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Abstract

The linear and nonlinear scale spaces, generated by the inherently real-valued diffusion equation,
are generalized to complex diffusion processes, by incorporating the freé@obger equation. A
fundamental solution for the linear case of the complex diffusion equation is developed. Analysis of its
behavior shows that the generalized diffusion process combines properties of both forward and inverse
diffusion. We prove that the imaginary part is a smoothed second derivative, scaled by time, when
the complex diffusion coefficient approaches the real axis. Based on this observation, we develop two
examples of nonlinear complex processes, useful in image processing: a regularized shock filter for

image enhancement and a ramp preserving denoising process.

Keywords: scale-space, image filtering, image denoising , image enhancement, nonlinear dif-

fusion, complex diffusion, edge detection, shock filters.

. INTRODUCTION

Two basic approaches to the implementation of PDEsin low level vision have been previously
presented. The first is the axiomatic approach, formalized in the fundamental contribution of
Alvarez et d [1]. Inthisand related studies (see for example [22] and references therein) a set
of assumptions about the nature of the image and the required filtering is incorporated at the
axiomatic level. The second approach is based on variational calculus, whereby the diffusion-
like PDE is derived by a functional minimization process (see [3] and references therein).

In our study we take afresh look at the application of PDESs inimage processing and computer
vision and propose a new, more general, framework. In various areas of physics and engineer-
ing, it was realized that extending the analysis from the real axisto the complex domain isvery
useful, even if the variables and/or quantities of interest are real. The analytical structure, in
many cases, reveals important features of the system, which are difficult to account for by dif-
ferent means. Examples to this effect can be found in such unrelated subjects as the S-matrix
elements in high-energy physics, and in the bread and butter of signal processing - the Fourier
transform. Similarly the Gabor [8] the Gabor-wavelets [37], and Morlet-wavelet [16], [17] are
complex-valued transforms. Thelatter isrelevant to our study inthat it incorporates adiscrete set
of scaled Gaussian filters and a set of scaled approximations of the Gaussian second derivative.
All of these are examples of complex filters used in the processing of real signals.

Diffusion-like PDEs generalize filter theory. Relations between PDES and filters, morphol og-
ical and others, were pointed out recently by several groups[18], [23]. We follow in this paper
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the idea of complexification and generalize it from filters to PDEs.

We generalizethelinear scale spacesin the complex domain, by combining the diffusion equa-
tion with the free Schrodinger equation. A fundamental solution for the linear case is devel oped.
Analysis of the linear complex diffusion shows that the generalized diffusion has properties of
both forward and inverse diffusion. We thus obtain a stableflow that viol ates the maximum prin-
ciple, while preserving other desirable mathematical and perceptua properties. The example of
this flow may pave the way to anew class of diffusion like processes.

An important observation, supported theoretically and numericaly, is that the imaginary part
can serve as an edge detector (smoothed second derivative scaled by time), when the complex
diffusion coefficient approaches the real axis. Based on this observation, we develop two exam-
ples of nonlinear complex processes for the denoising and the enhancement of images.

The paper is organized as follows: Various scientific domains that deal with, or are based on,
complex-valued PDEs, are presented in Section 2 as motivating examples and as specia cases
of our framework. Previous studies in vision and signal processing using variants of complex-
valued PDES are reviewed in this section as well. The analysis of linear complex diffusion is
presented in Section 3. Two non-linear cases are studied in Sections 4 and 5, taking advantage of
the intuition gained from the analysis of the linear case, to construct nonlinear complex schemes
for denoising of ramps and for enhancement by regularized shock filters. The advantages over
known real-valued PDE-based algorithms, such as [2] and [21] are demonstrated in one- and

two-dimensional examples.

Il. PREVIOUS RELATED STUDIES

| this section we give some brief background on motivation for adopting the PDE-based ap-
proach to image processing, indicating how our new approach fits within this framework.

According to the axiomatic approach, a set of proper axioms leadsto a PDE which isused, in
turn, in denoising or for obtaining ascale-space. The axiomsare of structural and morphological
type. Animportant additional axiom isthe maximum principle. Roughly speaking, the structural
axioms ensure that the process be a sufficiently smooth semi-group. The maximum principleis
the non-linear analog of filter positivity in linear filtering theory. The morphological axioms

require commutativity of the semi-group flow with respect to a Lie group of interest. In their
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original paper the authors analyze monotone transformations of gray value, and spatial affine
transformations (and their sub-groups) [1].

The second method originates from the variational calculus approach to image processing
and computer vision [3]. The diffusion-like PDE is accordingly derived using a functional
minimization process. The canonical examples are the L, norm of the gradient, that leads to
linear scale-space, and the L; norm of the gradient which leads to the total variation flow [34].
Whereas one cannot give a full account of the equations that results from this approach, it has
been applied successfully in denoising, segmentation, stereo, optical flow, to name afew impor-
tant applications [3]. This approach offers several important advantages. In particular, one can
usually prove convergence aswell as arelation to a systematic probabilistic approach, mainly to
the Bayesian framework. The disadvantages are the possibility of convergence to alocal mini-
mum, and the fact that the set of PDESs, derived from a functional, is much smaller than the set
of al possible diffusion- like PDEs. It is also difficult to consider the maximum principle by
adopting this approach. We note that the equations introduced by us cannot be derived from a
real valued functional.

The canonical, and most simple, example for both approaches is the linear scale-space equa-
tion

I =cAI, Ileg=1I, 0<ceR (1)

The derivation of the linear scale space from the axiomatic approach can be found, for example,
in[22]. But, it can be derived as a gradient descent of the L, norm of the gradient of the image.

The scale-space approach is by now a well established multi-resolution technique for im-
age structure analysis (see for example [36],[20],[30]). The original Gaussian representation,
introduced a scale dimension by convolving the original image with a Gaussian of a standard
deviation o = /2¢. Thisis analogous to solving the linear diffusion equation with a constant
diffusion coefficient ¢ = 1.

The information distributed over al scalesis generated as the solution I(x, y, t) of the linear
heat equation. Important cues, such as edges and critical points, are gathered from all scales
in order to analyze the scene as a whole. One of the problems associated with this approach
is that important structural features such as edges are smoothed and blurred along the flow, as

the processed image evolvesin time. As a consequence, the trajectories of zero crossings of the
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second derivative, which indicate the locations of edges, vary from scale to scale.

To overcome this problem, Peronaand Malik (P-M) [28] proposed a nonlinear adaptive diffu-
sion process, termed anisotropic diffusion, wherein diffusion takes place according to avariable,
adaptive, diffusion coefficient, to reduce the smoothing effect near edges. The same generic
equation was proposed and analyzed by Rosenau [32], in the context of mathematical physics.

The P-M nonlinear diffusion equation is of the form:
Iy =V - (c(|VI)VI), () >0, (2

where ¢ isadecreasing function of thegradient such as (1 + (|VI|/kpar)?)~". Itimpliesadirect
relation between the image smoothness at a point and the image gradient. We further generalize
the linear and nonlinear scale-spaces, and view them as specia cases of a more general theory
of complex diffusion-type processes.

Complex diffusion-type processes are commonly encountered, for example, in quantum physics
and electro-optics [7], [26]. The time dependent Schibdinger equations the fundamental equa-
tion of quantum mechanics. In the simplest case for a particle without spin, subjected to an

external field it hasthe form

G

where ¢ = (¢, x) is the wave function of a quantum particle, m is its mass, # is Planck’s
constant, V (z) is the external field potential, A isthe Laplacian and i = /—1. With an initial
condition t|,—¢ = v (x), requiring that (¢, -) € L, for each fixed ¢, the solution is ¢ (¢, -) =
e~ wtH 19, Where the exponent is a shorthand for the corresponding power series, and the higher
order terms are defined recursively by H"W¥ = H(H"~'W). The operator

H = —h—2A+V(x), 4

2m

called the Schibdinger operatoris interpreted as the energy operator of the particle under con-
sideration. Thefirst termisthe kinetic energy and the second isthe potential energy. The duality
relationsthat exist between the Schrodinger equation and diffusion theory have been studied and
are considered, for example, in [25].

It is very revealing to study the basic solution of the free, i.e. V' = 0, "particle’. Using

separation of variables ¥ (z,y,t) = ¢(t)®(z,y), and simple manipulation of the equation, we
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get
Oy h? A®
ih—=————=
) 2m P
Since this equation isvalid for all =,y and ¢, it is clear that £ is a constant. The basic solution
istherefore ¢ = exp(—iZt) and ® = exp(£i¥22k - z), where k - k = E. Thisimpliesthat the

basic solution is a plane wave! We will encounter this’wavy behavior’ in our complex flow.

Another important complex PDE in thefield of phase transitionsin traveling wave systemsis
the complex Ginzburg-Landau equati¢@GL) [15]: u; = (1 + iv)uge + Ru — (1 + i) |ul?u.
Note that although these flows have a structure of a diffusion process, because of the complex
coefficient, they retain also wave propagation properties.

In both cases of complex diffusion a non-linearity is introduced by adding a potential term,
whilethekinetic energy remainslinear. In this study we employ the equation with zero potential
(no external field) but with complex and non-linear “kinetic energy”.

There are several examples of diffusion of complex-valued features in low-level vision (e.g.
Whitaker and Gerig [35]; Barbaresco [4]; Kimmel, Malladi and Sochen [19]). Whitaker and
Gerig generate a collection of band-passed images by means of Gabor filtering with specific
set of frequencies. This vector-valued feature space was then smoothed linearly and in an
anisotropic way. It isimportant to note that only the coefficient of the drift term (thefirst deriva-
tives) becomes complex; Thisisabasic difference from our approach, asthe qualitative behavior
of adiffusion equation depends primarily on the coefficient (or tensor in the general case) of the
diffusion term. It follows that the complex scale-space equation(s) that we present in this study
are extremely different from the Whitaker and Gerig equations. A similar argument is relevant
in reference to the approach presented by Kimmel,, Malladi and Sochen. In their study the co-
efficients of the Gabor-Morlet wavelet transform are smoothed by the Beltrami flow. Although
the values of these filters are complex, the diffusion tensor is real and the behavior of the Bel-
trami flow is different from the one described in this paper. Another interesting work that study
the diffusion of complex-valued functions is the one presented by Barbaresco [4]. Thisstudy is

concerned, however, with complex curves using avariational technique.
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I11. LINEAR COMPLEX DIFFUSION
A. Problem Definition

We consider the following initial value problem:

I, = clgg, t>0, reR (5)
I(z;0) = L1 eR ¢I€C

This equation unifies the linear diffusionequation (1) for ¢ € R and the free Schiddinger
equation, i.e. ¢ € T'and V(z) = 0. When ¢ € R there are two cases: for ¢ > 0 the process
constitutes a well-posed forward diffusion, whereas for ¢ < 0 an ill-posed inverse diffusion
process is obtained. In the general case the initial condition I, is complex. In this paper we

discuss the particular case of real initial conditions, where I, isthe original image.

B. Fundamental Solution

We seek the complex fundamental solution A (x; ) that satisfies the relation:
I(z;t) = Io * h(z; 1), (6)

where x denotes convolution. Rewriting the complex diffusion coefficient as ¢ = re', since
there does not exist a stable fundamental solution of the inverse diffusion process, restrict the
analysisto a positive real value of ¢, thatis6 € (-7, 5). Replacing the real time variable ¢ by
the complex timer = ¢t, yields I, = I,,, I(x;0) = I,. Thisisidentical initsform to the linear
real-valued diffusion equation. Its fundamental solution, therefore, isin a Gaussian form. In

order to satisfy the initial condition (z;0) = I, we require

(a) [Z h(z;t — 0)dz =1,

(b) f|x|>€ |h(z;t — 0)|dz — 0, wheree = €(t), lim;_,q €(t) = 0. 0
Thisleads to the following fundamental solution:
h(w;t) = Agy (w; )€, ®
where g, (z;t) = 2730@)6_“"2/2‘72(”, and
A= \/CZW oz t) = 5”2482:9 _ g o(t) = \/E )

For more details see Appendix F.
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Fig. 1. Fundamental solution hy (x;t) asafunction of x and 6 (¢t = 1). Left - real part (hr), right - imaginary part normalized
by 6 (h:/6).
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Fig. 2. Top: right - hg (full line) and g, (dashed line) as a function of «, left - h; /6 (full line) and %gat (dashed line) as a
function of z. Bottom: left - the difference function hr — g., right - the difference function h; /6 — %ggt. 0=

C. Approximate Solution for Small Theta

We will now show that asd — 0, the imaginary part can be regarded as a smoothed second
derivative of the initial signal, factored by # and the time ¢t. Generalizing the solution to any
dimension in Cartesian coordinates x = (1, 9, ..xy5) € RY, I(x;t) € CV, and denoting that
in this coordinate system g,, (x; t) = [ g, (2; ), we show that:

Im(1
lim % = tAg; * Iy, (10

0—0

where I'm(-) is the imaginary value and 6 = limgy_,o0c = +/2t. Restricting the analysis, for
convenience, to a unitary complex diffusion coefficient ¢ = ¢, utilizing the approximation
cosh = 1+ O(6?) and sinf = 0 + O(¢*) for small , and introducing an operator H = cA,
equation (5) can be written (for higher dimensional systemstoo) as: I, = HI; I lizo = Ip. The
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solution 7 = et [, isthe equivaent of (6) and (8). The above approximationsyield:
I(x,1) =e™]) = e 1A,
o (IHOIA T — plAgiftA T
~ et (1 +i0tA) Ly = (1 +i0tA)gs * I.
Further insight into the behavior of the small-theta approximation can be gained by separating

the real and imaginary parts of thesignal, I = I, + il;, and diffusion coefficient, ¢ = ci + icy,

into a set of two equations:

Iy = crlpyy — ctlize Irli=0 = Ip 1)

Iy = cilpee +crlize 5 Ir]i=0 =0,

where cp = cosf , ¢; = sinf. Therelation Ig,, > 0I;,, holds for small enough ¢, which
allows us to omit the second term on the r.h.s. of the first equation, to get the small theta
approximation:

Ipi = Iy, Iy ~ Iigy + 0y, (12)

In (12) I iscontrolled by alinear forward diffusion equation, whereas I; is affected by both the
real and imaginary eguations. We can regard theimaginary part asI;; ~ 6I,,+("asmoothing process’).
Note that since the initial condition is real valued, the term 61,, is dominant and cannot be

omitted even for very small 6 (at t = 0 itisinfinitely larger than I, as I|;—o = 0).

D. Analysis of the Fundamental Solution

We consider a few properties with reference to the fundamental solution, and derive bounds
on error under the small # approximation. The approximation of the real part to a Gaussian, and
of theimaginary part to its second derivative scaled by time, obtained for small ¢ is of the order
O(6?%). Proofs and calculations of the bounds are provided in the Appendix. Whereas more
technical details can be found in our report [10]. Here we limit the presentation to the summary
of our results.

Thekernel can be separated intoitsreal and imaginary parts. Astheinitial condition I, isreal-
valued in this study, the real part of I(x;t) is affected only by the real kernel and the imaginary
part of (z;t) isaffected only by the imaginary kernel:

I(x;t)y=Igr+il; =Ty« h=1Iyxhg+ily*hy, (13)
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where h = hr +ih;. (weget Iz = o * hg, I; = Iy * h;).

The nature of the complex kernel does not change through the evolution; the kernel isbasically
rescaled according the time ¢ (or to o). Therefore we can analyze a few characteristics of the
kernel as a function of o for different values of 6. In the sequel we present some of the major
characteristics of thereal and imaginary kernels.

1) Properties of the real kernélp:

1) Kernel formulation

hr(z;t) = Agy(x;t) cos a(x;t). (14)

2) Maximal amplification
maxy ¢ | Iy * hg|

< A (15)

max; |l
For small thetawe get A = cos /260 = 1+ & + 0(6*).

3) Effectively positivekernels. Onerequirement of thelinear scale-spaceisto avoid creation
of new local extremaalong the scale-spacein 1D. Kernels obeying this requirement should
be positive everywhere. In 1D this is equivalent to the requirement that the operator be
causal [22]. Asthiskernel isnot positive everywhere, we check how closeisit to apositive

kernel. Let us define a positivity measure —1 < P, < 1 of akernel h asfollows:

7 by
= 16
R eaTerE =

We regard a kernel h as effectively positive with the measuree < 1, if P, > 1 — €. For

hr we get the following bound

Pun 2 1 g (a7)
where

O(z) = /_ Go=1(8)ds (18)
and

T = (§7r + 6) cot . (19)

This bound is vaid for 1.28,,4 = 73° > 6 > 0. Example (a): for 0 = 1° = 55 we get

z1 ~ 11,and Py, > ;%Ejg =1—2%10"2". Example (b): for P,, > 0.99999, (e <

107°) werequire § < 5°.
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4) Small theta approximation. We define the distance between convolution kernels as the
norm of their difference operator: d(h, g) = ||75—,| . Where the norm of alinear operator

(using the oo norm) is

ITiflle _ o Sl

|Th||oo = sup = —_— (20)
iz Wfllso ypnzo 1o
The distance between the real kernel hr(x;t) and aGaussian g, (x; t) is
d(hRa ga) = 0(02)7 (21)
and for small values of theta the distance is bounded by:
d(hp, o) < 0.562, Y0 € [0, %], vt >0 (22)
5) Definiteintegral
/ hr(z;t)de =1 . (23)
2) Properties of the imaginary kerngl:
1) Kernel formulation
hi(z;t) = Ag,(x;t) sina(x; t). (24)
2) Maximal amplification
maxy ; |lo * hy| <A 25

max; |l
3) Small theta approximation. The distance between the imaginary kernel, normalized by
6, and a Gaussian’s second derivative scaled by time, is

2

d(hy /9, ) = 0(6"), (26)

@gat

and for small values of theta the distance is bounded by:

2

0 9 T
_ - >
d(h;/9, 8a:2g”t) < 0.50%, V4 €0, 10], vVt >0 (27)

4) Definiteintegral
/ hi(z;t)de =0 . (28)
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Fig. 3. Complex diffusion of asmall theta, 6 = /30, applied to a step signal. Left frame - real values, right frame - imaginary
values. Each frame depicts from top to bottom: original step, diffused signal after times: 0.025, 0.25, 2.5, 25.

Fig. 4. Complex diffusion of alarge theta, § = 147/30, applied to a step signal. Left frame - rea values, right frame -
imaginary values. Each frame depicts from top to bottom: original step, diffused signal after times: 0.025, 0.25, 2.5, 25.

E. Examples

We present examples of 1D and 2D signal processing with linear complex diffusion, charac-
terized by small and large valuesof ¢. InFig.' s (3) and (4), we depict the evolution of a unit step,
processed by a complex diffusion of small and large 6 (35, 15*—5), respectively. The same # values
are used in the processing of the the camera-man image (Fig.’s. (5) and (6), respectively). The
qualitative properties of the edge detection (smoothed second derivative) are clearly apparent
in the imaginary part of the signals, for the small # value, whereas the real value depicts the
properties of ordinary Gaussian scale-space. For large 6, however, theimaginary part feeds back
into the real part significantly, creating wave-like ringing. In addition, the signal overshoots and
undershoots, exceeding the original maximum and minimum values and thereby violating the
"Maximum-minimum” principle — a property suitable for sharpening purposes, similar to the

Mach Bands characteristic of vision[31].
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Fig. 5. Complex diffusion with small theta (§ = w/30), applied to the camera-man image. Top images — real values, bottom
images — imaginary values (factored by 20). Each frame (from left to right): origina image, result obtained after processing
time 0.25, 2.5, 25, respectively.

Fig. 6. Complex diffusion with large theta (¢ = 147/30), applied to the cameraman image. Top sequence of images — real
values, bottom sequence — imaginary values (factored by 20). Each sequence depicts from left to right the original image and
the results of the processing after t=0.25, 2.5, and 25, respectively.

F. Generalization to Nonlinear Complex Diffusion

Nonlinear complex processes can be derived, based on the properties of the linear complex
diffusion, to match the requirements of specific applications. We present two such nonlinear

schemes, devel oped for application in image denoising and enhancement.
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IV. RAMP PRESERVING DENOISING

Ramp functions can be used as a model of the basic structure of edges in images or their
equivalent 1D functions. Step-type (singular) edges are alimiting case of ramp functions. Visual
responses to ramp functions have been widely investigated both psychophysically and physio-
logically. In particular they are known for the Mach bands associated with their perception [31].
Ramp-type edges are generic fundamental components of images, and as such, are extracted in
the raw primal sketch of images [24]. It istherefore of specia interest and importance to com-
pare the action of a nonlinear complex-diffusion equation on a ramp function with those of real
non-linear diffusion and other previously proposed operators.

We are looking for a general nonlinear diffusion equation

Ii= 5 (1) 29)
that preserves smoothed ramps.

As was the case with rea nonlinear diffusion processes, we search here too for a suitable
differential operator D for ramp edges. Eq. (29) with a diffusion coefficient ¢(|DI]), which
is a decreasing function of |DI|, can be regarded as a ramp preserving process. Examining
the gradient, as a possible candidate, leads to the conclusion that it is not a proper measure
for two reasons. The gradient does not detect the ramp main features - namely its endpoints;
Moreover, it has a nearly uniform value across the whole smoothed ramp, causing a nonlinear
gradient-dependent diffusion to slow the diffusion processin that region and therefore being less
effectivein noise reduction within the ramp-edge. The second derivative (Laplacian in more than
one dimension) is a more suitable choice: It has a high magnitude near the endpoints and low
magnitude elsewhere, and thus enables the nonlinear diffusion process to reduce noise over the
ramp.

We formulate ¢(s) as adecreasing function of s:

1
1452 where c(s) = c(|1z4), (30)

c(s) =
and apply itin (29) to yield:

;0 I, U412, - 2 s
"o \1+12,) T (1+12)r ™

(31)
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Two main problems are associated with this scheme. The first and more severe oneis the fact
that noise has very large (theoretically unbounded) second derivatives. Secondly, a numerical
problem arises when third order derivatives are computed, with large numerical support and
noisier derivative estimations. These two problems are solved by using this nonlinear complex
diffusion.

Following the results of the linear complex diffusion (Eq. 10), we implement the imaginary
value of the signal (divided by 6) in controlling the diffusion process.

Whereas for small ¢ this term vanishes, allowing stronger diffusion to reduce the noise, with
timeitsinfluence increases and preserves the ramp features of the signal.

The equation for the multidimensional processis

I = V- (Im()VD),

€

c(Im(I)) . (Imk_él)>2 (32)
where k is a threshold parameter. For the same reasons discussed in the linear case, here too
the phase angle 6 should be small (§ << 1). Since the imaginary part is normalized by 6, the
process is almost not affected by changing the value of 4, aslong asit stayssmall (6 < 5°). The
discrete implementation details are in Appendix 1.

In Figs. 7 and 8 we compare denoising of a one dimensional ramp signal by a P-M process
(Eg. 2), with the performance of the above process (Eq. 32). This example illustrates that
the staircasing effect, characteristic of the P-M process, does not occur in processing by our
nonlinear complex scheme. In Fig. 9 a two dimensiona box with varying illumination was
processed. We tried to demonstrate how denoising by our process can perform better in changing
illumination conditions. We aso show how the imaginary value can be of use for segmentation
in such circumstances. With regard to the P-M and similar gradient-controlled processes, it
is demonstrated that overcoming the staircasing effects by increasing the threshold %y, (thus
causing the gradient magnitude of the illumination to be in the convex regime of the process)
comes at a cost of severely degrading the edges. In Figs. 10 and 11 two face images were
processed (where there are typically shadings and illumination changes). To the first figure
(part of the Barbaraimage) additive white Gaussian noise was added synthetically (SNR=20dB)

whereas the Mona Lisa image is a low quality JPEG image with visible artifacts. The ramp-
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preserving process smoothes gradual changes well, yet preserves edges (though not as strongly
asthe P-M). The staircasing effect of the P-M process (that can create fal se edges) are apparent.
Note also the JPEG artifacts near the eyes (Fig. 11) that were removed by our process.

Fig. 7. Perona-Malik nonlinear diffusion process applied to aramp-type soft edge (kpar = 0.1). Left - original (top) and noisy
ramp signal (white Gaussian, SNR=15dB) . Middle - denoised signal at times 0.25, 1, 2.5, from top to bottom, respectively.
Right - respective values of ¢ coefficient.

L i) A

Fig. 8. Nonlinear complex diffusion process applied to a ramp-type soft edge (¢ = 7/30, k = 0.07). Left - real values of
denoised signal at times 0.25, 1, 2.5, from top to bottom, respectively. Middle - respective imaginary values, right - respective
real values of c.

V. REGULARIZED SHOCK FILTERS

Most of the research concerning the application of partial differential equationsin thefields of
computer vision and image processing focused on parabolic (diffusion-type) equations. In [27]
Osher and Rudin proposed a hyperbolic equation, called shock filter, that can serve as a stable
deblurring algorithm approximating deconvolution (Fig. 12).

A. Problem Statement

The formulation of the shock filter equationiis:

Iy = —|I,|F (1), (33)
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Fig. 9. Filtering of a synthetic test image of ramp varying illumination. Top row (from left): Original image, with noise
(SNR=5dB) and linearly varying illumination (I = I + 4x + 2y), ramp-preserving denoising - real part (k = 2); Middle row
(from left): ramp-preserving denoising - imaginary part, Perona-Malik with lower threshold (kpas = 3), Perona-Malik with
higher threshold (kpas = 5); Bottom row (from left): Thresholded gradient of imaginary part ramp preserving, thresholded
gradient of P-M (low threshold), level-sets of imaginary part and P-M.

where F should satisfy F'(0) = 0, and F'(s)sign(s) > 0. 1
Choosing F'(s) = sign(s) yieldsthe classical shock filter equation:
I, = —sign(l,,) |12, (34

generalized in the 2D case to:
I, = —sign(I,,) | V1], (35)

where 1) isthe direction of the gradient.

'Note that the above equation and all other evolutionary equations in this section have initial conditions I(x,0) = L(z) and
Neumann boundary conditions (g—i = 0 where n is the orientation perpendicular to the boundary).
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Fig. 10. Filtering of a face (Barbaraimage). Top row (from left): Noisy image (SNR=20dB), result of filtering with a linear
diffusion process, filtering with Perona-Malik diffusion process; Middle row (from left): Ramp-preserving denoising - real part,
imaginary part; Bottom row: Enlargement of forehead (from left) - original, P-M, ramp-preserving rea part.

The main properties of the shock filter are:

« Shocks develop at inflection points (zero crossings of second derivative).

. Local extrema remain unchanged in time. No erroneous local extrema are created. The
scheme is total-variation-preserving (TVP).

« The steady state (weak) solution is piecewise constant (with discontinuities at the inflection
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Fig. 11. Filtering alow quality JPEG of the Mona Lisaimage. Top row (from left): Original image, result of filtering with
alinear diffusion process, filtering with Perona-Malik diffusion process; Middle row: Ramp-preserving denoising - real part,
imaginary part, Bottom row: Enlargement of the eyes - original, P-M, ramp-preserving real part.

points of I;).
« The process approximates deconvol ution.
As noted aready in the original paper, any noise in the blurred signal will also be enhanced.
Asamatter of fact, this processis extremely sensitive to noise. Theoretically, in the continuous
domain, any white noise added to the signal may add an infinite number of inflection points,

disrupting the process completely. Discretization may help somewhat, but the basic sensitivity
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Fig. 12. Shock filter operation: deblurring a blurred step edge. Solid line - blurred step edge. Dashed lines - 3 steps in the
evolution of the PDE towards formation of a shock in the location of the inflection point.

Fig. 13. A noiseless sinewave signal (top left) and the steady state of its processing by a shock filter (top right) are compared
with the processing of a noisy signal generated by adding low level of white Gaussian noise- SNR=40dB (bottom left). The
steady state of the processed noisy signal does not depict any enhancement and the only result is noise amplification (bottom
right).

to noise persists. Thisisillustrated by comparison of the processing of a noiseless and a noisy
sine wave signals (Fig. (13)). Whereas in the case of a noiseless signal the shock filter well
enhances the edges, turning a sine wave into a square-wave signal, in the noisy case - the shock
filter does not enhance the edges at al, and the primary result of the processing is amplification
of noise, although only a very low level of white Gaussian noise was added to the input signal
(SNR=40dB).
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B. Previous Related Studies

The noise sensitivity problem is critical and, unless properly solved, will continue to hinder
most practical applications of shock filters. Previous studies addressing this issue came up with
severa plausible solutions. The common approach to increase robustness ([2], [6], [21], [33]),

isto convolve the signal’s second derivative with a lowpass filter, such as a Gaussian:
I, = —sign(G, * Ip)| 1), (36)

where GG, isa Gaussian of standard deviation o.

Thisis generally not sufficient to overcome the noise problem: convolving the signal with a
Gaussian of moderate width, does not cancel in many cases the inflection points produced by
the noise; Their magnitude becomes considerably lower, but there is still a change of sign at
these points, which induces flow in opposite direction on each side of the inflection point. For
very wide (large scale) Gaussians, most inflection points produced by the noise are diminished
but at a cost: the location of the signal’s inflection points become less accurate. Moreover,
the effective Gaussian’s width o often exceeds the signal’s extent, thus causing the boundary
conditions imposed on the process to strongly affect the solution. Lastly, from a computational
viewpoint, the convolution process in each iteration is costly.

A more complex approach, isto addresstheissue as an enhancing-denoising problem: smoother
parts are denoised, whereas edges are enhanced and sharpened. The main ideais to add some
sort of anisotropic diffusion term with an adaptive weights of the shock and the diffusion pro-
cesses. Alvarez and Mazorrawere the first to couple shock and diffusion, proposing an equation
of theform [2]:

I, = —sign(G, * I,))|VI| + clg, (37)

where ¢ is a positive constant and £ is the direction perpendicular to the gradient VI. This
equation, though, degenerates to (36) in the 1D case and the contribution of the diffusion to the
combined processis|ost.

A more advanced scheme, was proposed by Kornprobst et al. [21]:
Iy = ap(he Ly + Ige) — (1 — hy)sign(G, 1) |V, (38)

where h, = h,(|Gs x VI|) = 1if |G5 « VI| < 7, and 0 otherwise. In [21] the scheme includes
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another fidelity term (1 — I) that is omitted here (since such a term can be added to any
scheme).

Another modern scheme was proposed by Coulon and Arridge [6],
I; = div(c¢VI) — (1 — ¢)%sign(Gy * I,y,) V1], (39)

—162x¥I%) | \was originally used for classification, based on a probabilistic

where ¢ = exp(
framework. Eq. (39) isthe adaptation of the original process for the task of image processing.
The performance of the last two schemes will be later compared with that of the process

proposed in the present studly.

C. The magnitude of the second derivative

To account for the magnitude of the second derivative controlling the flow, we return to the
original shock filter formulation of (33) and employ F'(s) = 2 arctan(as), where a is a param-
eter that controls the sharpness of the slope near zero. With this modification F'(s), Eq. (33),
becomes:

I, = —; arctan(aly,) |l + Mya- (40)

Consequently, the inflection points are not of equal weight any longer; regions near edges, with
large magnitude of the second derivative near the zero crossing, are sharpened much faster than
relatively smooth regions. Thistype of processisimplementedinthe sequel inanew formulation

of acomplex PDE.

D. Complex Shock Filters

From (40) and (10) we derive the complex shock filter formulation for small ¢:
2 I
I, = —— arctan(alm(g))|lx| + My, (41)
m

where \ = re*’is a complex scalar.

Generalization of the complex shock filter to 2D yields:

2 I ;
1 = =~ arctan(alm(5))| V1| + ALy + Mee, (42)

™

where )\ isarea scaar.
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The complex filter provides an original way to avoid the need for convolving the signal in
each iteration, and till get smoothed estimations. The inherent time dependency contributes to
the robustness of the process. Moreover, the imaginary value is affected by the shock and real
directional diffusion processes — it is enhancedit sharp transitions by the shock and becomes
more coherentin the level-set direction, thus, can better control the process than a simple second
derivative. Note that here the imaginary value approximates a directional second derivative in

the gradient direction (and not a L aplacian), since the complex diffusion term hereisdirectional.

Process Slope | Slope's | Shock | Stability Shock Location | Location | Location | SNR
variance | success | intime | dislocation | variance | success bias
|deal 1 0 100% 1 0 0 100% 0 00
Korn. 0.57 | 0.031 | 65% 0.73 2.6 14.3 93% -0.5 8.7
C&A 0.76 | 0.192 | 72% 0.82 39 86.7 94% -2.1 7.6
Ours 0.78 | 0.006 | 99% 0.99 17 4.7 99% 0.3 10.7
Ours-0dB || 0.62 | 0.024 | 81% 0.99 24 8.7 92% 0.6 8.8
TABLE|

EXPERIMENT RESULTS COMPARING THREE ROBUST SHOCK FILTERS PROCESSING A BLURRED NOISY STEP (SNR=5DB).

The performance of our complex valued shock filter (Eq. 41) is compared with the most
advanced real valued robust shock filters, described earlier, of Kornprobst et a. (Eg. 38) and of
Coulon and Arridge (Eq. 39). All three filters are designed to perform in a noisy environment,
to produce shocks of important edges while simultaneously denoise fluctuations (of noise and/or
texture). Trying to obtain objective quantitative measures to eval uate these filters we conducted
arepresentative experiment of processing a blurred and noisy step edge.

In the experiment 100 blurred and noisy step edges (white Gaussian noise, SNR=5dB) were
processed by each filter. The summary of the resultsis shown in Table |. The discrete signal 1
is comprised of N grid points (;, i« = 1,2.., N). In this context, the gradient is a ssmple grid
point difference DI; = I;,, — I;, where the largest gradient was considered as the place of the
shock. We will now explain each column of thetable: " Slope” - slope of largest gradient s(1) =
max; |DI;|. " Slope'svariance” - variance of s(/) over 100 trials. ” Shock success’ - we regarded
asuccessful shock creation if the shock’sslopewas at |east half of the original magnitude s(7) >
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Fig. 14. Shock filters comparison experiment. Top row (from left): Original step, blurred step (Gaussian blur o, = 3), example
of noisy signal with 5dB SNR, example of noisy signal with 0dB SNR, example of one result from Alvarez-Mazorra process
(Eg. 37). Middle and bottom row shows some examples of processed signals from the experiment (5dB SNR), the result (solid)
is superimposed on the ideal response (dashed): Middle row, 3 left figures: Kornprobst et al. (Eg. 38), 3 right figures: Coulon-
Arridge (Eg. 39). Bottom row, 3 left figures: Our scheme (Eq. 41), 3 right figures: Our scheme processing noisier signals of
0dB SNR.

0.5. " Stability intime” - indicates how sensitive the result is to the stopping time. We computed
the relative shock’s slope after 10% more time: s(1(1.17))/s(1(T")). "Shock dislocation” -
average distance of the produced shock from the original shock location in terms of grid points,
El|is—torig|], Wwhere i, = argmax;|DI;| and i, isthe original shock point. ” L ocation variance”
- Varlis]. "Location success’ - we regarded a success in terms of location accuracy if the
distance of the formed shock was no more than 5 grid points from the original location, |i; —
iorig] < 5. "Location bias’ - Efis — i, (Negative values means bias toward the center). The
expected value of the shock location of an unbiased processis at the original location. ”SNR” -
average SNR of I(T") with respect to the original unit step.

In this evaluation, for each process the parameters were first tuned to give good results and
were kept constant in the experiment itself. The stopping time 7" was chosen automatically in
order to produce a non oscillatory signal with a sharp and clear shock. For the experiment to be
reproducible, all the parameters and exact criteria are listed in Appendix H. Some examples of
processed outputs are shown in Fig. 14.

This experiment gives quantitative indications of the advantages of the complex shock filter

with regard to the above criteria. The considerably lower variance in the results (sharpness
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and location) accounts for the process reliability. The stability of the shock over evolution time
indicatesthat a proper stopping time can be selected al so in the enhancement of more compound
signals with several blurred steps of different sizes and locations. Also, from our experience,
it isfar less sensitive to parameter tuning. Trying our process with noisier inputs of 0dB SNR
gives comparable results to the other processes at 5dB SNR.

In Fig. 15 a blurred and noisy image was processed. In the case of two-dimensional sig-
nals, only the scheme of Kornprobst et at. and our complex scheme produce acceptable results
at this levels of noise (SNR=15dB). Processing with the complex process results however, in
sharper edges and is closer to the shock process, as can be observed in a comparison to an ideal
shock response to a blurred image without noise (top-right image of Fig. 15). The combined
enhancement-denoising properties of the complex scheme are highlighted by the display of one

horizontal line of the image (bottom right of Fig. 15).

V1. CONCLUDING REMARKS AND DISCUSSION

Generalization of the linear and nonlinear scale spaces to the complex domain, by combining
the diffusion and the free Schrodinger equations, further enhances the theoretical framework of
the diffusion-type PDE approach to image processing.

The following advantages are afforded by the complexification of the diffusion equation ac-
cording to the approach introduced in the present study.

1) Thefundamental solution of the linear complex diffusion indicatesthat there existsastable

procesver the wide range of the angular orientation of the complex diffusion coefficient,
0 € (=5, %), that restricts the real value of the coefficient to be positive. [Issues related
to aspects of inverse diffusion in image processing, i.e. negative rea-valued diffusion
coefficient, are dealt with elsewhere [13].]

2) Inthecaseof small #, two observations concerning the properties of the real and imaginary
components of the complex diffusion process are relevant with regard to the application
of this process in image processing: The real function is effectively decoupled from the
imaginary one, and behaves like a real linear diffusion process, whereas the imaginary
part approximates a smoothed second derivative of the real part, and can therefore well

serve as an edge detector. In other words, the single complex diffusion process generates
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Fig. 15. Top row (from left): Original tools image, Gaussian blurred (o = 2) with added white Gaussian noise (SNR=15dB),
ideal shock response (of blurred image without the noise); middle row: evolutions of Eq. (37) - Alvarez-Mazorra (o = 10), Eq.
(38) - Kornprobst et . (o, = 0.2, = 0.1,7 = 0.2,0 = 10,6 = 1), Eq. (39) - Coulon-Arridge (k = 5,a = 1,0 = 10,6 =
1); bottom: evolution of Eq. (41) - complex process, left: real values, middle: imaginary values (|A| = 0.1,A = 0.5,a = 0.5),
right: grey level values generated along a horizontal line in the course of complex evolution of the process (thin line 1 iteration;
bold line 100 iterations). All of the image evolution results are presented for 100 iterations (dt=0.1).
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simultaneously an approximation of both the Gaussian and Laplacian pyramids [5] (at
discrete set of tempora sampling points), i.e. the scale-space.

3) It paves the way to a more complete scale-space analysis. Further, the complex field is
complete and brings along with it powerful toolsfor dealing with critical values.

4) Inthelinear case, theimaginary part isabounded operator (and hence well-posed). There-
fore, small perturbations in the data can not cause divergence of the results. Thisisunlike
first or second order derivatives which are ill-posed operators, and are generally used for
edge detection (pre-convolving the signal with a Gaussian still produces unstable results
aso — 0, scaling by time is imperative). One may, therefore, conclude that the imagi-
nary part can serve better asit is a”well-posed edge detector” for any ¢ > 0. Its stability
is inherent and does not depend on discretization effects or on the numerical schemes
employed in the computations.

5) In many cases it is advantageous to switch on the non-linearity in an adiabatic way, such
that over short time (small scale) the flow is mostly smoothing and as time progresses
the interaction of the smoothing with the image’s features take more important place and
dominates the flow in large times. Explicit time dependency of the P-M coefficient and
its benefits was demonstrated in [12]. In the complex framework, presented here, time
dependency of the anisotropic case is inherent.

6) Complex diffusion enables better performance in different nonlinear tasks such as ramp
denoising and regularization of shock filters.

Although nonlinear schemes remain to be further analyzed and better understood, nonlinear
complex diffusion-type processes can be derived from the properties of the complex linear dif-
fusion, and applied in image processing and enhancement. Such are the two schemes devel oped
for denoising of ramp edges and for regularization of shock filters. In thefirst scheme, anonlin-
ear complex diffusion process controlled by the signal’s imaginary value avoids the staircasing
effect that is characteristic of gradient-controlled nonlinear processes such as the P-M process
[28] (See Figures 7, 8, 9, 10 and 11). The second proposed scheme, presents a complex shock
filter that overcomes problems inherent in the enhancement of noisy signals and images by the
shock filters[27] and outperformsits various variants [2], [6], [21], [33]. In order for the reader

to experience from first hand the performance and characteristics of our proposed linear and
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nonlinear processes, we published our Matlab code implementation on the web [14].
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APPENDIX

In the following sections the analysis is presented in one dimension. As the kernel is separable, generalization
to any number of dimensionsis straightforward. More detailed proofs can be seen in our technical report [10].

A. Maximal amplification

|Thilloo < ||lhgll1 seesection G (norm of aconvolution operator)
= f_ |Ag,(z) cos a(z)|dx
< AL go(@))de (43)
= A= (cosf)/?
= 1+ %5 +0(6Y).

| T, || can be considered in a similar manner.

B. Effectively positive kernels

In order to find abound on Py, ,,, we chooseapoint z; > 0 wherecos a(z1) = 0.5:

ry = \/§(27r + 30)tr/sin@

- | (44)
= oy/(37+6)coth, (using (9)).
For this bound we assume z; > o, soitisvalid for 1.28,,4 = 73° > 6 > 0. We use the relations;

(1) = [ go(@)de < [ go(x) cos a(z)de < [ g (x)dx
(as —1<cosa(z) <1, g, >0),

(II) <3 [y9-(x)de <1 [ go(x)dx < [ go(x) cos a(z)dw
(as cosa(z) > :foralz € [0,21] ,andz; > o).

From the aboverelations and the fact that / g (z) isasymmetric function we can derive the bound of (17).

January 15, 2004 DRAFT



IEEE TRANSACTIONS ON PATTERN ANALY SISAND MACHINE INTELLIGENCE, VOL. XX, NO. Y, MONTH 2003 29

C. The distance betweén, and a Gaussian

We show the derivation of the bound on the distance between h z and a Gaussian. The same argumentsand very
similar calculations are used in determining the bound on the A ; approximation.
Let us denote fr, as the difference function between h p and a Gaussian at timet (see Fig. 2):

fr(@;t) = hr(w;t) — go (23 t). (45)
d(hr,95) = Trallo < frlh = J22, [hR(2) — g0 (2)|da
< 20 |Acos(Eanl _ 0y _1|g, (z)dx +2(A+ 1) [ go(x (46)
< 2max,e(p,q) [|A cos(E 2?2“9 —8)—1]] +4A®(—a/o)

Let uschoosea = /no suchthat n > 1 and a(a) < % (therefore cos(a(z)) > 0 for any = € [0, a]). Recalling
that tanf = 6 + O(#3) and A = 1 + O(#?) we get

mMax, (o, q] [|Ac0s(”E tanf _ % 1]
= max { (4 — 1), (1 — (4 cos(* tand _ 8)))} @
=max { (A - 1), (1—Acos(n0+0 %))}
= 0(6?).
Theterm ®(—a /o) = ®(—+/n) decays exponentially with the growth of n. Therefore we conclude that
dr = 0(6%) (48)

The bound for the range & € (0, {;) was calculated numerically, see [10].

D. Definite integrals oh.z, h;

Follows directly from section F.

E. Small theta approximation from the fundamental solution

We show here alittle less elegant but more straightforward way for the small theta approximation in one dimen-
sion of hr. The second derivative of a Gaussian (in 1D) is:

0?2 x2 —o? 2/ 2 1

() = 0T "7 o=a"/20" \whereC = ——= . 49
55297 (@) p Voo (49)

Small theta approximation of A :
hr = —C}Jsace—wz/%z sin (Zsind _ ¢)
~ Ce /2" sin(%—g) (Veosf~1 ,sinf ~0)
o Cer' o (M) (sin(! = §) ~ (557 = §)) (50)
Ce=o"/20% (9(207_2‘7)) (0 = 2tr/ cosf ~ 2tr)

2
= 29, (x)0tr.
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F. Constant of the fundamental solution

The basic fundamental solutionis

22cos6 ;z2sing

hiz;t) = Ke "amm ' ar

= |K|e_;7722ei(m22t:2ns+‘p)

(51)

As the constant K is complex, there are two degrees of freedom: the magnitude | K| and the phase ¢. The first
requirement (7.a) dictated by the initial condition translates to

(a.I) [ hgr(z;t—0)dz =1

52
(a.IT) [ hy(z;t — 0)dz =0. &2

We will seethat (7.b) is satisfied based on the properties of the Gaussian.
First, let us find the definite integral of h . We use the following definite integral formula (taken from [29] p.
459, Eq. 16):

1=, e*“w2+bw+c{ sin| cos }(pz? + gz + r)dx =

(53)

2_4ac)—(ag®—: cp? . 2_4pr)—(b2p—2a a’r
e exp [0 o 2w i cos } [} arctan & — (- gaty i)
From (51) we write h as
22
hg = |Kle 37 cos (8208 4 o)
= |K|e=’ cos (pz? + ¢), (54)
wherea = 515, p= 2ot
From (53) and (54) we get:
2 hg(x)de = |K| [ e=9%" cos (pa® + ) dx (55)
= |K|V2mcosfocos (30 + ).
Similarly,
75 hi(z)de = |K|V2r cosfosin (36 + ). (56)
From (52.a.11) and (56) we get
1
p=-30 (57)
and from (52.a.I) and (55) we get
1
Kl=— , 58
K] V27 cosfo (8)
hencethe constant K is .
e—i30 (59
K=—.
V2w cos o

Requirement (7.b) is retained due to the characteristics of the Gaussian function. Let us choose e = /0.
Thereforee(t) = (2tr/ cos0)/* =, 0 for any |6 < Z. And we get
[ h@lids = 2=(-72) 20mn0 (60)
lz|>e Vcos O Vo

In the concise writing of the fundamental solution (8), K is actually separated into 3 multiplicative partsin the

expressions of A, g, and a.
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G. Norm of a convolution operator

Let f be abounded function max(f) < M, (f € L*). Let T), be the convolution operator with the kernel h
(h € LY): T, f = hx f. We want to provethe relation

IThlloe < [R]l1- (61)
Let usfirst find abound on || T, f || - We use Young'sinequality

1 Bl < A1 llpl12llq,

(62)
ferr,gelt, rl=pt+qgt-1, (1<p,qr<o0).

Settingp = 00, ¢ = 1,7 = co we get
1T flloo < IIfllool[P2]]1- (63)

We let

T flloo
Foup = argSUpfll;éO%

From the definition in (20) it followsthat || T fsuplloc = ||Th|loo|| fsup|leo- Using the relation of (63) we get

IThllooll Fsuplloe < N1Al[11| fsuplloo-

H. Noisy step experiment description

A unit step was discretized by 60 grid points where the step is off-center (in our case between points 40 and
41). The step was blurred by a Gaussian kernel of o = 3. 100 instances with additive white Gaussian noise were
produced (o,, = 0.25, SNR with respect to the blurred signal is 5dB). Each instance was processed by the three
robust shock filters (Kornprobst et al., Coulon-Arridge, ours). Stopping time was chosen automatically according
to two criteria: In order to choose a sufficiently denoised signal the processwasfirst evolved until the TV norm was
lessthan 20% abovethat of aunitstep: [ |VI|dz < 1.2. Thenwerequired that thelargest gradient is monotonically
increasing in time (stopped the process when the maximal absolute gradient was smaller than the previous check).
Thisway we got a sharp gradient (presumably where the shock is) of arelatively smooth signal outside the vicinity
of the shock. If the conditions were not met, the process was stopped after 10,000 iterations. Parameters: Eq. (38),
ar =1,a,=0.5,7=0030=1,6 =2 Eq (39),k=0.02,a=1,0 =1,6 = 1. Eq. (41),|\| =0.2,a =8
(inthe OdB experimentsa = 2), 6 =

T
1000 °

I. Numerical implementation

We givethe explicit 2D schemesfor the three processes proposed by usin this paper. These areiterative schemes,
where the value of each complex valued pixel T z”fl (row i, column j) at iteration n + 1 is updated according to the
values of the neighboring pixels at iteration n: I;fjfl = I7'; + pDI7;. Thevalue of p is discussed below. [Note
that here the addition and multiplication operators are complex valued.]
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1) Linear diffusion :
Dol = e (I 5+ Iy + g + 105y —417).

2) Ramp preserving diffusion We use the direct complex generalization of the discretization scheme of
[28]. Let us denote the four neighboring pixelsas. In = I;_1 5, Is = Liy15, Iw = L j_1, Ig = I; j41. The
respective directional derivativesestimatesare: D(Iz) = I, — I, ;, Z € {N, S, W, E}. The directional diffusion

6

coefficientisC(Iz) = TR TR The updateis according to

DiI; = Xzeins,w,eyD(I7)C(17%).

3) Complex shock filter:

2 - = -
DI} = == arctan(alm(I};) 100\ |DI2, |2 + | Dy I |2 + AD3I7; + ADIY

2,57

where D{z /y} ISasymmetric first order approximationin the x or y direction defined by the minmodfunction, D ,,
approximates derivative in the gradient direction and D . approximates derivative perpendicular to the gradient. We
refer the reader to [27], [2] for specific implementation of these operators.

Time step bound: In explicit schemes the time step between each iteration is bounded for numerical stability

by the CFL bound. As discussed earlier, the fundamenta solution includes a Gaussian-type kernel of variance

o? = % Implementing Gaussian convolution of time 7, by incremental time steps where o 2 = 27, requiresthe

time step bound to be: A7 < 0.25h2 (in 2 dimensions, where h is the spatial step). In our casewe have 7 = &

cos 6

and hencein the general casewerequire: At < 0.25h2 % Thisappliesfor both the linear and the nonlinear cases
presented above. Forr = 1, h = 1 weget p = At < 0.25 cosf. Thus, when 6 approaches /2 it becomes very
inefficient to implement complex diffusion with incremental time-steps. For small 8, however, there is essentially
no differencefrom the case of real diffusion. In order to model more closely the analytic PDES, one may use smaller
time steps than the CFL bound at the beginning of the evolution.

For our implementation example code see [14].
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