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Combinatorial sufficient conditions for graph rigidity and
applications to random graphs

Michael Krivelevich* Alan Lewf Peleg Michaeli*

Abstract

A graph G = (V, E) is called d-rigid if, for a generic embedding of its vertices in R%, every
edge-length preserving continuous motion of the vertices preserves the distances between all
pairs of non-adjacent vertices as well. In this paper, we present several new results on the
rigidity of random graphs. In particular, we show that there exists ¢ > 0 such that, for p >
2logn/n, the binomial random graph G(n,p) is with high probability (whp) |cnp]-rigid. This
is sharp up to the constant ¢, and complements recent results of Peled and Peleg (in the regime
p = o(n=1/?)), and of Jordan, Liu, and Villanyi (in the constant p regime). Moreover, we show
that for every fixed d > 2 and r > 501d, a random r-regular graph is whp d-rigid, and that
for 100/n < p < 2logn/n, the binomial random graph G(n,p) contains whp an |np/251]-rigid
subgraph with at least (1 — e~"?/2)n vertices. Both results are sharp up to the multiplicative
constant. In addition, we present a new sufficient condition for rigidity in terms of the minimum
codegree of the graph (the minimum number of common neighbours of a pair of vertices in the
graph).

A main tool in our arguments is a new combinatorial sufficient condition for rigidity, which
provides a common generalization to Whiteley’s vertex-splitting lemmas, and to the “rigid par-
titions” method, developed in works by Crapo, Lindemann, Lew, Nevo, Peled and Raz, and by
the present authors.

1 Introduction

A d-dimensional framework is a pair (G, p), where G is a finite, simple graph, and p is a map
from V to RY. We say that (G, p) is rigid if every edge-length preserving continuous motion of the
vertices of G, starting from the positions prescribed by p, preserves in fact the distances between all
pairs of vertices (or, equivalently, if every such continuous edge-length preserving motion extends
to an isometry of R?). We say that p : V — R? is generic if the d|V| coordinates of p(V) are
algebraically independent over the rationals. A graph G is called d-rigid if (G, p) is rigid for some
generic p : V — R? (or, equivalently, if (G, p) is rigid for all generic p : V — R? [1]).

It is easy to see that a graph is 1-rigid if and only if it is connected. For d = 2, combinato-
rial characterizations of 2-rigid graphs are known [23,17,21,24,6]. However, in the case d > 3,
the existence of a “reasonable” combinatorial characterization of d-rigidity remains a major open
problem in the field. Given the lack of such a combinatorial characterization in higher dimensions,
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the search for combinatorial properties implying d-rigidity is of considerable interest. For example,
Villanyi [28] recently established that every d(d + 1)-vertex-connected graph is d-rigid, solving a
long-standing conjecture of Lovasz and Yemini [21] (who proved the d = 2 case), and providing
a natural counterpart to the (easy) fact that every d-rigid graph is d-vertex-connected; minimum
degree conditions for rigidity were studied in [14,15,10].

The study of the rigidity of random graphs has attracted increasing attention in recent years [7,
27,12,13,11,18,14,22,10]. In addition to being a natural high-dimensional extension of classical
work on connectivity properties of random graphs, research on the rigidity of random graphs
provides fertile ground for the development and testing of new tools and methods in rigidity theory.

In this paper, we develop new combinatorial methods for determining the rigidity of graphs,
and apply them to obtain new, close to sharp results on the rigidity of random graphs in different
density regimes. In addition, we present a new sufficient condition for rigidity in terms of the
minimum codegree of the graph, that is, the minimum number of common neighbours of a pair of
vertices in the graph. Our main results are presented next.

Let G(n,p) be the distribution over graphs on vertex set [n] = {1,...,n} in which every pair
of vertices is connected by an edge independently with probability p. Recall that for a sequence
{A4,}22, of events in a probability space, we say that A,, occurs with high probability, or whp for
short, if P(A,) — 1 as n — oo.

In [18], Lew, Nevo, Peled, and Raz proved that for fixed d > 2, the threshold for d-rigidity of
G(n, p) coincides with the threshold for having minimum degree at least d, namely p = (logn+ (d—
1)loglogn)/n (extending work by Jackson, Servatius, and Servatius [7] in the case d = 2). In [22],
Peled and Peleg extended this result by showing that below the threshold p = (2/(1—log2)) logn/n,
G(n,p) is whp 6(G)-rigid, where 6(G) is the minimum degree of G.

In [14], we proved that for every ¢ > 0 there is ¢ > 0 such that if p > (1 + €)logn/n, then
G(n,p) is whp |cnp/log (np)|-rigid. We also conjectured that, for p = w(logn/n), G(n,p) is
whp (1 —o(1))n(1 — /1 — p)-rigid. A standard edge-counting argument shows that, if true, this
result would be optimal. Peleg and Peled [22] resolved this conjecture in the regime (2/(1 —
log2))logn/n < p = o(n'/?), by showing that for such p, G(n,p) is whp [(1/2 — o(1))np]-rigid
(note that, for p = 0(1), 1 — /T —p = (1/2 + o(1))p). In the case when p is a constant, Jordén,
Liu, and Villanyi [10] very recently resolved the conjecture up to a constant factor, by showing that
for every fixed p € (0,1) there is ¢ > 0 such that G(n,p) is whp |cn]-rigid. Here, we extend this
result, solving our conjecture, up to a multiplicative constant, for all relevant values of p.

Theorem 1.1 (Binomial random graphs). For every € > 0 there exists ¢ = c¢(¢) > 0 such that if
p > (14 ¢)logn/n, then G(n,p) is whp d-rigid for d = |cnp].

Note that for, e.g., p > 2logn/n, Theorem 1.1 implies that G(n, p) is whp d-rigid for d = [enp|,
where ¢ > 0 is a universal constant. In fact, we may choose ¢ = 1/4000 in this case (see proof of
Theorem 1.1 for details).

We say that a set U C V is a d-rigid component of G if G[U] is d-rigid but, for all U’ 2 U,
G[U'] is not d-rigid. A classical result on random graphs states that p = 1/n is the threshold for
the appearance of a “giant” (that is, linearly sized) connected component in a random binomial
graph G(n,p) (see, for example, [5]). It is natural to consider the high-dimensional geometric
version of this question; that is, to consider the threshold for the appearance of a giant d-rigid
component. Lew, Nevo, Peled and Raz [18] conjectured that the phase transition occurs exactly
when the average degree of the (d+1)-core of the graph exceeds 2d, which happens at p ~ d/n. The
case d = 2 was proved, earlier, by Kasiviswanathan, Moore and Theran in [12]. For general d, we
proved in [14] that for every £ > 0 there is a constant C' > 0 such that, for every d > 2, the graph
G(n,Cdlogd/n) contains whp a d-rigid component of size at least (1 —e)n. Here, we improve this



result, obtaining the following condition, which coincides, up to a multiplicative constant, with the
conjectural threshold p ~ d/n.

Theorem 1.2 (Giant rigid component). Let 100/n < p < 2logn/n, and let G ~ G(n,p). Then,
whp, there exists U C [n] with |U| > (1 — e~™/?)n, such that G[U] is d-rigid for d = |np/251].

Let n,r > 1 be such that nr is even. Let G, be the uniform distribution on r-regular graphs
on vertex set [n]. It is conjectured (see, for example, [14]) that for every d > 2 and r > 2d, a graph
G ~ Gy, is whp d-rigid. This was proved in the special case d = 2 by Jackson, Servatius, and
Servatius in [7, Thm. 4.2]. For d > 3, the question remains open. Since, for » > 3, a random
r-regular graph is known to be r-connected whp [5,32], Villdnyi’s results from [28] imply that, for
fixed d and r > d(d+1)/2, G ~ G, is whp d-rigid. In [14], we showed that there exists a constant
C > 0 such that every fixed d and r > Cdlogd, G ~ Gy, is whp d-rigid. Here, we obtain the
following improved result.

Theorem 1.3 (Random regular graphs). Let d > 2 be fized, and let r > 501d. Let G ~ Gy, .
Then, whp, G s d-rigid.

Note that the condition on the degree r in Theorem 1.3 matches the conjectural bound r > 2d
up to the multiplicative constant.

We now turn from random graph models to the extremal problem of establishing sufficient
minimum codegree conditions for rigidity. As we mentioned, minimum degree conditions for rigidity
have been studied in [14,15,9]. In [14], we showed that 6(G) > n/2 4+ d — 1 implies d-rigidity for
d = O(y/n/logn) (which is sharp up to a multiplicative constant) and conjectured that this should
hold for all d < n/2. In [15], we extended the regime of d for which the result holds to O(n/log?n),
and proved a sharp result, namely, that 6(G) > (n + d)/2 — 1 implies d-rigidity, in the regime
d = O(y/n). Later, Jordan, Liu, and Villdnyi [10] studied this problem, extended the first result to
all values of d (see Theorem 2.4), and the sharp result to d < n/29.

For a graph G = (V, E) and v € V, let Ng(v) be the set of neighbours of v in G. For distinct
u,v € V, write da(u,v) = |Ng(u) N Ng(v)|, and let 62(G) be the minimum codegree of G,
defined as the minimum of ds(u,v), taken over all uw # v in V. Note that, if §(G) > (n + z)/2,
then d2(G) > x. This motivates the problem of proving minimum codegree sufficient conditions for
rigidity. As part of the proof of the minimum degree condition in [14], we showed that if §2(G) > k
for k > 3logn, then G is d-rigid for d = |k/(3logn)| ([14, Theorem 5.1]). Here, we obtain the
following sharper result.

Theorem 1.4 (Minimum codegree). There exists ng > 0 such that for alln > ng and k > 65logn,
the following holds. Let G be an n-vertex graph with d2(G) > k. Then, G is |k/40|-rigid.

This result is sharp up to a multiplicative constant. Indeed, let kK > 1 and n > k44 be such that
n + k is even, and consider a graph G' composed of two cliques, each of size (n + k)/2, intersecting
in k vertices. Note that G is an n-vertex graph with minimum codegree k. Moreover, it is easy to
check that G is k-rigid but is not (k + 1)-rigid.

Our proofs combine combinatorial and probabilistic arguments. Our main technical tool is
the following sufficient condition for the existence of a large d-rigid component in a graph. For a
graph G = (V, E) and two disjoint sets X,Y C V, we denote Eq(X,Y) = E(X,Y) ={e € E:
lenN A = |en B| = 1}. Recall that 6(G) denotes the minimum degree of G. For an integer m,
let [m] = {1,2,...,m}, and let ([gl]) ={{i,5}: 1 <i < j<m}. For a finite set V, we say that
Vi,...,Vipis a partition of Vif V=V U---UV,, VNV =g foralll1 <i<j<m,and V; # &
forall 1 <i<m.



Theorem 1.5. Let G = (V, E) be a graph, let k,m be positive integers, and let 1/2 < n < 1. Let
Vi,..., Vi be a partition of V' satisfying |Vi| > Tk — 3 for all 1 <i < m. Let Go = (m], E’) be the
graph defined by

E = {{i,j} € ([?;L]) : for every X CV;, Y CVj such that | X|=|Y| =k, Eqg(X,Y) # @}.

Assume that §(Go) > n-m — 1. Then, there exists W C V' such that GIW] is d-rigid for d =
|(n—1/2)m], and |V; \ W| < 4k for all 1 < i < m.

The proof of Theorem 1.5 relies (in the case n < 1) on a minimum degree condition for rigidity
recently proved by Jordédn, Liu, and Villanyi [10] (see Theorem 2.4), as well as on the following new
combinatorial sufficient condition for d-rigidity, which we expect to be of independent interest.

Let G = (V, E) be a graph. For A, B C V, let G|A, B] be the graph on vertex set AU B with
edges{e € E:eNA#2,eNB # @, e C AU B}. In particular, G[A, A] = G[A], the subgraph
of G induced by A, and if A and B are disjoint then G[A, B] is a bipartite graph whose edge set
consists of all the edges of G with one endpoint in A and the other in B.

Let Vi,..., Vi, be a partition of V. We define the reduced graph of G associated to this partition
as G' = (Im], E'), where

E = {{i,j} c GT) L Ea(Vi,V;) # @}.

Theorem 1.6. Let d > 1 and m > d. Let G = (V, E) be a graph, and let Vi,...,Vy, be a partition
of V.. Assume that the reduced graph G’ is d-rigid, and that for every 1 < i < m and every pair of
distinct vertices u,v € Vi, there are at least d distinct indices j € [m] such that w and v lie in the
same connected component of G[V;,V;]. Then, G is d-rigid.

Theorem 1.6 extends results on the rigidity of graphs admitting “type-I strong d-rigid partitions”
introduced by Lew, Nevo, Peled, and Raz in [19] (corresponding to the special case m = d), and
“type-II strong d-rigid partitions”, introduced in [14] (corresponding to the special case when
m = d+ 1 and all the edges inside each part V; are ignored). Moreover, Theorem 1.6 extends
Whiteley’s well-known vertex-splitting lemmas [30,31] (see Lemmas 2.2 and 2.3), corresponding to
the special case |Vi| =2, |[V;| =1 for 2 <i < |V|—1. Let us note that shortly before the submission
of this manuscript, we learned that in recent, yet unpublished work, Csaba Kiraly independently
obtained, using arguments similar to ours, new proofs of the “strong rigid partitions” conditions
from [19,14], as well as to an extended version of them sharing some similarity to Theorem 1.6.

In Section 7, we present more general, albeit more technical, versions of Theorem 1.6 (Theo-
rems 7.4 and 7.6), extending the notion of “rigid partitions” introduced in [14] (originally studied,
using a different terminology, by Crapo [6] in the d = 2 case, and by Lindemann [20] in the d = 3
case).

Remark. As we already mentioned, the minimum degree sufficient condition for rigidity obtained
by Jordén, Liu, and Villanyi in [10] (see Theorem 2.4) is an important ingredient in our proof of
Theorem 1.5 and, as a consequence, of Theorem 1.1. Indeed, the idea of combining Theorem 2.4
with Whiteley’s vertex-splitting lemmas, introduced in [10] in order to study the rigidity of G(n, p)
for constant p, was a significant motivation for this work.

The paper is organized as follows. In Section 2, we introduce some relevant facts from rigidity
theory and probability theory that we use later. In Section 3, we prove Theorem 1.5. We establish
Theorem 1.1 in Section 4, and prove Theorems 1.2 and 1.3 in Section 5. In Section 6 we prove The-
orem 1.4, providing a minimum codegree condition for rigidity. We defer the proof of Theorem 1.6



and its generalizations (Theorems 7.4 and 7.6) to Section 7. We conclude in Section 8 with some
final remarks and open questions.

Notation and terminology Let G = (V, E) be a graph. Denote by Ng(A) the external neigh-
bourhood of A, that is, the set of all vertices in V' ~ A that have a neighbour in A. The degree
of a vertex v € V, denoted by degs(v), is its number of incident edges. In the above notation we
often replace {v} with v for abbreviation, and often omit the subscript G if it is clear from the
context. For a set X and a nonnegative integer k, we denote by ()l§ ) the family of all k-subsets of
X. Throughout the paper, all logarithms are in the natural basis.

2 Preliminaries

2.1 Inductive operations preserving rigidity
We will need the following basic operation preserving d-rigidity of graphs.

Lemma 2.1 (0-extension; see, for example, [26]). Let G = (V, E) be a d-rigid graph, and let G’
be obtained from G by adding a new vertexr v adjacent to at least d vertices from V. Then, G’ is
d-rigid.

In addition, let us recall the precise statement of Whiteley’s vertex-splitting lemmas.

Lemma 2.2 (Whiteley [30]). Let G = (V, E) be a d-rigid graph, and let v € V. Let G' = (V', E’)
be obtained from G by removing v and adding two new vertices x and y such that Ne/(x)UNgr (y) =
Ng(v) U{z,y}, and |Ng:(z) " Ngi(y)| > d — 1. Then, G’ is d-rigid.

Lemma 2.3 (Whiteley [31]). Let G = (V, E) be a d-rigid graph, and let v € V. Let G' = (V' E’)
be obtained from G by removing v and adding two new vertices x and y such that Ne/(z)UNg (y) =
Ng(v), and |Ng:(x) N Ngi(y)| > d. Then, G’ is d-rigid.

2.2 Minimum degree condition for rigidity

We will also need the following minimum degree sufficient condition for d-rigidity, proved under
the assumption d = O(n/log?n) in [15], and in the general case in [10]. Recall that, for a graph
G = (V, E), we denote by §(G) the minimum degree of a vertex in G.

Theorem 2.4 (Jordan, Liu, Villanyi [10, Theorem 1.2]). Let 1 < d < n be integers. If G is an
n-vertex graph with §(G) > 5§ +d — 1, then G is d-rigid.

2.3 Concentration inequalities

We will repeatedly make use of the following version of Chernoff bounds (see, e.g., in [8, Chapter 2]).
Let o(x) = (14 z)log(1 + ) — = for x > —1.

Theorem 2.5 (Chernoff bounds). Let n > 1 be an integer and let p € [0,1], let X ~ Bin(n,p), and
let u=EX =mnp. Then, for every v > 0,

P(X <p—v) < exp(—w(—:)) < exp<—;;>,

P(X > p+v) < exp<—u<p<:>) < exp (—Q(Mizy/?)))

5



3 A combinatorial sufficient condition for the existence of a large
d-rigid component

Here, we prove Theorem 1.5, which will be a key ingredient in the proofs of Theorems 1.1 to 1.3.

Proof of Theorem 1.5. Let s =4k. For 1 <i < j <m, wecallaset C CV;UVj bigif |[CNV;| >k
and |C NVj| > k.

Claim 3.1. Let {i,j} € E', and let U; C V; and U; C V; such that |U;|,|U;| < s. Then, the
subgraph G[V; \ U;, V; N\ Uj| contains a unique big connected component.

Proof. Tt is immediate that we cannot have two big components C, C’, as otherwise, since {i,j} €
E’, G has an edge between CNV; and C’'NVj, a contradiction to C' and C’ being distinct components.

To prove there is at least one such component, notice that if there is a component C' with
|C' NV;| > k, then, since {i,j} € E’, the set C' NV} is connected to at least |V; N Uj;| —k+1>k
vertices in V; \ Uj, providing the desired component; similarly for a component with at least k
vertices in Vj. Assume thus for contradiction that all components in G[V; \ U;, V; \ Uj| have less
than k vertices on each side. Let Cyp be a minimal by inclusion collection of connected components
in this graph whose union contains at least & vertices in at least one of the parts V; or V;. Without
loss of generality, assume that the union of the components in Cy has at least k vertices in V;. Then,
by the minimality of Cp, it has at most 2k — 2 vertices in Vj, and thus, since {i, j} € E’, the vertices
of Cp in Vj are connected to at least |V; \Uj;| — (2k —2) — k+1 = |V}| — s — 3k + 3 > 0 vertices in
V; \ U; outside of Cy, a contradiction to Cy being a union of connected components. O

For {i,j} € E' and U C V such that |U N V;|,|U NV;| < s, denote by C;;(U) the unique big
connected component in G[V; \U, V;\ U], which exists by Claim 3.1. Notice that, by the uniqueness
of the big components, we have, for all U C U’, C;;(U’) C Cy;(U).

For 1 <i <m, let T; = degg, (i)(1 — k/s). Let U C V such that [UNV;[ < s forall 1 <i<m.
We say that a vertex v € V; N\ U, 1 < i < m, is bad for U if v is contained in less than T; of
the big components C;;(U), for j € Ng,(i). Note that, if v is bad for U, then it is bad for all
U' D U with v ¢ U’ (indeed, assuming v € V;, for every j such that v ¢ C;;(U), we must have
v ¢ Ci;(U") € Cy;(U)).

Claim 3.2. There exists Uy C V satisfying |Uy N'V;| < s for all 1 <i < m, such that there are no
bad vertices for Uy.

Proof. Let
U={UCV:|UNV| <sforallie [m], and v is bad for U \ {v} for all v € U}.

Note that U is non-empty, as @ € U. Let Uy C V be a maximal set in &. We will show that there
are no bad vertices for Uy. Assume for contradiction that there exist 1 <7 <mand v € V; \ U
which is bad for Uy. If |[Uy N V;| < s, then U’ = Uy U {v} belongs to U. Indeed, v is bad for
U’ \ {v} = Up by definition, and for u € Uy, u is bad for Uy \ {u}, and therefore it is also bad for
U’ '~ {u} D Uy ~ {u}. But this contradicts the maximality of Up.

Therefore, we must have |[UyNV;| = s. By the definition of U, every u € UyNV; does not belong
to at least degg, (i) — T; of the components Cj;(Up \ {u}), 7 € Ng,(i). Note that, in such case,
Cij(Up ~{u}) = C;;(Uy), and u is not adjacent to any vertex in C;;(Up). By double counting, there
must be some j € Ng, (i) and a set A C V; N Uy with

|A] > s(degg, (i) — Ti)/ degg, (i) = s(1 — T;/ degg, (i) = k,



such that none of the vertices of C;;(Uy) is adjacent to any of the vertices in A. But, by definition,
|Ci;(Uo) N'Vj| > k, a contradiction to {i,j} € E'. O

Now, let Uy C V be a set satisfying |Uyp N V;| < s for all 1 < i < m and such that there are no
bad vertices for Uy, whose existence is guaranteed by Claim 3.2. Then, for every 1 < ¢ < m and
u,v € V; N\ Up, u and v belong each to at least T; big components C;;(Up), for j € Ng,(i), and
therefore they belong to at least 27; — degq, (i) = degg, (1)(1 —2k/s) > 0(Go)(1 —2k/s) = 6(Go) /2
common big components (where we used s = 4k). Note that, for n <1,

m—=1/2m—(mqm —-1)/2=(n—-1)m/2+1/2 < 1,

and so

[0(Go)/2] = [(pm —1)/2] = [(n —1/2)m| = d.
That is, each u,v € V; are connected by a path in G[V; \ Uy, V; \ Up] for at least d different indices
Jj € NGO (Z)

In addition, since |V; \ Up| > 3k —3 > k for all 1 < i < m, there is an edge between V; \ Uy
and V; \ Uy for all {i,j} € E'. In other words, the reduced graph G’ associated with the partition
{Vi N U}, of GIV \ Up] contains Gy as a (spanning) subgraph. By Theorem 2.4, Gy is d-rigid,
and therefore G’ is d-rigid as well. Hence, by Theorem 1.6, G|V \ Up| is d-rigid, as wanted. O

Remark. Note that if n = 1, then the graph G| is a complete graph, and therefore it is (m—1)-rigid
(and in particular, d-rigid for d = |[m/2]). Thus, the special case n = 1 of Theorem 1.5 (which we
use in the proofs of Theorems 1.2 and 1.3) can be proved without applying Theorem 2.4.

Given a graph G = (V, E) and a vertex set U C V, denote OU = E(U,V \U). For k > 1, let

. . oU
i(G; k) = min ’\U]‘
k<|UISIV]/2

Let i(G) = i(G; 1) be the isoperimetric number of G.
The following lemma will be useful.

Lemma 3.3 (Absorption). Let d > 1, k > 1, and let G = (V, E) be a graph with i(G;k) > d. Let
B CV such that |B| > |V|/2 and G[B] is d-rigid. Then, there is B' 2 B with |B'| > |V| —k such
that G[B'] is d-rigid.

Proof. Let W D B be a maximum-sized set for which G[W] is d-rigid. Assume for contradiction
that |W| < |V| — k. Write U = V ~ W. By assumption, we know that k£ < |U| < |V|/2. By
definition, |0U| > i(G;k) - |[U| > d|U|, hence, by averaging, there exists v € U with at least d
neighbours in W. Finally, by Lemma 2.1, G[W U {u}] is d-rigid, contradicting the maximality of
wW. O

4 Rigidity of binomial random graphs

We will need the following lemma about edge expansion in binomial random graphs. Our argument
is fairly standard (see, for example, [3] and the references within).

Lemma 4.1. For every € € (0,1] there exist constants C = C(e) > 0 and x = k(e) > 0 such
that the following holds. If p > C/n and G ~ G(n,p), then, whp, i(G;ky) > knp for ko =
[nexp(—(1 —¢/2)np)|. Fore =1, we may take k =1/30 and C = 40.



Proof. Let k = k() € (0,1/2) be a constant to be determined later. Let C = 40/e. For U C [n],
let X7 be the event that |[E(U, [n] \U)| < knp|U|. For 1 < k < n, denote p, = P(Xy) for U € ([Z])
(note that P(Xyr) depends only on k). Let

X = U Xy.

UC[n]: ko<|U|<n/2

We show that P(X) = o(1).
Let ko < k < n/2 and let U € (). Let Yy = |E(U,[n] ~ U)|. Note that Yy is a binomial
random variable with k(n — k) attempts and success probability p, and so

p=E(Yv) = k(n - k)p.

Let v = pp — knpk. Since k <n/2 we have n — k > n/2, and
v Kn
Z_1_
7 n—=k
By Chernoff bounds (Theorem 2.5) and the fact that p(z) = (1 + z)log(1 + z) — x is decreasing in
(_17 0))

>1—2k.

pr = P(Xv) =P(Yu < knpk) =P(Yy < p—v)
< exp(—pp(—v/p)) < exp(—pp(—(1 - 2k))).
Since p(z) converges to 1 as x \, —1, we may choose k so that
o(—(1—-2k)) >1—¢/4
(In the special case € = 1, k = 1/30 satisfies this condition.) Hence, for all kg < k < n/2,
pr < exp(—(1 —&/4)pk(n — k)).
We now split into two cases.

Case 1: kg < k < (¢/8)n. In this case,

(i)

| A

( )exp (1 - e/4)pk(1 — £/8)n)

n

<k> exp(—(1 — £/4)pk(1 — £/8)n)

E(1+(1—¢/2)np— (1 —¢/4)(1 —¢/8)np))
(k?(l — (¢/8)np)) < exp(—(e/16)npk).

In the last step, we used the fact that np > C' = 40/e > 16/¢.

IN

I/\ I/\

Case 2: (¢/8)n < k < n/2. In this case, k(n — k) > (¢/8)n - (n/2) = (¢/16)n?
pr < exp(—(1 — £/4)(¢/16)n’p) = exp(—yn’p),
where v = (1 —£/4)(¢/16) > 0. Using (}) < 2", we get
(Z) pr < exp(nlog2 — ynp).
Since C' = 40/¢e, we have ynp > yvC = 40v/e > log 2 + 1, and hence (Z)pk < e " for all k.
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Before proceeding, note that npky = w(1). Indeed, if np > logn then npky > logn = w(1);
and, noting that kg is decreasing in np, if np < logn then kg > n®/2 = w(1), which implies (since
np > C) that npko = w(1). Write p = £np > 1, so e #* = o(1). Combining the two cases above
and applying the union bound, we obtain

[(e/8)n] n [n/2] n
<
P(X)< ) (k)pk + > (k)pk

k—Fo k=|(c/8)n)+1
e_pk()

< kzk: exp(—pk) +ne " = 1 +o(1) = o(1),
=ko

as required. O

Corollary 4.2. For every € > 0 there is k = k() € (0,1) such that for p > (14¢)logn/n, a graph
G ~ G(n,p) satisfies i(G) > knp whp.

Proof. By monotonicity in p, we may assume € € (0,1/2). Apply Lemma 4.1 with parameter ¢ to
obtain k = k(e) € (0,1). Since np > (1 + ¢)logn, we have kg = 1 for sufficiently large n. Thus,
whp, i(G) =i(G;1) > knp. O

An equipartition X,...,X,, of a set X is a partition of X into m parts of size [|X]|/m] or
||X|/m] each. For convenience, we assume |X1| > -+ > | X/

Proof of Theorem 1.1. Let G ~ G(n, f/n), where f = np. For every integer k, the probability that
there are no edges in G between two fixed disjoint sets X and Y of size k each is (1 — f /n)’“2 <
e~ IK/m Let k = [Bn/f] where 8 > 0 is some large enough constant to be chosen later, and let
m = [af], where « = 1/(563). Let Vi,...,V,, be an arbitrary fixed equipartition of [n].

First, note that, for every 1 < i < m,

Vil > [n/m] >n/(2m) > n/(daf) =146n/f > Tk.
Let Gy = ([m], E’), where
E = {{Z,]} € ([Tg]> : for every X C V;, Y C V; such that | X| = Y| =k, Eqg(X,Y) # @}.
For 1 < i < j < m, let X;; be the event that {i,j} € E’. Note that the events X;; are mutually

independent, as the events depend on pairwise disjoint sets of edges of G. Moreover, by the union
bound,

2 2k
1-P(X;;) < (Wm}) I (E {E—D%,e—ﬂ#/n < <2en> arys
< - <

- m mk
— 2en e~ fk/(2n) * < Ee—ﬁﬂ * < (3056—5/2)%
mk — \ap - '

Choosing = 17, we obtain 305¢~%/2 < 1/10, and therefore
1 —P(X;;) < (1/10)** < 1/100.

That is, for all 1 < i < j < m,
P(X5) > 99/100.



Hence, for every i € [m], the degree of i in G stochastically dominates a binomial random variable
with m — 1 attempts and success probability 99/100. By Chernoff bounds (Theorem 2.5),

P(degg, (i) < 98m/100) = e~ O™,

By the union bound over all i € [m], we obtain that 6(Go) > 98m/100 whp. So, by Theorem 1.5
(with n = 0.98), whp there exists U C [n] with

Ul >n—m-4k > n — 16afn > 0.7n,
such that G[U] is d'-rigid for
d = 1(98/100 — 1/2)m| > 0.24af > f/4000.

By Corollary 4.2, there exists k = k(¢) € (0,1) such that i(G) > kf whp. Let us choose
¢ = min{1/4000, k}, and let d = |¢f]|. Note that i(G) > d, and, since d < d', G[U] is d-rigid.
Hence, by Lemma 3.3 (applied for k = 1), G is d-rigid, as wanted. O

5 Giant rigid components in G(n,p) and rigidity of random regular
graphs

In this section, we study the rigidity of sparse random graphs, proving Theorems 1.2 and 1.3. We
will need the next result, which follows as an application of Theorem 1.5.

Proposition 5.1. Let G be a distribution of graphs on vertex set [n], and let G ~ G. Let 0 < f =
o(n/logn), and assume that for every K > 1 and every fized pair of disjoint sets X and Y of size
(X[ =[Y]=K,

P(F(X,Y) = ) < exp(—[K?/n).
Let 0 < € < 4/7, and assume that f > 161n(25/¢)/e. Then, whp, there exists U C [n], |U| >
(1 —e)n, such that G[U] is d-rigid for d = |ef/(32log (25/¢))].

Proof. Let k = [pn/f], where f = 21In(25/¢). Let m = [af], where a = ¢/(88). Let Vi,..., Vi,
be an arbitrary fixed equipartition of [n] (that is, each part V; has size [n/m] or [n/m]).
Let G ~ G. Let Gy = ([m], E'), where

E = {{i,j} € <[7;L]) : for every X C V;, Y C Vj such that | X| =|Y| =k, Eqg(X,Y) # @}.

By assumption, the probability that there are no edges in G between two fixed disjoint sets X
and Y of size k each is at most exp(—fk?/n). By the union bound over all 1 < i < j < m and
all choices of subsets X C V;, Y C V; with |X| = |Y| = k, the probability p’ that Gy is not the
complete graph satisfies

2 ok 3\ 2K
I 2 [n/m] k2 2 C[ T o= TR 2 . —fE%/n
p—m< k)€ _m(kjm—‘) ¢ =" \mk) °

m
2k 2k
2 <3" _ e—fk/(2n)) < (36—6/2> _

mk af
Since o = ¢/(88) and 8 > 21n(24/¢), we have
3e %2/ (afB) = 24¢7 P2 Je < 1, (1)
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and therefore (using the fact that k = O(n/f) = w(logn)), we obtain that p’ — 0 as n — oo. That
is, whp, G is complete (and in particular, it has minimum degree equal to nm — 1, for n = 1). In
order to apply Theorem 1.5, we are left to show that |n/m| > 7k — 3. Indeed, since a5 = ¢/8 and
€ < 4/7, and using the fact that af > 1 (as f > 161n(25/¢) = 1/«), we obtain, for large enough n,

In/m|>n/m—1>n/Qaf)—1=4n8/(ef) — 1> Tk — 1,

as required.

Thus, by Theorem 1.5, there is a set U C [n] of size |U| > n — m - 4k such that G[U] is d'-rigid
for d = |m/2] > |ef/(321og(25/¢))| = d. Since m < 2af as af > 1, we obtain, for large enough
n, 4mk <4 - (2af)(Bn/f) = 8afn, and therefore

Ul >n—m-4k > n —8afn = (1 —¢)n,
as wanted. O

Proof of Theorem 1.2. Let 100 < f < 2logn, and let G ~ G(n, f/n). Note that, for every k > 1,
the probability that there are no edges in G between two fixed disjoint sets X and Y, each of size
kyis (1— f/n)¥ < e T¥/n Let e = 1/2, ¢ = 1/251 < £/(32log (25/¢)), and d = |cf]|. Note that
f > 161In(25/¢)/e. Hence, by Proposition 5.1, there exists whp U C [n] with |U| > n/2, such
that G[U] is d-rigid. By Lemma 4.1, G satisfies, whp, i(G; ko) > f/30 > d, for kg = |ne=7/?].
Therefore, by Lemma 3.3, there exists W C V with [W| > n — ko > (1 — e~//?)n, such that G[W]
is d-rigid. O

In order to prove Theorem 1.3, we will need the next auxiliary results. The following lemma is
implicit in the proof of [14, Lemma 4.9].

Lemma 5.2. Let G ~ Gy, and let A, B C [n] with ANB =@, |A|=|B|=S. Then,
P(Ea(A, B) = @) < (1 — $/n)"/* < exp(~rS2/(2n)).
We will also need the following result of Bollobas.
Lemma 5.3 (Bollobéas [4]). Fiz r > 3, and let n € (0,1) such that
27 < (1 =)' (1 4 )t
Let G ~ Gy, . Then, whp, i(G) > (1 —n)r/2.
Note that, for r > 45, we may take n = 1/4 in Lemma 5.3.

Proof of Theorem 1.3. Let d > 2 be fixed, let r > 501d, and let G ~ G}, ,. By Lemma 5.2, we may
apply Proposition 5.1 with parameters f = r/2 and ¢ = 1/2 (noting that f > 16log(25/¢)/e =
321og 50 in this case). So, by Proposition 5.1, whp there exists U C [n], |U| > n/2, such that
G[U] is d'-rigid for d' = |ef/(321og (25/¢))] = [r/(128log50)| > d. That is, G[U] is d-rigid. By
Lemma 5.3, whp i(G) > 3r/8 > d. Hence, by Lemma 3.3 (applied for k = 1), G is d-rigid. O
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6 Minimum codegree conditions for rigidity

In this section, we prove Theorem 1.4. For a graph G = (V, E), a partition 7 = (Vi,..., V)
of V, and a pair of vertices u,v € V, denote My (u,v) = {i € [m] : Ng(u) N Ng(v) NV; # &}.
That is, Mr(u,v) is the set of indices ¢ for which w,v have a common neighbour in V;. Write
do(m) = miny yev | Mz (u,v)|. Define the reduced graph G, = ([m|, E;), where {i,j} € E; if and
only if Eq(V;,V}) # @. Note for later that for each 7, §(Gr) > 62(Gr) > b2() — 2.

Lemma 6.1. For every € € (0,1), ¢ € (0,1/(4log(3/¢))), and C > 8/¢, the following holds. Let
n>1, k> Clogn, and m = |ck]. Let G = (V, E) be an n-vertex graph with 62(G) > k, and let 7
be a uniform random equipartition of V into m parts. Then, whp, da(7) > (1 — e)m.

Proof. Write n; = 2321 |Vj| for i = 0,...,m (recalling that [Vi| > --- > |V},| are deterministic).
We generate m by sampling a uniform random permutation of V and putting each vertex whose
location lies in [n;—1 + 1,n;] into V;. For every S C [m] denote Vs = (J;cg Vi. For every u,v € V
let Mg(u,v) be the event that My (u,v) NS = @. Recall that we denote by da(u,v) the number of
common neighbours of u and v. Then,

n—\V5|) da(u,v)—1
(d U, n — VS —t
O 1l
da(u,v) t=0
da(u,w)—1 da(u,v)
n— Vsl Vsl
= I == <1‘n '

In particular, if |S| > em, we have |Vg| > en/2, hence
P(Ms(u,v)) < (1 —¢/2)* < exp(—ek/2).
Let M(u,v) be the event that Mg (u,v) holds for some S C [m] with |S| =t := |em]. By the

union bound,

P(M(u, v)) < (”Z) exp(—ck/2) < (?)texp(—ekﬂ)

< exp<5mlog<§) —sk‘/2> < exp(skz<clog(§> - ;))

By assumption, clog(3/e) < 1/4. Thus, we get P(M(u,v)) < exp(—ek/4). Let M be the event
that M (u,v) holds for some u,v € V. By the union bound over all such pairs u, v, we have

P(M) < (Z) exp(—¢ek/4) < n?Ce/,

Since C' > 8/¢, we obtain P(M) = o(1). The statement follows by noticing that =M (u,v) implies
| M (u,v)| > (1 — €)m, hence =M implies da(7) > (1 — e)m. O

Proof of Theorem 1.4. Apply Lemma 6.1 with ¢ = 1/8, ¢ = 1/13, and C' > 65 (one can check
that ¢ < 1/(4log(24))). Assume k > Clogn. By Lemma 6.1, for sufficiently large n, there
exists a partition 7 = (Vi,...,V},) of V into m = |ck]| parts for which d2(7w) > (1 — ¢)m. In
particular, the reduced graph G, = (|m], E;) where {3, j} € E if and only if Eg(V;, V) # @ has
§(Gr) > 02(Gr) = 02(m) —2 > (1 —e)m — 2 = Im — 2. Hence, by Theorem 2.4, G is (lam] — 2)-
rigid for « = 1/2 — e = 3/8. Write d = |k/40], and note that |am]| — 2 > d (for sufficiently large
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k). Note also that since da(m) > %m > d, for every 1 < i < m and every pair of distinct vertices
u,v € Vj, there are at least d distinct indices j € [m] such that u and v are connected in G[V;, Vj].
By Theorem 1.6, G is d-rigid. O

Remark. Let us note that instead of applying Theorem 1.6 in the proof of Theorem 1.4, it is
possible to obtain the same conclusion by a repeated application of Whiteley’s vertex splitting
lemma (Lemma 2.3).

7 Generalized rigid partitions

In this section, we present a new sufficient condition for d-rigidity, proving Theorem 1.6 as a special
case.

As a warm-up, let us first present a short proof of a slightly weaker version of Theorem 1.6
(which, in fact, is sufficient for all the applications of Theorem 1.6 presented in this paper).

Theorem 7.1. Let d > 1 and m > d+ 1. Let G = (V, E) be a graph, and let V1,...,Vy, be a
partition of V.. Assume that the reduced graph G' is d-rigid, and that for every 1 < i < m and
every pair of distinct vertices u,v € V;, there are at least d distinct indices j € [m] ~ {i} such that
u and v lie in the same connected component of G[V;,V;]. Then, G is d-rigid.

Note that the only difference between Theorem 7.1 and Theorem 1.6 is that in Theorem 7.1
we ignore the edges inside each part V;. Before the proof, let us recall a few basic facts about
infinitesimal rigidity.

Let G = (V,E) and p: V — R% An infinitesimal motion of (G,p) is a map q : V — R? such
that (q(u) —q(v)) - (p(u) —p(v)) =0 for all {u,v} € E. An infinitesimal motion q is called trivial
if there exist a skew-symmetric matrix A € R?¢ and a vector x € R? such that q(v) = Ap(v) + =
for all v € V. The framework (G, p) is called infinitesimally rigid if every infinitesimal motion of
(G, p) is trivial.

The rigidity matrix of (G, p), denoted by R(G,p), is the |E| x d|V| matrix whose rows are
indexed by edges of G, and columns indexed by vertices (with d consecutive columns associated
with each vertex), defined by

R(G,pew = p(u) —p(v) if e = {u,v} for some v € V,
Pleu = 0 otherwise,

for all e € E and u € V. Note that the infinitesimal motions (considered as vectors in R4V!) are
exactly the solutions to the system of equations R(G,p)q = 0.
It is a well-known fact (see [1,2]) that, assuming that the affine span of p(V) is at least (d —1)-

dimensional, the space of trivial infinitesimal motions of (G, p) has dimension (dgl). Therefore, in

this case, (G, p) is infinitesimally rigid if and only if rank(R(G,p)) = d|V| — (d'gl).

It is easy to show that if (G, p’) is infinitesimally rigid for some p’ : V — R?, then (G,p) is
infinitesimally rigid for every generic p : V — R%. Moreover, every infinitesimally rigid framework
(G, p) is rigid, and, for generic p, the notions of rigidity and infinitesimal rigidity are equivalent.
Hence, a graph G is d-rigid if and only if there exists p : V' — R such that (G, p) is infinitesimally
rigid (see [2]).

Proof of Theorem 7.1. Let p' : [m] — R? be a generic embedding. Since G’ is d-rigid, (G',p’) is
infinitesimally rigid. We extend p’ to an embedding p of V by setting p(v) = p/(i) whenever v € V;.
We will show that (G, p) is infinitesimally rigid, and therefore G is d-rigid.
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Assume for contradiction that (G, p) is not infinitesimally rigid. Then, there exists a non-trivial
infinitesimal motion q : V — R? of (G, p).

First, we will show that for every i € [m] and u,v € V;, we must have q(u) = q(v). Let
i € [m] and u,v € V;. Let j1,...,jq € [m] ~ {i} for which v and v are connected by a path in
GV;,V;] for all j € {j1,...,7a}. Let 1 < k < d. Note that for every z,y € V; UVj,, if  and
y are adjacent in G[V;,Vj},], then (q(z) — q(y)) - (p'(¢) — p’(Jx)) = 0. By transitivity, we obtain
q(u) - (p'(1) — P'(jk)) = a(v) - (p'(i) = P'(jk)). Since p'(i) — p'(j1),-..,P'(i) — P'(ja) are linearly
independent (as p’ is generic), we must have q(u) = q(v).

Now, we define ' : [m] — R% by q'(i) = q(u), where u is a vertex in Vj, for all 1 < i < m
(note that q’ is well-defined by our previous argument). Note that q’ is an infinitesimal motion of
(G',p’). Indeed, for every {i,j} € E', there exist u € V; and v € V; for which {u,v} € E, and so

since q is an infinitesimal motion of (G, p). Moreover, since q is non-trivial, @’ is non-trivial as well

(indeed, if q'(i) = Ap'(i) + 2 for all i € [m], for some skew-symmetric A € R? and z € RY, then
q(v) = Ap(v) + z for all v € V, in contradiction to q being non-trivial). But this is a contradiction
to (G',p’) being infinitesimally rigid. O

In order to define a more general sufficient condition for rigidity, we first need to introduce the
notion of anchored graphs, presented next.

Definition 7.2. Let d > 1. Let G = (V, E) be a multi-graph, and let ¢ : E — N be a map assigning
a “colour” to each edge. Let {xi}iEC(E) C R? be a generic set of points. A map q : V — R% is
called a motion of (G, c) if

(q(u) - q(U)) “Lee) = 0

for every e € E with endpoints u and v. A motion q : V — R? is called trivial if q(u) = q(v) for
all u,v € V. We say that (G, ¢) is d-anchored if every motion of (G, ¢) is trivial.

Next, we introduce the notion of generalized rigid partitions.

Definition 7.3. Let G = (V, E) be a graph and let m > d > 1. Let Vi,...,V,, be a partition of
V. For all i € [m], let m; > m, and let Z = {(4,7) : 1 <i<m,i<j<m}. Let {Gij}q ez be a
family of pairwise edge-disjoint subgraphs of G such that V(G;;) = V; UV for all 1 <i < j < m,
and V(Gy;) = Vi for 1 <i<mand m < j < m;. Let G= Ui jyez Gij € G. For convenience, for
1 <j <i<m, wedenote Gj; = Gji. The reduced graph associated with (G,{Vi}iZ;,{Gi;} (i er)
is the graph G’ = ([m], E’), where

e () pe w22}

For every 1 < i < m, the i-th anchoring graph of (G,{Vi}{®,{Gij} )ezr) is the edge-coloured
multi-graph (H;, ¢;) on vertex set V;, having, for every j € [m;]\{i}, an edge {u, v} with ¢;({u,v}) =
j if v and v are connected by a path in Gj;.

Assume that the following three properties hold.

Monochromatic cuts property: Foreveryi € [m]and U C V; with |U| > 2, there exist (i,7j) € Z
and a partition U = U’ UU" such that E4(U’,U") C E(Gjj).

Anchored parts property: For every i € [m], the i-th anchoring graph (H;, ¢;) is d-anchored.
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Rigid reduced graph: The reduced graph G’ is d-rigid.

Then, we say that ({Vi}i%(,{Gij} i )ez) is a generalized d-rigid partition of G.
Our main result in this section is the following theorem.

Theorem 7.4. If G admits a generalized d-rigid partition, then G is d-rigid.

Theorem 7.4 reduces, in the special case m < d + 1, to [14, Theorem 1.1], which in turn
generalizes results of Crapo [6] and Lindemann [20] corresponding to the d = 2, m < 3 and
d = 3, m < 4 cases respectively. Moreover, as we will see next, it implies Theorem 1.6, which, as
we mentioned in the introduction, extends results from [19] and [14], as well as Whiteley’s vertex
splitting lemmas from [30, 31].

7.1 Generalized strong rigid partitions

The notion of generalized rigid partitions introduced in Definition 7.3 is relatively complex and
hard to apply directly. Therefore, we present next a notion of gemeralized strong rigid partitions,
which provides a more concrete sufficient condition for rigidity, and extends the notions of “strong
rigid partitions” introduced in [19] and [14].

Definition 7.5. Let G = (V, E) be a graph. Let m > d > 1, and let V4,...,V,, be a partition of
V. Recall that the reduced graph of (G,{V;}",) is defined as G’ = {[m], E'}, where

p={iie (") piv) 2o,

Assume that G’ is d-rigid. For 1 < i < m, let Q; be the graph on vertex set V; whose edges are
the pairs {u,v} C V; for which there exist d distinct indices ji,...,jq € [m] such that v and v
are connected by a path in G[V;,V},] for all k = 1,...,d. Assume that @; is connected for each
1 < i < m. Then, we say that Vi,...,V,, is a generalized strong d-rigid partition of G.

Theorem 7.6. If G admits a generalized strong d-rigid partition, then G is d-rigid.

Note that Theorem 7.6 immediately implies Theorem 1.6 (which requires the graphs Q; to be
complete, instead of just connected). For the proof of Theorem 7.6, we need the following very
simple lemma.

Lemma 7.7. Let d > 1. Let G = (V, E) be a multi-graph, let ¢ : E — N, and let {;};c.(p) be a
generic set of points in R?. Assume that q : V — R is a motion of (G,c), and let u,v € V. If u
and v are connected by a monochromatic path of colour i, then (q(u) —q(v)) - z; = 0.

Proof. Since (q(w) — q(z)) - x; = 0 for every pair of vertices w, z forming an i-coloured edge, the
claim follows trivially by transitivity. O

Proof of Theorem 7.6. Define, for i # j, Gi; = G[V;,V;]. In addition, define for all 1 < i < m,
Gim+1 = G[Vi] = GIVi,Vi]. Let T = {(i,j) : 1 <i<m:i<j<m+1}. We will show that
({Vi}i21,{Gij} i j)ez) is a generalized d-rigid partition of G. Indeed, the reduced graph G’ is d-rigid
by assumption, and the monochromatic cuts condition holds trivially, since each V; contains edges
of just one of the subgraphs G;; (namely, of the graph G; 11 = G[Vi]). We are left to show that
the anchored parts property holds.

Let 21,...,Zm be a generic set of points. Let 1 < i < m, and let q : V; — R% be a motion of
the i-th anchoring graph (H;,¢;) associated with (G, {V;}i2,,{Gi;} @i jjez). We need to show that
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q(u) = q(v) for all u,v € V;. Since Q; is connected, it is enough to show this for v and v that are
adjacent in @;. Let u,v € V; such that {u,v} € E(Q;). By the definition of Q;, there exist indices
J1,---,Jd € [m] such that u and v are connected by a path in G[V;,V},] for all k =1,...,d. By
Lemma 7.7, we have
(a(v) —q(v)) -zj, =0

for k =1,...,d. Since the points x; are generic, x;,,...,z;, are linearly independent, and therefore
we must have q(u) — q(v) = 0. That is, q(u) = q(v). Hence, q is trivial, and therefore (H;,c;)
is d-anchored, as wanted. Hence, ({V;}i,{Gij} i jiez) is a generalized d-rigid partition of G, and
80, by Theorem 7.4, G is d-rigid. O

7.2 Limit frameworks

For the proof of Theorem 7.4, we need to introduce the notion of limit frameworks and to recall
some relevant facts about them.

Let G = (V,E) be a graph, let p: V — R? and ¢ : {(u,e) : e € E, u € e} — R We say that
(G, p,9g) is a d-dimensional limit framework if there exists a sequence {p,, : V — R%}2° ;| such that,
for every v € V,

lim p,(v) = p(v),

n—o0

and for every e € F and u € e,

i _Pr(W) = Pa(v)
n—00 Hpn(u) - pn(v)

H = g(u, 6),

where v is the unique vertex in e \ {u}. In such case, we say that the sequence {(G,pn)}>2,
converges to (G, p, g).

Note that if (G, p,g) is a limit framework then ||g(u,e)|| =1 for all e € E and u € e, and that
g(u,e) = —g(v,e) for all e = {u,v} € E.

We say that a map q : V — R?is an infinitesimal motion of (G, p, g) if, for every e = {u,v} € E,

(a(v) — q(v)) - g(u,e) =0.

We say that q is trivial if there exist a skew-symmetric matrix A € R?? and a vector = € R?

such that q(v) = Ap(v) +z for all v € V. A limit framework (G, p, g) is called infinitesimally rigid
if every infinitesimal motion of (G, p, g) is trivial.

We define the rigidity matrix R(G, p, g) of a limit framework (G, p, g) as the |E| x d|V| matrix
whose rows are indexed by edges of G, and columns indexed by vertices (with d consecutive columns
associated with each vertex), with entries given by

u,e) ifu € e,
R(G7p)e,u = {g( )

0 otherwise,

for all e € F and u € V. Similarly to the non-limiting case, it is easy to check that, assuming that
the affine span of p(V) is at least (d — 1)-dimensional, (G, p, g) is infinitesimally rigid if and only
if rank(R(G, p,g)) = d|V| - (“51).

Lemma 7.8. Let G = (V, E) be a graph, and let (G, p,g) be a d-dimensional limit framework of G.
Assume that the affine span of p(V') is at least (d — 1)-dimensional. If (G, p,g) is infinitesimally
rigid, then G is d-rigid.
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Proof. Let {p, : V — R}22, be a sequence such that {(G,p,)}%; converges to (G,p,g). We
will show that for n large enough, (G, p,,) is infinitesimally rigid, and therefore G is d-rigid. Let
m = dim(p(V')) denote the dimension of the affine span of the image of p. Similarly, for n > 1, let
my, = dim(p,(V)). Note that, for large enough n, m,, >m >d — 1.

For n > 1, let R,, be the matrix obtained from R(G, p,,) by dividing, for each edge e = {u,v} € F
such that py(u) # pn(v), the row associated with e by ||pn(u) — pn(v)||. Note that R, has the
same rank as R(G,py), and that the sequence R,, converges entry-wise to R(G,p, g). Therefore,
there exists n > 1 such that m,, > m > d — 1 and

rank(R(G, pn)) = rank(R,,) > rank(R(G, p,g)) = d|V| — <d;— 1),

where we used the fact that (G, p,g) is infinitesimally rigid. Therefore, (G, py) is infinitesimally
rigid, as wanted. O

For the proof of Theorem 7.4, we will need the following auxiliary results on limit frameworks,
which were proved in [14] (and which rely on and extend earlier work by Tay [25]).

Lemma 7.9 ([14, Lemma 2.4]). Let G = (V, E). Let V. =ViU---UV,, be a partition of V', and let
T1,..., T, be m distinct points in R%. Assume we have for each 1 < i < m a d-dimensional limit
framework (G[V;],pi, ;). Define g: {(u,e): e € E,u € e} = R? by

(@i —xj)/|lwi — x5l ifu€ Vv €V fori#j,
g(u, {u,v}) = . .
gi(u, {u,v}) if u,v eV forl1 <i<m,

for all {u,v} € E. Let p:V — R? be defined by p(v) = x; for each i € [m] and v € V;. Then,
(G,p,g) is a d-dimensional limit framework.

Lemma 7.10 ([14, Lemma 2.5]). Let G = (V, E) be a graph, and let E = E1U---UE}, be a partition
of its edge set. Let yy,...,yp € R with ||y;|| = 1 for all 1 < i < k. If for every U C 'V of size at
least 2 there exist 1 < i < k and a partition U, U" of U such that E(U',U") C E;, then there exists
a d-dimensional limit framework (G, p,g) such that, for every i € [k], g(u,{u,v}) € {yi, —yi} for
all {u,v} € E;.

7.3 Proof of Theorem 7.4

We proceed to prove Theorem 7.4. The proof outline is as follows: First, we show, using the
monochromatic cuts property, that there is a d-dimensional limit framework (G, p, g) with certain
nice properties (in particular, such that the vertices in each part V; are mapped to a single point
x;). Then, we apply the anchored parts property to show that in every infinitesimal motion q of
(G,p,g), the vertices in each V; must obtain the same value. This allows us to reduce q to an
infinitesimal motion on the reduced graph G’. Since G’ is assumed to be d-rigid, this implies that
q is a trivial infinitesimal motion, showing that G is d-rigid as well.

Proof of Theorem 7.4. Let G = (V, E) be a graph, let m > d > 1. Let m; > m for all i € [m] and
IT={(,j): 1<i<m,i<j<m}. Let ({Vi}{%1,{Gij}j)er) be a generalized d-rigid partition
of G. Let m' = max{m; : 1 <i < m}, and let x1,...,z,, € R? be a generic set of points. For
i # 7, let yi; = (v — x5) /|| — x4

Since addition of edges preserves d-rigidity, we may assume without loss of generality that
E = U(i,j)eIE(Gij)- By Lemma 7.10 (and using the monochromatic cuts property), for every
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1 <4 < m there exists a d-dimensional limit framework (G[V;], pi, g;) such that g;(u,e) € {vij, —vyi;}
for every j € [m;]~{i}, e € E(G;;[Vi]) and u € e. Hence, by Lemma 7.9, there exists a d-dimensional
limit framework (G, p, g) such that p(v) = z; for every ¢ € [m] and v € V;, and g(u, e) € {yij, —vi;}
for every (i,5) € Z, e € E(G;j) and u € e.

Let G' = ([m], E') be the reduced graph of (G,{Vi}7",,{Gi;}ez). Let p' : [m] — R? be
defined by p’(i) = z; for all i € [m]. Since G’ is d-rigid and p’ is generic, the framework (G’,p’) is
infinitesimally rigid.

We will show that (G, p, ¢) is infinitesimally rigid, and therefore, by Lemma 7.8, G is d-rigid.
Let g : V — R be an infinitesimal motion of (G,p,g). Note that, for every (i,5) € Z and
e = {u,v} € E(G;j), we have g(u,e) = —g(v,e) € {vij, —vi;j}, and therefore

(a(u) —q(v)) - yij = (a(u) —q(v)) - g(u,e) = 0.

That is, (q(u) — q(v)) - (z; — z;) = 0 whenever u and v are adjacent in G;j, or more generally
whenever they are connected by a path in G;;. Since the set x1,...,x,, is generic, this equation
holds also under the specialization x; = 0. Therefore,

(a(u) —q(v)) -z =0

for all w,v € V; UVj; that are connected by a path in G;;. In particular, this shows that, for all
1 < i < m, the restriction of q to V; is a motion of the i-th anchoring graph (H;,¢;). By the
anchored parts condition, (H;, ¢;) is d-anchored for all 1 < i < m, and therefore q(u) = q(v) for all
1<i<mandu,v eV,

Now, define ' : [m] — R? by /(i) = q(u) for all i € [m], where u is some vertex in V;. Note
that this is well defined since q(u) = q(v) for all u,v € V;. Let 1 <1i < j < m with {i,j} € E'.
By the definition of G’, there exist u € V; and v € V; such that {u,v} € E(G;;). Since q is an
infinitesimal motion of (G, p, g), we obtain

= (a(u) = a(v)) -yij = (a(u) — q(v)) - g(u, {u,v}) = 0.

Therefore, ¢ is an infinitesimal motion of (G’,p’). Since (G',p’) is infinitesimally rigid, @' must
be trivial. That is, there are a skew-symmetric matrix A € R?? and vector = € R? such that
q'(i) = Ax; + x for all i € [m]. But then, for all i € [m] and v € V;, we obtain

q(v) =d'(i) = Az; + x = Ap(v) + =.
That is, q is a trivial infinitesimal motion of (G,p,g). Thus, (G, p,g) is infinitesimally rigid, as

wanted. O

8 Concluding remarks

8.1 Another variant of rigid partitions

Let us mention the following variant of Theorem 7.6, which demonstrates the additional strength
of Theorem 7.4, and may be useful, for example, in the study of rigidity of bipartite graphs.

Theorem 8.1. Let m > d > 1. Let G = (V,E) be a graph, and let V1,...,Vy, be a partition of
V. For each i € [m], let k; > 1, and let V;1,. .., Vig, be a partition of V;. Assume that the reduced
graph G’ associated with (G,{V1,...,Vin}) is d-rigid. Moreover, assume that for all i € [m], G[V}]
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contains a forest F; such that the multi-graph obtained from F; by contracting each set V;j;, for
1 < j <k, into a single vertex (and removing self-loops), contains d edge-disjoint spanning trees.
Finally, for everyi € [m] and j € [ki], let Qi = (Vij, E};), where E}; consists of all pairs of vertices
u,v € Vi; for which there are at least d distinct indices s € [m]~{i} such that u and v are connected
by a path in G|V, Vs]. Assume that Q;; is connected for all i € [m] and j € [k;]. Then, G is d-rigid.

Proof. For 1 < i < m, let m; = m+ |E(F;)|, and let Z = {(¢,7) : 1 <i<m,i<j<m;}. For
1 <i<j<m,let Gijj = Gj = G[V;,V;]. For 1 <i < m, enumerate the edges of F; arbitrarily as
€1, ., €p(Fr)- For m+1<j <m;, let G;; be the graph on vertex set V; whose edge set consists
of the single edge e;j_,.

We will show that (G, {Vi}iZ;,{Eij} @ j)ez) is a generalized d-rigid partition of G. Indeed, let us
first show that the monochromatic cuts property is satisfied. Let ¢ € [m] and U C V; with |U| > 2.
The case when U has no edges in any of the subgraphs G;; is trivial. Therefore, let us assume that
there exists e € F; such that e C U. Note that F;[U] is a non-empty forest on at least two vertices,
and so it must have a leaf uw € U. Taking U’ = {u} and U” = U \ {u}, we obtain a cut of U with
a single edge (and therefore, trivially, a monochromatic cut).

Next, let us show that our partition satisfies the anchored parts condition. For i € [m], let
(H;, ¢;) be the i-th anchoring graph associated with our partition of G. Let x1, ..., z,,, be a generic
set of points in R?. Let q : V; — R? be a motion of (H;,¢;). That is, for every u,v € V; that are
connected by a path in Gj; for j € [m;] \ {i}, we have

(a(u) = q(v)) - z; = 0.

First, note that, by Lemma 7.7 and the fact that Q;; is connected for every j € [k;], we must have
q(u) = q(v) for every j € [k;] and u,v € Vjj.

Let F] be the coloured multi-graph obtained from F; by contracting each set Vj; into a single
vertex. Note that each edge of F has a distinct colour. Let g’ : V(F/) — R? be the map induced
by q. It is easy to check that ¢’ is a motion of F]. It follows from [29, Theorem 1] that, since
F! contains d edge-disjoint spanning trees, then F is d-anchored, and in particular q' is trivial.
Therefore, q is trivial, as wanted. That is, (H;, ¢;) is d-anchored.

Finally, the reduced graph of G' associated with ({V;}{, {Ei;} (i jjez) is d-rigid by assumption.
Thus, (G, {Vi}iZ1, {Eij}j)er) 1s a generalized d-rigid partition of G, and so, by Theorem 7.4, G
is d-rigid. O

Theorem 8.1 generalizes [14, Lemma 2.11], corresponding to the special case when G = (A, B, E)
is bipartite, m = d + 1, and each part V; in the partition is divided into two parts, V; N A and
ViNB.

8.2 Characterization of d-anchored graphs

The notion of d-anchored coloured multi-graphs may be seen as a generalization of the rigidity
of d-frames, studied by Whiteley in [29], which corresponds to the special case when every edge
in the multi-graph G is assigned a different colour by the map c¢. As mentioned in the proof of
Theorem 8.1, Whiteley showed that, in this case, the graph (G,c) is d-anchored if and only if
it contains d edge-disjoint spanning trees. It would be interesting to obtain an extension of this
characterization to the general case. Note that a minimally d-anchored graph requires, in addition
to being the union of d edge-disjoint spanning trees, that, for every colour k, its k-coloured subgraph
forms a forest, as otherwise the matrix associated with the d-anchoring system of equations for the
graph will not be of full rank. However, these two necessary conditions are not sufficient. Indeed,
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let (G, ¢) be the multi-graph on vertex set [3] with two red edges {1, 2}, {1, 3}, one blue edge {2, 3},
and one green edge {2,3}. It is easy to check that G is the edge-disjoint union of two spanning
trees, and that each monochromatic subgraph of G is a forest, but (G, ¢) is not 2-anchored.

8.3 Some directions for further research

It is natural to ask whether the lower bound k = Q(logn) on the minimum codegree of an n-vertex
graph G is required for the conclusion of Theorem 1.4 to hold. Namely, is there an absolute constant
¢ > 0, such that for every k > 1, every graph G with minimum codegree at least k is |ck]-rigid?

Another natural question, which we plan to address in future work, is whether the methods in
this paper could be used to obtain new results on the rigidity of pseudorandom graphs. Recall that
an n-vertex k-regular graph is called an (n,k, A)-graph if the absolute values of all its non-trivial
adjacency eigenvalues are at most A (see, for example, [16] for more details). In [14, Theorem 1.7],
we showed that there exists C' > 1, such that if G is an (n, k, \) graph with k& > max{9d\, Cdlogd},
then G is d-rigid. Villdnyi’s results from [28] imply that an (n, k, A)-graph is |(1 — o(1))vVk — AJ-
rigid (see [14] for more details). It would be interesting to determine whether there exist absolute
constants c1,co > 0 such that every (n, k, A)-graph G with \/k < ¢; is |cok|-rigid.
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