Together with the union bound over the k possible values of 4, this proves the lemma. ([

4.5. DFS procedure. For each i € [k], we construct a long induced path P; in G(i — 1)[Y;] via a modified
depth-first search procedure. The algorithm maintains four sets of vertices.

e A is the set of available vertices not yet processed by the algorithm. Initially, A = V(G(i — 1)).

e S C Y, is the stack. The vertices in S are vertices in Y; explored according to a last-in-first-out rule,
and S will always span an induced path.

o W is the set of 'wasted’ vertices. A vertex moves to W if it is explored during the algorithm and does
not enter Y;. Initially, W = (.

e R CY; is the set of reservoir’ vertices. A vertex from Y; moves to R only after it is revealed to have at
least two neighbours in S UT.

e T C Y, is the set of ’trash’ vertices. A vertex from Y; moves to 1" when it is removed from the top of
the stack.

Fix an arbitrary ordering o of V(G(i — 1)). During the process, we expose one vertex at a time and reveal
whether it falls into Y; (which happens with probability p;). One step of the DFS process goes as follows.

(1) If S = A =0, terminate. If S = () and A # 0, let v be the first vertex of A in the ordering o, and reveal
whether v € Y;. If v € Y;, move v from A to S; otherwise, move v from A to W. Then repeat.

(2) If S # (), let v be the top vertex in the stack.
(a) If e(v, A) = 0, move v to T' and then go to (1); otherwise, go to (b).

(b) Denote by u the first vertex in A with respect to o adjacent to v, reveal whether v € Y; and delete
u from A. If w € Y; and e(u, (SUT) \ {v}) > 1, move u to R. If not, place u on top of S and
repeat.

Some remarks are in place. First, note that the definition of R requires a stronger property than needed: for
example, a vertex adjacent to the top of the stack S and with a neighbour in the trash T may well be pushed in
the stack while preserving the property that G(i — 1)[S] is an induced path. We define R as above because this
way the vertices there contribute to the excess of G(i — 1)[Y;] in the following sense: every vertex u entering
R is adjacent to the top of the stack v and to another already explored vertex w, and v, w belong to the same
component revealed by the DFS exploration process. Thus, adding u would create a cycle, and the inequality
|R| < ex(G(i — 1)[Y;]) follows by charging each reservoir vertex at the moment it is exposed. Second, observe
that every step reveals exactly one previously unrevealed vertex, and therefore the number of steps is at most
|[V(G(i — 1))|. Third, if we denote by v the vertex at the top of the stack at some moment, since a vertex is
placed on the stack only if it has no revealed neighbour in (S UT) \ {v}, the stack spans an induced path at
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all times. Finally, after a vertex enters T', it has no neighbours in the current available set A, and this remains
true thereafter.

Lemma 4.7. With probability 1 — O(n=2), for every i € [k], at time s; = |eni_1/20] of the DFS process on
G(i — 1), the stack S contains at least en;_1/(100d;_1) vertices.

Proof. Fix i € [k]. As the first s; steps of the DFS reveal s; independent Bernoulli(p;) variables, by Lemma 3.1
ISURUT| = (1+¢&?)s;p; <eni_1/(10d;_1) (26)
with probability 1 — O(n=3), and recall that the event
|R| < ex(G(i — D]Yi]) = O(e®ni_1/di—1) = O(?s;p;)

holds with the same probability by Lemma 4.6. By a union bound, these two events hold for every i € [k] with
probability 1 — O(n~2); we assume these properties in what follows.
Assume for a contradiction that, at time s;, we have |S| < e2s;p; /4. Then, (26) implies

|T| > (1 — 0(62))Sipi > 5717;_1/(25(11‘_1).
By combining the latter display with (26), |T| is between 6;n;_1/d;—1 and (1—8)n;—1/d;—1 and hence Lemma 4.4
applies with L =1T.
Next, as already noted, every neighbour of T" has already been revealed by time s;, and thus [ Ng—1)(T)| < s;.
On the other hand, Lemma 4.4 gives

2 iy |T?
INo@-1)(T)| = (1= 8)" | (1 = 0:)di1|T| - Tl
> (1= B)*(1 —¢/5)di—1sipi > (1 +¢/2)ss,
where we used p; = (14 ¢)/d;—1 and s;/n;_1 < /10. This contradicts | Ng;—1)(T)| < si, showing that
3
]

2
€ n;—
|S| > ZSipi > 1 !

100 d; 1

Assuming Lemma 4.7 and recalling the relation n;_1/d;—1 = n/d, for each i € [k], denote by P; the induced
path consisting of the first
. 1)
" 1004

vertices of the stack at time s; in the DF'S exploration of G (i — 1), which in turn is an induced path of G.

4.6. Stitching the paths. For every i € [k], denote by P;” and P;' the initial third and the final third of P;,
respectively. For [ € {+, —}, denote by W the set of vertices in V(G(i — 1)) \ V(P;) which have exactly one
neighbour in P;, and whose unique neighbour in P; belongs to PF.

Lemma 4.8. With probability 1 — O(n=3), for every i € [k] and every O € {+,—},

Proof. We condition on the event from Lemma 4.4 (which holds with the required probability). Since 0; < e
and |V(P;)| = r, by (27) the set V(P;) lies in the range from Lemma 4.4. Thus, we obtain

INGi—1)(P)| = (1 = O(e))di—1| Pyl
Moreover, the total number of edges incident with P; in G(i—1) is at most (1+6;)d;—1|P;| < 1.1d;_1|P;|. Hence,
all but O(ed;—1|P;|) vertices in Ng(;—1)(F;) have exactly one neighbour in P;; denote this set by Né‘;(i_l)(Pz‘)-
Now, each of the subpaths P, P;" and P;\ (P;” UP;") is incident with at most (146;)d;_1|P;|/3 < 0.4d;_1|P;|
vertices of Ng ;) (). Since [Ng,;_ 1 (P;)| 2 (1 — O(g))di—1|Fil, each of P;~ and Pt is incident with at least
d;—1|P;|/10 vertices of Ng;_;)(F;). Thus, the claim follows from (27). O

Lemma 4.9. With probability 1 — O(n=2), for every i € [k], there are sets Z; C W, and Z;” C W, each of
size at least (\/d)%'n, such that Z; U Z;} has no neighbours in Yiiq U---UY}.

Proof. We assume the event from Lemma 4.4 holds for i € [k] (this happens with probability 1 — O(n~?)) and
construct Z;"; the construction of Z; is identical. For every integer j € [0, k], define

83

Zi =
72000
By Lemma 4.8, |Wz+| > 2. Set Z; ; C W;‘ to be any subset of size z;. We will recursively construct sets
Zig 2 Zig14 2 2 gy
such that |Z;,| > z; and Z;; has no neighbours in ;11 U---UY].

—2aj

e
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Suppose Z;; has been constructed for some integer j € [i,k — 1]. Let
/Tj,i = {U € Zj,i : €G(U7 V(G(]))) > 12dj}

By the property EM(n, (1 £ v)d, \), we have

1+~ 1+~ .
L2010 < SED T, v @@ + EE0ITAIVIGO)] < Ll + Ay o T,

and therefore
A\ 2 A2
|T},5] < 200 (dj> n; <200 <d> e“n.

Since j < k and e?* < (d/\)?% with ¢y < 1, this is at most £z;.
By definition, every vertex in Z;; \ T;,; has at most 1.2d; neighbours in G(j). Denote by X the number of
vertices of Z;; \ Tj,; which have no neighbour in Yj;,. Then, using p;j+1 = (1 +¢)/d; and € < 1, we have

E[X] > (1 -€)zj(1 = pjr1)" 2% 2 (1 - 2e)z5e™ "% > 22514,

where the expectation is taken over the choice of Y. Since G is a d-regular graph, X is a d-Lipschitz function
of the random set Y11 C V(G(j)). Hence, by Lemma 3.4 and recalling that d® < n, that |V (G(j))| = (1£268;)n;
and the choice of ¢y,

z
P(X — E[X]| > 2:1q) < - I+l < - L
( X2 2510) < exp ( 242V (G(5))Ipj+1 + 2d2j+1/3> = ( 2d? - 2n/d + 2dzj41/3

Zj2'+1 866—41176 Jm
<e ——=— | <e — | < e V™,
= Xp( 5dn> = Xp( 5~20002d) =
Taking Z;411,; to be the set of any z;41 surviving vertices completes the induction. A union bound over the
O(k?) = o(n) pairs (i, j) proves the assertion. Finally, by the choice of ¢y < ¢; < 1,

3 0.1
€ _2ak A
= — > (= . O
= 9000¢ "= (d> "

4.7. Proof of Theorem 1.2 for d® < n. We work on the intersection of the events from Lemmas 4.3, 4.4, 4.6,
4.7 and 4.9, which has positive probability. Thus, all objects constructed above may be fixed deterministically.
Consider indices modulo k. To finish the construction, we find edges eq, ..., ex at distance at least two from
each other such that, for every i € [k], e; goes between Z;' and Z;, ;. Our construction is iterative, namely,
suppose that, for some i € [1,k — 1], we have already chosen edges ey, ..., e; with the desired property. Let

A _Z+1\NG[61U Uei]7 B’L: AQ\NG[QU---UQ}.

We note that the closed neighbourhood above has size at most 2i(d + 1) < 2k(d + 1) = o((\/d)%'n). Recalling
that the sets Z;%, |, Z;, , have size at least (A/d)%'n, it follows that [A4;|, |B;| > (A\/d)*'n/2. Therefore, the
property EM(n, (1 £ ~)d, \) gives e(A;, B;) > 0 since

(1+7)%d

1+7
= Al B] > T AVIATIB

whenever ¢; is sufficiently small. Choose such an edge and call it e;11. This greedy procedure yields an induced
matching of connecting edges e; € Eq(Z;}, Z; ) for all i € [k].

We justify that this suffices to provide the desired long induced cycle. For every i € [k], each endpoint of
e; has a unique neighbour in the appropriate end segment of P; or P;;;, and has no neighbours in any other
path P;: for earlier paths, this follows from the fact that V(G(7)) at distance more than 1 from Y; U...UY;_4,
and for later paths, it follows from Lemma 4.9. The connecting edges themselves form an induced matching.
Hence, the union over i € [k] of the subpath of P; between the neighbour of e;_; (contained in P; ) and the
neighbour of e; (contained in Pi+) with the edges ey, ..., e forms an induced cycle. Moreover, for each i, the
used subpath of P; has length at least | P;|/3. Therefore the length of the resulting induced cycle is at least

kr _ coe® nlog(d/N\)

3 400 d

for all sufficiently large n. Taking co < coe®/400 completes the proof of Theorem 1.2 when df < n.
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4.8. Extension to the full range of d = d(n). We have shown that every (n, (1 £ v)d, A)-graph with v =

(%)1/3, d% < n and X < ¢1d, contains an induced cycle of length at least

nlog(d/\)
027d

We aim to extend this result to the full range of d = d(n). We use this result as the base case and proceeds
iteratively, establishing the result for progressively larger values of d. The first key argument is as follows.

Lemma 4.10. Fiz constants s € [1/6,1) and ca < ¢1,c3 < 1. Assume that, for all large enough d < n®, every
(n, (1 + 03(%)1/3) d, )\) -graph with A < ci1d contains an induced cycle of length at least
. nlog(d/\)
2 d
Then, for all large enough d < n'/?T5/2 every (n, (1 + %3(%)1/3) d, )\) -graph G with X < {+d contains an
induced cycle of length at least

co  mnlog(d/A)
00  d
Our proof of Lemma 4.10 relies on the following theorem which is a parameter-optimised variant of an induced-
subgraph inheritance theorem of Ferber, Han, Mao, and Vershynin [28, Theorem 6.2]. Roughly speaking, their
result shows that random induced subgraphs of pseudorandom graphs inherit pseudorandomness with high
probability.

Theorem 4.11. There is an absolute constant C > 0 such that the following holds for all sufficiently large n.
Fiz d,A >0, v € (0,1/200] and o € [C/n,1) with m = |on| € N, and an (n, (1 £ v)d, X)-graph G. Consider a
uniformly random subset X of [n] of size m, and let H := G[X]. Assume

od > C~y %logm and oA > Cy/odlogm. (28)
Then, with probability at least 1 —m~=/190 H 4s an (m, (1 & 2y)od, 110\)-graph.

Note that the theorem becomes trivial once X is very close to d. However, we recall that, when applying the
theorem, we will have in fact that A\ < ¢1d where ¢; < 1.

The proof of Theorem 4.11 is quite technical and provided in Section 4.9. Our contribution in the proof
of Theorem 4.11 is to sharpen the quantitative form needed for our bootstrapping argument: using an improved
operator-norm estimate for random submatrices, we obtain the same inheritance conclusion for a wider range
of degrees and spectral parameters.

Proof of Lemma 4.10. First, we may (and do) assume that d € [n®,n'/?*5/2] as the case where d < n® is
covered by the assumption of the lemma. Fix a graph G as described in the statement, set
s/2

N\ 1/3
and v = & (X ,
d 2 \d

and note that G is an (n, (1 £ +)d, \')-graph such that pd > Cy~2log(np) and p\ > C+/pdlog(np), where the
constant C' > 0 is the one from Theorem 4.11. Consider a uniformly chosen set X C V(G) of size |X| = pn.
Then, whp G[X] is a (pn, (1 £ 27)pd, 11p\')-graph where, using that d < n'/?*%/2 and X < ¢;d/11 for large n,

N = max{\,n"1/504}, pi= n

A\ VP 1Vp\'/?
pd < (pn)®, 11pN < cipd  and 2y = c3 <d) < c3 < y p> )
P

Hence, using that d/X > n'/%0 > (d/X)*/®° when X > X and choosing ¢; small constant, G[X] (and therefore
G as well) contains an induced cycle of length at least

pnlog(pd/11p\) nlog(d/11XN) _ ¢y nlog(d/N) _ ca nlog(d/X)
C2 = C2 > RN = A~ P = A

pd d 2 d = 100 d -

The following corollary is an iterated version of the previous lemma.

Corollary 4.12. Fiz constants co < c1,c3 < 1. For every integer t > 0 and large enough integers d,n with
d < nl=5/(62  epery (n, (1+ %(%)1/3) d, \)-graph G with A\ < ¢1d/11" contains an induced cycle of length at
least

co  nlog(d/A)

100¢ d
Proof. We prove the statement by induction on ¢. The case t = 0 follows from the results proved in Sections 4.1-
4.7. Assume the statement holds with ¢ — 1 for some ¢t > 1. By the induction hypothesis, whenever d <
n1’5/(6'2t_1), the result of the lemma holds. Hence, by applying Lemma 4.10 with s :== 1 — 5/(6 - 2!~1) and
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c1 /11871 ¢y /100171, c3/21 1 replacing c1, co, €3, respectively, whenever d < n® and A < ¢;d/11¢, we have that G
contains an induced cycle of length at least

co  nlog(d/A)
100¢ d ’
It remains to observe that 1/2+ s/2 =1—5/(6 - 2'), which implies the corollary. O
The following lemma extends the construction of a long induced cycle to the full range of d = d(n), for
small values of A\ in terms of n,d. Its proof uses a very different approach and is based on deterministically
constructing an induced path in G vertex-by-vertex and finally closing it into an induced cycle.

Lemma 4.13. For all a € (0,1), there are constants ca < ¢1,c3 < « such that, for all large enough d,n with
d < an, every ( (1 + 03( )1/3) d, )\) -graph G with A < ¢q ( ) 54, d contains an induced cycle of length at least
. nlog(d/\)

R
Proof. Fix § .= §(a) > 0 such that (14 20)a < 1—4 and (56361/ + a)(l + ) < 1; note that such 4 exists since

1,03 < a < 1 and satisfies 1 — (1 + 2d)d/n > §. Also, for v = c3 (%)1 < 60, we have that
1— 2
(1”7) <iiitay<1420 and (-0l T o s _uys1o95  (29)

1446
(1+9) 1+~

We will make use of these inequalities later in the proof. Next, we assume that d > n®/4 (as Corollary 4.12
shows the result for smaller values of d). Also, fix vg € V(G) and define the following sets:

Vo = V(G), Ao = ‘/0 N ]\7(’00)7 Bo = Vo \ Ao and UQ = N(Uo).
Observe that

d 0
Vol=n (1= 229 0) L Aol = elun, Vo) = (12 S,
. N (30)
BO|:<1—(1125)H) Vo|  and |U0|>(1—5)d<1—(1+26)n> :
We show that there is a vertex vy € Ag \ {vo} with
e(v1,Up) < (1+28) £|Up| =1 and  e(v1,Bo) € [(1 —26)%|Bol, (1+28)4|By|]. (31)
Set
14+
Af = {ve Aol e(v,Up) > (14 6) L2417},
Bi = {ve A\ A} | e(v, By) > (1+5)<11+g> 41By|},
By = {ve A\ Af | e(v, Bo) < (1 - 6)5200 4 By .

Claim 4.14. We have |A$| < 6|Ao| and |BF U By | < |40 \ A |/2.
Proof. First, we deal with the first inequality. By Lemma 3.7,

1+9)* +7
11—~

e(Ag,Uo) < \A+|IU |+ 17— - AW IAG 11Tl

However, by the definition of Aar,

1+7)

d
(43, 00) > (146) T Ly

and combining the two inequalities implies

144 (1+7) d o NP1 (a)'Pyad
AT [Uol = A A< 5000a) T S <ol4
T A 2 s Aol = 1< (sryena) S () g < el

where we used that ¢; < « and that § = 6(a). Next, we separately show that |Bj| < |4¢ \ Ag|/4 and
|By | < |Ao \ Af|/4, starting with the first inequality. By Lemma 3.7,

1+ 1+
e(oi By < O Lygim) + 151 i8S

and by the definition of By,

1+7)2

d
(53, B) > (14 ) S Dy )
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The last two displays together imply that

/2 2 +
1+ : (1+7) di N o\ 1 d\'"? Jed®  |Ag\ Al
—\y/ By| > B B == |Bf| < < |- )

Proving that | By | < |A0 \A6r| /4 follows an analogous computation. Together with the last display, it implies
that |[By U By | < |Ao \ Af| and finishes the proof. O

By Claim 4.14, (29) and (30), there exists v; € Ag \ {vo} satisfying (31). The induced path we build starts
with the edge vgv;.
Next, define K to be the largest integer satisfying (1 — (1+268)d/n)% > An/d?. In particular, we obtain that

nlog(d?/An) 2nlog(d?/\n) d d d (A\"° n d
dalso K> 21 ) > Dog - = log(=
ke 20 d and also 2d 5\ X n) <24 °\x 4 10d 5\ X))

where we used that A < (d/n)%*d. Next, for a positive integer i < K/2, suppose that we found an induced
path vg,...,v; and define the sets

w:Bi_l:V\N[{Uo,...7vi_1}], Az:‘/sz(’UZ)a
BZ:V;\AZ and Ui:Ui_l\N[”Ui]:N(Uo)\N[{Ul,...,UZ‘}].
We also assume the properties
d\’ d
[Vil=n1-(1+26) — ) |A;| = e(v;, Vi) = (1 £ 20) E|Vi|,
, (32)
d d\’
|Bi| = (1 — (1 £26) ) |[Vi| and |U;] > (1—0)d (1 —(1+29) ) ;
n n
note that they are verified for i = 1 by combining (30) and (31). Assuming them for i, we show that there
exists a vertex v;11 € A; \ {v;} such that
6(’Ui+1, Uz) < (1 + 25) %|Uz‘ -1 and e(/UiJr]_,Bi) S [(1 — 26)%|Bl|, (1 + 26)%|B1H (33)
Set
AF ={ve A e(,U;) > (1+06) S22 4}

1-v n

F={ve A\ AF e(v, By) > (146)42d 1

1-v n

By ={ve A\ Af |e(v,B;) < (1—9) 1133 41B,(}.
Claim 4.15. We have |A]| < 6|A;| and | B U B;| < |A; \ Af|/2.
The proof is completely analogous to the one of Claim 4.14 but provided for completeness.

Proof. We first prove that |A;7| < §|A;|. By Lemma 3.7,

1 1
c(ar,v) < S A arjong+ 152 ayfarion,
On the other hand, by the definition of Aiﬁ
1 2 d
(4t U0 > (1+0) S g

and combining the two inequalities implies

1+ (1+7) d Ao\ 1

— MIATUi| > 60— —|Af Ui = |Af|< | ) 34

T WA 2 0= DA | 41 < (sava) T (34)
Using that 2¢ < K, we deduce that

n 2 1 An 2 1
(5(1 +7)d> Uil - | Al = (5(1 +v)d) (1—26)2d?(1 — (1 +26)d/n)*

An 2 1 1 A 1/5
= (5(1 +’Y)d> (1 —=20)2An = 62(1+7)2(1 — 26)2 ' (d) <9, (35)

where we used that \/d < (d/n)/* < ¢; < a and that § = §(a). Combining the last two displays shows that
|AT| < 0] A4l
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We turn to showing that |B;"| < |A; \ A]|/4; as before, |B;| < |A; \ A |/4 follows similarly. By Lemma 3.7,

e<B'+B‘)<(1+7) d 1+v
7 7 177

—|BI1IBil + 7— - AIBIIBil.

Moreover, by the definition of Bj' ,

1+w

(7,8 > (1405 Ly,

and combining these inequalities gives

1+7y + ( 'Y) d + + n 2 1
— - M/ |B;||Bi| =2 B ||B; B <| ———) —.
11—~ A | || | o — | i || z|a = ‘ i |— 5(1+’y)d |Bz|

As a result, using (32), the inequality /\/d < ¢ < 0(a) and the fact that ¢ < K/2 gives

N2 |4 an | A
IBI1 < (5(1+7)d> STAL 1B = <5(1+7)d> ST 28)d(1— (1 20)d/m)ViF

_ o\’ 8| 4|
= <5(1+7)d> 5(1 4 20)d(1 — (1 — 28)d/n)%+1n

1 A
< L2 < .
S ST s2e) a Al =olAl

Using the analogous inequality for B;” shows that |B;" U B; | < |A; \ A|/2, which completes the proof. O

By Claim 4.15, (29) and (32), there exists v;11 € A; \ {v;} satisfying (33). Furthermore, it is easy to verify
that this vertex ensures the properties in (32) for ¢ + 1.

Notice that, by construction, the path vgv;...v;41 is an induced path in G for every integer i < |K/2].
Finally, when ¢ + 1 = | K/2], say, we show that e(v;y1,U;) > 0, that is, we show that we can choose v;y; such
that it has a neighbour u in U;. Then, choosing a neighbour u of vertex v;y1 in the set U; suffices to close an
induced cycle vg, vy, ..., v;41,u: note that the vertex w is not adjacent to any of vy, ..., v; by definition of Uj;.

It remains to show that e(v;+1,U;) > 0 for our choice of i. To this end, set

A7 ={ve A |e@,Uy) < (1- 05522 |U)}.

(1—=v)? d - 1—vy -
A > Ga- v — =2 A AT U
(A7 Ui) 2 = JATIIU = - A AT

At the same time, by the definition of A ",

By Lemma 3.7, we have

(A, U;) < (1—5)(1”7)2

d,  _

and combining the two inequalities implies

1—v (1—v)?% d ,_ _ An 2
L AAT U > s DA v = A7 < (0 — ) — < |4,
Ty | AU 51+ 471U |A7] < 50— )d |Ui|<| |

where the last inequality holds by (34) and (35). This shows that some neighbour of v;; belongs to U; and
concludes the proof. O

We are now ready to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. We can (and do) assume that d > n*/® as Corollary 4.12 shows the result for smaller
values of d. Fix ¢3 = c3/16 with c3 as in Corollary 4.12, C' as in Theorem 4.11 and set vy = &3(\/d)"/3. We also
assume that

(a) d =o0(n), as Lemma 4.13 covers the case d = O(n), and
(b) A= Q((d/n)*/? - d), as Lemma 4.13 treats the complementary case.

Set p = Cn3/d*. We verify that the conditions of Theorem 4.11 are satisfied. First, since n*% < d <n, we
have that C/n < p < 1. Moreover, v < 1/200 and noting that d = o(n), assumption (b) gives

- -a(§(()") " c5)) () ) -,

Finally, since A\ = Q((d/n)*? - d) and d = o(n), we also have \p > C'\/dplog(np). Therefore, by Theorem 4.11,
there is X C V(G) of size | X| = np such that G[X] is an (np, (1 = 27)dp, 11\p)-graph. Now, observe that dp <
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(np)*/® and we also have that 2y < (c3/8) - (11A\p/dp)'/? for small enough c3. Thus, when 11\p < ¢1(dp)/1331,
applying Corollary 4.12 (for ¢ = 3) to the graph G[X] ensures an induced cycle of length at least
2 nplog(dp/11Ap) S _C nlog(d/M\)
106 dp = 2.106 d
Since every induced cycle in G[X] is also induced in G, the proof is completed. O

4.9. Random induced subgraphs of (n, (1 +~)d, A)-graphs. This subsection is devoted to proving the key
theorem (Theorem 4.11) we used in Section 4.8. We provide here the full statement again:

Theorem 4.16. There is an absolute constant C > 0 such that the following holds for all sufficiently large n.
Fiz d,A >0, v € (0,1/200] and o € [C/n,1) with m = |on| € N, and an (n, (1 £ v)d, X)-graph G. Consider a
uniformly random subset X of [n] of size m, and let H := G[X]. Assume

od > C~y 2logm and oA > Cy/odlogm. (36)
Then, with probability at least 1 —m =190 H 4s an (m, (1 & 2y)od, 110\)-graph.

Before proving Theorem 4.16, we introduce the necessary background and present several auxiliary lemmas.

4.9.1. Matriz norms and their properties. We start with several classic properties of matrix norms. Fix a
real-valued matrix A with dimensions m x n. The ¢2 — ¢2 operator norm of A is defined as

Az 2
a1 = e B2 e,
z€R™\ {0} HIHQ zESn—1
where || - ||2 is the standard ¢2-norm, i.e.,
T
|zl = 272 = fo, forevery z=| .| € R™
i=1 :
Ty,

We further recall the definition of singular values of a matrix. Given a real m x n matrix A, the singular values
of A are the non-negative square roots of the eigenvalues of the symmetric positive semidefinite matrix AT A.
We denote by s;(A) the i-th singular value of A in non-increasing order.

The following lemma contains several simple facts for the 2 — ¢2 operator norm and the spectra of matrices.

Lemma 4.17. Fach of the following holds:
(i) For every matriz A, we have ||A| = ||AT].
(ii) For every matriz A, every subset of rows R of A and every subset of columns C of A, || Arxc| < [|4].
(iii) For every n x n block-diagonal symmetric matriz A with non-negative entries, we have |X\;| < Ay for
every 2 <1< n.
(iv) For every symmetric matriz A with eigenvalues Ay > ... > A, such that Ay > |A,|, the second singular

value s2(A) is equal to max{|Aa|, | n|}

Proof. The first is a consequence of [39, Chapter 17, page 17-3, fact 9(a)], and the second point is a consequence
of [39, Chapter 17, page 17-7, fact 3]. The third point is a consequence of the Perron-Frobenius Theorem
(see, for example, [39, Chapter 9, page 9-4, fact 5]). The last point follows from the fact that, by definition
of the singular values of a diagonalisable real-valued matrix, si,...,s, corresponds to a decreasing ordering of
[A1l, ..., [Anl. Since Ay > |\, we have s1(A) = A1 and therefore s2(A) = max;e[2,,) [\i| = max{[Xa, [An|}. O

We will also make use of the following lemma, which follows from Eckart-Young-Mirsky theorem; it provides
another way to compute the second singular value of a matrix.

Lemma 4.18. Let A be an m x n matriz. Then

$2(4) = min |4~ B

where the minimum is over all rank-one m X n matrices B. Moreover, the minimum is attained by B =
s1(A)u vl where vi € R™ and u; € R™ are any unit vectors such that Avy = s1(A)u;.

The following lemma appears (and are proved) in [28] in [28]. We give here the proof for completeness.

Lemma 4.19. Let A be an m X n matriz with non-negative entries without zero rows or columns. Let a =
Zi,j Aij and let 1,, denote the vector in R™ whose all coordinates are equal to 1. Define the following two
diagonal matrices: Let L = L(A) be the m x m diagonal matriz with L;; = >, A; j for all i (that is, the sum
of entries in the i-th row), and R = R(A) be the n x n diagonal matriz with R; ; =Y, A; ; (that is, the sum of
entries in the j-th column). Consider the vectors u; = a~ 121121, and v, = a~Y/2RY21,,. Then:
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(1) both wy and vy are unit vectors;
(2) Lil/zARil/Q’Ul = U,
(8) s1(L~Y2AR™Y?) = |[L7'2AR'/?|| = u] L~Y2 AR /%y, = 1.
Proof. The first two parts readily follow from the definitions of a, L, R. As for the third part, the equation

s1(L~Y?2AR™1/2) = |L='/2AR~'/2|| holds for any matrix. Let us show that ||L~2AR~Y/?| < 1. For every
x = (2;)"1,¥ = (y;)?~, € R™ such that ||x||2 = ||y|l2 = 1, we have

2
0< Yj ) —9_9 Z A@jl‘iyj —9_ QXTL_l/QAR_l/Qy.
i€

Z A <xl _
i€(ml,jeln] V@i VB e VEiil;

This implies that x”L~/2AR~/2y < 1 for all unit vectors x and y, which yields |[L~/2AR"Y?|| < 1. It
remains to show that ||L=1/2AR~'/2|| > 1. Indeed, by definition of L=Y/2AR~/2 we have ul L='/2AR~'/?v, =
1. On the other hand, by the second part of the lemma, u; = L~Y/2AR~'/2v;, hence

ol (L‘I/QAR‘I/Q)TL‘1/2AR‘1/2U1 = ulLV2AR 2y, = 1.
Therefore, the first part of the lemma and the definition of the operator norm give ||L=Y2AR™Y/2?| > 1. O

Finally, we consider two additional norms. The ¢! — ¢2 operator norm of a matrix A measures the maximum
Euclidean norm of the output vector Az given that the input vector x has ¢!-norm 1. Namely,
[Azlls

A = ma -
I4ll2 = max lzlli — sermijeli=1

[Az]2.

Note that the unit ball for the £! norm in R™ is the cross-polytope obtained as a convex hull of {+e;: j € [n]}.
Since z € R"® — ||Az||2 is a convex function, the latter maximum is attained in one of the extremal points of
the unit ¢!-ball, namely

[All—2 = max [|(Ai ;)i 2 (37)
j€[n]
The last norm we introduce is the infinity norm of the matrix A, which is defined as ||Al|c = max; ; |4, ;|.

4.9.2. Probabilistic matriz inequalities. The first inequality is a ready-to-use estimate of the expected norm of
a random submatrix obtained via random column extraction, due to Tropp [65, Theorem 23]. We recall that
rk(A) denotes the rank of a matrix A and, for a subset I C [n], we denote by Py, the matrix (15—jery)ije[n]-

Lemma 4.20. Fiz integers m' < n, a real-valued matriz A with n columns, and a random set I' distributed
uniformly among all subsets of [n] of size m'. Fiz also p > 2 and ¢ = max{2,p/2,2log(tk(APy ,,))}. Then,

(Bl AP o |P)/? < 3y/A(E| APy n|[f )P + v/m' ]| Al|. (38)
The next lemma is an efficient decoupling result from the same work of Tropp [65, Theorem 9].

Lemma 4.21. Fiz an n X n symmetric matriz A with all-zero main diagonal and M € [n]. Denote by R a
random subset of [n] of size M. For every p > 1, there exists a partition (S,T) of [n] with |S| = |[n/2| and
|T| = [n/2] such that, for everyp > 1,

(E||Pr,nAPR,||P)/? < 2 max (B[ Pr s Asxr Pr ) |7y, (39)

where Agxr 15 the restriction of A on the rows of S and the columns of T, I,1' are independent random subsets
of S, T with sizes m,m’, respectively, and the maximum is over m,m’ with m—+m' = M, m < |S| and m’ <|T)|.

The last preliminary lemma bounds from above the ¢! — ¢2 operator norm of a random row-and-column
extraction of a given matrix A. While its proof still relies on a standard argument, we did not find a precise
reference for it and include it for completeness.

Lemma 4.22. Fiz positive integers m,m’,n,n’, a real-valued n x n’ matriz A, and two independent random
sets I, 1" distributed uniformly among all subsets of [n] and [n'] of sizes m, m/, respectively. Then, for every
p=2,

(BNl Pr APy o |[§ )P < 2¢/m/nl| Allis2 + 44/p/2 + log || A oo (40)
Proof. Set Pr = P;,, and Py = Py, and denote by A, ; the j-th column of A. For a fixed column j € [n/],

1P A5 =) A2
el
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A2 A2 . Moreover,

Hence, E|PA. j||3 = 2[|A. ;|3 since the random set I samples m values from A? ;, A3 ;..

1,50
the variance of |PrA, ; ||2 is equal to

n 2
2 m a4 m o mim—1) 5 o s
ag ; <nAZ,] B <nAZ,]> ) + Z 2<n(n—1)A“ jAfLQ j (’I’L> A217JA,L2 j>

1<iy <iz<n

n—m m
- min —m) A -AL )< —— > AL (A - Ay )

n?(n—1 L nn—1) 4=
1<ii<iz2<n 1<i1<i2<n

3

m 2 2 2
< > 442247 +24

n(n ) i1,] 127]) =
1<iy <iz<n

8m 8m
AR A1 < AN A

By Hoeffding’s comparison theorem (Lemma 3.3) and Bernstein’s inequality (Lemma 3.2), for any ¢ > 0,

t2 2
P (171l = sl ) < 0 (< s ) <o (S o)
In particular, for every u > 0,
P(|PA 3/n > 4y/mu/n| Al Al + 414)%u) < e, (41)
and using that ||A, j[|2 < ||All1-2 allows us to transform (41) to
P (IPrAusllz = Vim/all Al 2 + 2V Al ) <7 (42)
Next, condition on I’ and recall that |I'| = m/. By (37) and a union bound over the m’ elements in I’,

P(| Pt AP |1—2 = v/m/n||Al1o2 + 23/u + logm! || Allee | I') < mle™47lo8™ = ¢~ (43)
To bound the left hand side in (40), set (0) := (v/m/n||Al1-2 + 2v/logm/|| 4] )? and note that

willz = mlAs ]

BIPAP I =B | [ PUPAPIE, 2 01 1at] <10+ B] [ BOPAPI, 2 0| F)at]
0 #(0)

By performing the change of variables t(u) = (v/m/n||Al|152 + 2v/u + logm’||A||e0 )P and using (43),
EU <|PIAPI,||HZ (v/m/all Az +2v/u+ Tog | All) | I’>t’(u)du] < / ' (u)e"du.
u=0 u=0

To evaluate the remaining integral, we use integration by parts. For an exponential random variable U ~ Exp(1),

/OO t'(u)e *du = [t(u)efu]go + /00 t(uw)e “du < E[t(U)],

=0 0
where we ignored the first term and extended the range of integration in the second term in the middle expression
to derive the inequality. By Minkowski’s inequality applied to the #P-norm and then to the £#/2-norm, we obtain

E[t(U)]? < /m/n|[Alli2 +E[(U +logm"}/*1VP 2| Alloc < v/m/nl|All1-2 + \/]E[U”/QP/” +logm’ - 2[|Al|co-

Using that the r-norm of an Exp(1) random variable is equal to I'(r + 1) and the Gamma function satisfies
I(r+ l)l/r < for all r > 1, we obtain

B[P APy ([}, < t(0) + E[t(U)] < £(0) + (v/m/nl|Allio2 + 2v/p/2 + log m/[| Al 0 )

Finally, taking the p-th root of both sides and using the inequality (z + 3)/? < /P 4+ y'/?, for any z,y > 0,

shows that
(Bl PLAPH|F_5)"P < 2¢/m/n||All1s2 + 4y/p/2 + log m! || Al e,
as desired. 0

We are ready to state and prove our main technical tool in the proof of Theorem 4.16, which sharpens
Corollary 6.8 from [28].

Proposition 4.23. Fiz a real symmetric n X n matriz A and a uniformly random subset R C [n] of size
M € [n]. Then, for every p > 2 and ¢ = max{p,2log M},

(E||PRAPR||P)P < 241/2Mq/n||Al|1-2 + 50¢||Al| o + 4M || A] /1. (44)

Proof. First, suppose that the main diagonal of A contains only zeros. By Lemma 4.21, it suffices to bound
the p-norm of || PrAsx7Pp || where P = Py g and Py, = Py | for any partition (S,T) of [n], positive integers
m,m’ with m +m’ = M, m < |S|, m’ < |T| and independent subsets I C S and I’ C T with sizes m,m/,
respectively.
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Next, condition on I and apply Lemma 4.20 on the column restriction I’. Since the submatrix PrAgyx7Pr
has rank at most min{m,m’}, we have 2log(rk(P;Asx1Pr)) < 2log M < ¢ and therefore, conditionally on I,

Z = E[|PiAsxrPol? | V7 < 3y - Bl PrAsxrPr |, | V7 + /o [T - |PrAser].  (45)
By Lemma 4.22 and the inequalities p < ¢ and logm’ < log M < ¢q/2, we have p/2 + logm’ < q. Thus,

(El|Prn APy g |[§ )P < 2¢/m/|S|- || PrAsxrlhi—2 +4y/al PrAsxrlloo < 2v/m/IS]- [ All 152 +4/d]| All o (46)

Thus, taking p-norms on both sides in (45) (seen as I-measurable random variables) and using (46) together
with Minkowski’s inequality for the right hand side yields

E[| PrAsxrPr|P]Y? = E[Z°]'/? < 3\/q(2y/m/|S] - | Al 152 + 4V/allAllse) + V/m'/IT] - E[||Pr Asxr [P/, (47)

where the first expectation is with respect to I, I’ while the second and the third expectations are only with
respect to I. For the last expectation in (47), we apply Lemma 4.20 to AL, - and the column restriction I. By

recalling that Py is symmetric and thus ||P;Agxr| = ||AL, 7 Pr|| thanks to Lemma 4.17(i), we have that
E[||PrAsxr|[”]'? = E[| A, r Pr|P]V? < 3/ - E[|AGr PrTS2]"? + /m/1S] - | A x| (48)

Furthermore, by using Lemma 4.17(i) for the matrix A and Lemma 4.22 with P;, = I, and Py, = Pr, we
have

3va - El|AS.r Prlf o) /? + /m/|S] - [|AG ez |
< 3va- 2 AGerllise +4vp/2 +logm - [ AGrllec) + Vm/IS] - [|AG |l
Combining (47), (48), (49) and using that ||AL, 7 |lc < || A, that [[AL, 7 ]l1—2 < ||A|l1—2 since the matrix A
is symmetric, and that ||AL, || <||A| by Lemma 4.17(ii), we obtain

[Py Asscr Py 7177 < (6+/amfIS] + 63/am /1T - | Al

(49)

+ (124 + 12/ /T 72 + Togm) )| Alloe + v/md /ISTIT - || A o
To finish the proof for the all-zero diagonal case, note that (m’/|T|)(p/2 + logm) < ¢ as well as
Vm/IS]+ /m'[IT] < 2/M/(n/2) = 2/2M/n and  /mm/[|S|[T] < M/(n/2) = 2M /n.
Therefore,
(Bl PrAPR|P)"* < 2 (12¢/2Ma/n] Alli-2 + 24a] Alloc +2M ] All/n) - (51)
We now consider the case where A may have non-zero entries on its diagonal. Write A9 = A — D, where D
is the diagonal n x n matrix with entries A;,,..., A, . By the previous case applied to A, we have
(E||PrAoPR|")7 < 241/2Mq/nl| Aol -2 + 484]| Aolloe + 4M | Ao]| /. (52)

Now, note that || dol| < 4]l + DI, 4]l < [ 4] by (37), [ Ao]lec < |Alloc and [[PyAPs | < | Py AoPs | +
|PyDPy|| < ||PrAoPyl|| + || D|| by Lemma 4.17(ii). By Minkowski’s inequality, this implies

(E||PrAPR[P)? < (B||PrAoPr|P)? + | D < 24v/2Mq/nl|All1-52 + 484[|Alloo + 4M (| A|| + || DI})/n + || DII-
Notice that || D|| = max;e(n) |4ii| < ||Alloc to complete the proof. O

4.9.3. Proof of Theorem 4.16. First, we establish the regularity of the percolated subgraph H. By using
Lemma 3.1 and a union bound, we have

P(Fv € X :degy(v) ¢ (1+£2y)od) < Y P(v € X)P(degy(v) ¢ (1£27)0d | v € X)
veV(G)

(yod)?

<2 -
- mexp( 3od + yod

) S 2m exp(ifyza-d/zl)v

where in the second inequality we used suboptimal constants in the denominator to account for the fact that
v is already included in X, and thus we deal with a random subset of size m — 1 of a set of size n — 1 (which
are both suitably large). Under the degree hypothesis od > Cy~2logm, fixing C sufficiently large yields failure
probability at most m~1/100/2,

Next, denote by di,...,d, the degrees of the vertices in G, by 1,, the all-1 column vector of length n, and
denote by D the corresponding diagonal matrix of dimensions n x n. Also, denote by Ag, Ay the adjacency
matrices of G, H. To bound the second singular value s2(Ap), we would like to discard the largest eigenvalue
of Ay and instead have so(Apy) as an operator norm of some related matrix. To this end, define

B=D"'Y244D7Y% —q~Y(D'?1,,) - (1EDY?)  where a=d, +do+...+dp.
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Note that the entries of the matrix B are given by
o Aij _ dldj
iJ /Tldj a )

providing the following information for the norms of B:

B

(a) for the o — ¢2 operator norm: by Lemma 4.18 and Lemma 4.19 we have
IBI| = s2(D~12AcD™V?) < s5(Ac) DTV, < (L +7))/d.

(b) for the infinity norm: since A;; € {0,1}, d; = (1 £ v)d and a = (1 &+ v)nd, using (53), it can be readily
checked that the maximum absolute value of any entry is at most (1 + v)?/d.

(c) for the ¢; — ¢5 operator norm: the triangle inequality yields
IBllis2 < D72 Ag D™ 2 152 + a7 H[(DY?w) - (w DV2) |15, (54)
Let us bound each of the terms appearing on the right hand side. First,
ID™2AcD™ 2152 < [DTV2(5 | Acllise = 1D ool AG 152-
We have || D™} |oo = max;e, (1/d;) < (147)%/d and ||Ag|l1-2 = max;ep, vd; < (1+v)Vd. Thus,

ID™2AeD™ V2 150 < (14+7)°/Vd, (55)
and also
IDY?1,17 D252 < [ Dlloe - [1Lnlf [hse < (14+7)%d- V. (56)
Combining (54), (55), (56) and the inequality a > (1 — v)dn, we obtain
3
IBle < 20 v 22 (57)

Set ¢ = max{p, 2logm}. Then, by Proposition 4.23,
E[| Px BPx|P]'/? < 24y/2mq/n|| B|l1-2 + 50q Bl + 4m||B|| /n
< 60+/2mq/nd + 50q(1 + 7)?/d + 4(1 + v)ymA/nd = ¥
Now, a closer look at the matrix Px BPx shows that actually
PxBPx = PxD™Y2AsD~'Y2Px —a~Y(PxD'?1,,) - (11 DY/?Py)
=D V24 D7Y? — o~ (PxD'Y?1,) - 1T DY2Py).
Now, using that (PxD'/21,)- (17 D'/?Px) is a matrix of rank one and PxD'/?1,, is a common eigenvector of
each of D™'/2A;D=1/? and (PxD'/?1,,) - (11 D'/?Py), we have
so(D7YV2AED™Y?) < |D7Y2 A D7Y? — oY (PxDY?1,,) - (1T DY2Py)| = |Px BPx|,
and therefore
s2(Ap) < so(D7V2AEDTV2) - |IDYR|Z, < (14 9)d||Px BPx|| = Elso(An)’]"? < (147)dV.
Next, choosing p = K logm for a suitably large constant K forces ¢ = p. Applying Markov’s inequality to
the p-th moments then yields
P(so(Ag) > 2(1 +7)d¥) < 27P < m~1/100/2,
Consequently, on the complimentary high-probability event, we have
s9(Ap) < 2(147)d¥ < 120(1 +v)y/2mqd/n 4+ 100g(1 + )% + 8(1 + 7)?mA/n. (58)

To show that the right-hand side is strictly bounded by 60\, we analyse each term separately. First, since
m = |on] < on, the last term satisfies

8(1+7)2mA/n < 8(1+ )%

Given the parameter restriction v € (0,1/200], this term is at most 8(1.005)%c A < 8.1 \.
Next, recalling (28) and that ¢ = p = K logm, the first two terms in (58) are dominated by

120V2K (1 +)\/odlogm  and 100K (1 +~v)*logm, (59)
respectively. From the assumed spectral hypothesis oA > C'yv/odlog m, we obtain the relation
Vodlogm <oA/C  and  logm < (A/C?d) - o)X < o)/C?. (60)

Consequently, the terms in (59) satisfy

120v/2K (1 100K (1 + )
120(1 +7)v/2mgd/n + 100g(1 +7)* < ( OC( ta), 100 (C2+7) )0/\.
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By choosing the implicit absolute constant C' to be sufficiently large relative to K, this combined error contri-
bution can be made arbitrarily small. In particular, we can bound it from above by 1.950 A, and substituting
this back into (58) shows that

s2(Ag) <81loA+1.950\ < 1loA.

Finally, observe that since Apy is an adjacency matrix of a graph, it is a block diagonal matrix, thus by
Lemma 4.17(iii),(iv), s2(Ax) = max{|A\2(Am)l|, | A\n(Ax)|}, which completes the proof.

5. CONCLUDING REMARKS

In this paper, we proved that every (n,d, A\)-graph, with A < ¢;d for a sufficiently small constant ¢; > 0,
contains an induced cycle of length ©(nlog(d/\)/d).

We conclude with several directions for future research. First of all, while our bound is optimal up to the
value of the implicit constant, understanding the leading term more precisely remains an interesting challenge.
In particular, one could try to compare the length of a longest induced cycle with the trivial benchmark
of twice the size of a maximum independent set. Second, whether our result holds for other classic (and
potentially more general) families of graphs, such as jumbled graphs, remains open. Finally, in the spirit
of [4, 9, 35, 42, 54], it would be very interesting to understand whether every tree with bounded maximum
degree and size O(nlog(d/\)/d) can be embedded as an induced subgraph of an (n,d, \)-graph. In a related
direction, one could ask for the universality of (dense) pseudorandom graphs for all graphs on a given number
of vertices.

Acknowledgements. The authors would like to thank Anastasia Kireeva for useful comments and suggestion
on Section 4.9.
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