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Abstract. In this paper, we study convex bilevel optimization problems where both the inner
and outer levels are given as a composite convex minimization. We propose the Fast Bilevel Proximal
Gradient (FBi-PG) algorithm, which can be interpreted as applying FISTA to a dynamic regularized
composite objective function. The dynamic nature of the regularization parameters allows one to
achieve an optimal fast convergence rate of O(1/k2) in terms of the inner objective function. This
is the fastest known convergence rate under no additional restrictive assumptions. We also show
that FBi-PG achieves sublinear simultaneous rates in terms of both the inner and outer objective
functions. Moreover, we show that under a H\"olderian type error bound assumption on the inner
objective function, the FBi-PG algorithm achieves improved simultaneous rates and converges to
an optimal solution of the bilevel optimization problem. Finally, we present numerical experiments
demonstrating the performance of the proposed scheme.
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gradient, fast convergence rate, global convergence
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1. Introduction. Bilevel optimization emerges as a dynamic and evolving re-
search field within the broad optimization area. In this paper, we consider the bilevel
convex minimization problem, which aims at minimizing a convex function, called an
outer objective function, over the optimal solution set of another convex minimization
of a function called the inner objective. We are interested in studying a convex bilevel
model where both objectives in the inner and outer levels are instances of composite
convex minimization problems. Our focus is on achieving faster convergence rates
and corresponding pointwise global convergence for a first-order algorithm to this
important class of bilevel composite convex optimization problems.

Following the terminology of inner and outer problems, we are interested in con-
sidering an outer problem given by the classical convex composite model

min
x\in X\ast 

\{ \omega (x) := \sigma (x) +\psi (x)\} ,(OP)

where X\ast is the assumed nonempty set of minimizers of the inner level problem, which
is also described via another convex composite model

min
x\in \BbbR n

\{ \varphi (x) := f (x) + g (x)\} .(P)
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DYNAMIC FISTA FOR CONVEX BILEVEL OPTIMIZATION 1477

The functions f,\sigma : \BbbR n \rightarrow \BbbR are smooth and convex, while the functions g,\psi : \BbbR n \rightarrow 
( - \infty ,+\infty ] are nonsmooth and convex. We will provide the exact details of the prob-
lem's data in the forthcoming section. Moreover, we refer to \varphi and \omega as the inner and
outer objective functions, respectively. Throughout this paper, we denote by X \prime \subset X\ast 

the set of all optimal solutions of the outer optimization problem (OP).
This type of bilevel minimization problem is also known sometimes under the

name simple bi-evel programming as being a particular case of the more general bilevel
programming model, which involves, in both the inner/outer problems, a parametric
representation featuring two variables. This simpler model, however, is very flexible
and, as such, relevant in modeling various modern applications; see, for instance, [11]
for a thorough overview of bilevel optimization problems as well as their applications,
and the literature therein. Very recently, simple bilevel problems have also been
studied in the more challenging setting of variational inequalities at both levels (see
[15, 16, 21], and references therein).

The implicit constraints imposed by the inner minimization problem make such
problems difficult to develop simple and efficient algorithms. In recent years, there has
been a growing interest in deriving theoretical guarantees beyond mere convergence
results for convex bilevel optimization problems under various types of assumptions
on the problem's data. For some of the most recent advances in this area, we refer
readers to [19] and the recent paper [17], which both provide ample details on the
past and current developments. Despite many of these interesting results, a grand
challenge in this field remains open: developing a first-order algorithm capable of
achieving fast convergence rates for convex bilevel optimization problems akin to the
existing faster rates of first-order schemes for the traditional (single level) convex
composite minimization [18, 2, 4].

Motivated by the remarkable success of fast first-order algorithms for traditional
convex composite optimization problems just alluded to above, our objective is to
derive similar accelerated rates for the more challenging setting of bilevel convex com-
posite optimization problems. Toward this goal, we propose employing the Tikhonov
regularization technique, which involves approaching bilevel optimization as the min-
imization of either a single fixed regularized (penalized) or a dynamic regularized
composite convex objective. The convex composite structure of the regularized ob-
jective thus naturally calls for applying any fast first-order scheme on it. However,
at this point, we faced a hurdle. As we shall see below, we cannot apply existing
convergence rate results directly due to either the lack of knowledge of the fixed reg-
ularization parameter or the dynamic change of the regularized composite objective.
Thus, to tackle this inherent difficulty, a fresh analysis/approach is required.

Literature. Before concluding this section, we briefly discuss several recent works
related to our objectives. The literature on algorithms for simple bilevel optimization
problems can broadly be categorized into two classes: direct methods and nested
methods. The key distinction lies in computational complexity. Roughly speaking,
direct methods avoid solving an inner optimization problem at each iteration, typically
by considering an adequately regularized problem; in contrast, nested methods use an
approximation that requires additional computations involving another optimization
problem.

Given our focus on developing the simplest possible algorithms, we do not discuss
nested approaches in detail. For instance, recent works such as [14, 8, 26, 27] propose
nested algorithms with convergence guarantees for bilevel problems where the inner
constraint set Z is compact and convex. However, compactness is essential to their
analysis, and the guarantees generally fail without it. Moreover, these methods require
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1478 ROEY MERCHAV, SHOHAM SABACH, AND MARC TEBOULLE

computing projections onto the intersection of Z and a hyperplane, a task that is often
computationally infeasible in practice.

Turning to direct methods, we highlight the recent works [10, 20] that address a
regularized version of the problem using a fixed regularization parameter determined
by a prespecified iteration count K. While this approach enables a trivial analysis
(see more details below), it does not guarantee recovery of a solution to the original
bilevel problem.1 More generally, as recognized in the literature, choosing an appro-
priate regularization parameter is a fundamentally difficult and often impractical task.
Although convergence analysis under fixed regularization is typically straightforward
(as we discuss below), it offers limited insight into the solution of the original bilevel
formulation.

This paper is organized as follows. The subsequent section will provide a com-
prehensive discussion of the Tikhonov technique and its strong connections to bilevel
optimization problems. This will lead us to propose the Fast Bilevel Proximal Gradi-
ent (FBi-PG) algorithm that can be simply interpreted as applying FISTA [4] to the
dynamic regularized objective. The algorithm FBi-PG is equipped with a dynamic
update of the regularization parameter, which is itself characterized by the choice of
another fixed parameter allowing us to devise accelerated schemes. This is developed
in section 3, where we will prove our main rate of convergence results. These analy-
ses highlight the significance and crucial roles played by the dynamic regularization
parameter, which is user-determined in regulating the performance of the FBi-PG
scheme, a method which (for the first time) is proven to be capable of achieving the
fast convergence rate of O(1/k2) in terms of the inner optimization problem; see The-
orem 3.7. Additionally, we establish convergence rates concerning the outer objective
function and simultaneous rates concerning both functions. In the classical context
of convex composite minimization, it is well-known that the sequence generated by
FISTA does not necessarily converge to an optimal solution. This issue was, however,
successfully addressed in [9] through a smart analysis of a variant of FISTA. The
natural question is then whether such a result can be extended to the more involved
convex composite bilevel setting. In section 4, we positively address this question by
adapting and extending the analysis of [9] to this case, and under a H\"older type error
bound assumption [6], we prove the convergence of the generated sequences by FBi-
PG to an optimal solution of the bilevel problem (OP). Finally, in section 5 we present
numerical experiments demonstrating the significant rate/improvement achieved by
FBi-PG in comparison to other current state-of-the-art schemes.

2. The FBi proximal gradient algorithm.

2.1. Motivation and difficulties. Several algorithmic approaches exist for
addressing bilevel optimization problems. One of the earliest ideas dates back to
the book of Tikhonov and Arsenin [25], who introduced what is now known as the
Tikhonov regularization technique. In their original work, the goal was to find a min-
imal norm solution (meaning the outer objective function is \omega \equiv \sigma = \| \cdot \| 2) to a linear
optimization problem. Its primary advantage lies in simplifying the bilevel problem
into a single regularized formulation, which avoids the need to handle two optimiza-
tion problems. In the context of our paper, it means to tackle the following penalized
problem:

1See our numerical section for a concrete example illustrating this limitation in a real-world
application.
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DYNAMIC FISTA FOR CONVEX BILEVEL OPTIMIZATION 1479

min
x\in \BbbR n

\{ F\alpha (x)\equiv \varphi (x) + \alpha \omega (x)\} ,(2.1)

where \alpha > 0 is the regularization parameter. In this context, we mention the work
[13], which studies, among other questions, the connections between bilevel problems
and their regularized counterpart in a general convex setting. They proved that there
is a small enough \alpha > 0 such that an optimal solution of the regularized problem
(2.1) is an optimal solution of the bilevel problem (OP). Thus, a seemingly natural
approach to obtain rates of convergence for the convex composite bilevel problem,
based on the later idea of a priori fixing the regularization parameter \alpha , would be
to simply apply any first-order scheme on the regularized objective function F\alpha , for
some predefined parameter \alpha , to obtain rates on the regularized objective function F\alpha .
This approach has recently been formalized in [10, 20], though the resulting analysis
is straightforward and follows directly from standard results on first-order methods.
Indeed, for instance, an application of FISTA [4, Theorem 4.4] on minimizing F\alpha with
say an L\alpha -Lipschitz gradient part of the objective will generate a sequence \{ xk\} k\in \BbbN 
which satisfies

F\alpha 
\bigl( 
xk
\bigr) 
 - F\alpha (x

\prime )\leq 
2L\alpha 

\bigm\| \bigm\| x0  - x\prime 
\bigm\| \bigm\| 2

(k+ 1)
2 \forall x\prime \in X \prime .

Using the definition of F\alpha , and since \varphi (xk) - \varphi (x\prime )\geq 0 for all k \in \BbbN , one immediately
deduces the following fast rate of convergence for the outer problem

\omega 
\bigl( 
xk
\bigr) 
 - \omega (x\prime )\leq 

2L\alpha 
\bigm\| \bigm\| x0  - x\prime 

\bigm\| \bigm\| 2
\alpha (k+ 1)

2 \forall x\prime \in X \prime .(2.2)

At this juncture, it is important to note that a generic result can be easily proved
for the case of a fixed regularizing parameter by showing that independently of the
structure of the bilevel optimization problem and for any single-level optimization
algorithm, the arguments above remain valid. For the sake of completeness, the proof
of this fact appears in Appendix A.

Unfortunately, finding/knowing the value of a fixed regularization parameter \alpha ,
for which a solution of the regularized problem recovers an optimal solution of the
bilevel problem, remains a challenging task. Furthermore, finding a corresponding
rate for the inner optimization problem also depends on the unknown value of \alpha .
Therefore, obtaining rates of convergence for bilevel optimization problems cannot
rely on existing results for single-level optimization problems, and requires a fresh,
specially designed approach.

The first work to provide an efficient use of the Tikhonov regularization technique
tailored for bilevel optimization problems is [22]. It was confined to the convex bilevel
problem with a smooth and convex outer objective \omega and with the inner objective
function \varphi being the sum of a smooth and convex function and an indicator of a
closed and convex set. The resulting projected gradient algorithm applied on F\alpha 
proposed in [22] suggests that at each iteration k we regularize the outer objective
function \omega with a dynamic parameter \alpha k, and it is proved that if \alpha k \rightarrow 0 as k \rightarrow 
\infty as long as

\sum \infty 
k=1\alpha k = \infty , then any limit point of the generated sequence is an

optimal solution of the bilevel optimization problem. Therefore, following [22], using
a dynamic regularization parameter at each iteration seems to be the right approach
to overcome the lack of knowledge of the ``right"" regularization parameter \alpha . Yet, one
of the interesting open questions about this approach, which we address in this work,
pertains to establishing convergence rates, particularly fast convergent rates, as well

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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1480 ROEY MERCHAV, SHOHAM SABACH, AND MARC TEBOULLE

as the corresponding pointwise global convergence results for the more general convex
composite bilevel problem (OP).

A first attempt in this direction was taken in the thesis [24]. In that thesis,
the fast scheme based on the accelerated scheme of [2] (see also [23] and references
therein), which differs from FISTA, was used. However, that study did not cover the
general convex composite bilevel problem (OP), the derived fast rate of convergence
result was limited only to the inner problem, and no simultaneous rate was estab-
lished. Moreover, pointwise global convergence was not derived. Inspired by [24] and
using FISTA as our basis, we can significantly extend both the rate and the global
convergence results beyond those presented in [24] in various scenarios; see below for
a description of our main results.

2.2. Problem's statement and the FBi-PG algorithm. Motivated by the
above discussion, this paper extends the framework of FISTA proposed in [4] to in-
troduce the Fast Bilevel Proximal Gradient (FBi-PG) algorithm designed specifically
for solving convex bilevel optimization problems. Our approach incorporates the
Tikhonov regularization technique, utilizing a dynamically updated regularization pa-
rameter to enhance the algorithm's performance in achieving a fast scheme. More
precisely, given \gamma > 0, we will use the following sequence of regularizing parameters
\{ \alpha k\} k\in \BbbN , which is defined for an a\in \BbbN such that a\geq 2, by

\alpha k = (k+ a)
 - \gamma 
, k \in \BbbN .(2.3)

For the sake of simplicity of the developments below, we define \alpha  - 1 := 0. Note that we
could have set a\equiv 1. The additional parameter a is introduced here to simplify/unify
our presentation, which also allows us to handle pointwise global convergence, as seen
in section 4.

Before presenting the algorithm, we consider the inner and outer optimization
problems (P) and (OP). Throughout this paper, we will use the following standard
assumption on the problem's data.

Assumption 2.1.
(i) The functions f,\sigma : \BbbR n \rightarrow \BbbR are convex, continuously differentiable, and

have Lipschitz continuous gradients with the Lipschitz parameters \beta f and
\beta \sigma , respectively. We denote \beta \equiv \beta f + \beta \sigma \in \BbbR ++.

(ii) The functions g,\psi : \BbbR n \rightarrow ( - \infty ,\infty ] are proper, lower semicontinuous, and
convex.

(iii) The set X\ast of all optimal solutions of problem (P) is nonempty.
(iv) infx\in \BbbR n \omega (x)\equiv \omega \ast > - \infty .

Moreover, throughout this paper we systematically define, for all k \in \BbbN , the
smooth regularized function fk \equiv f + \alpha k\sigma , the nonsmooth regularized function gk \equiv 
g+ \alpha k\psi , and the regularized function Fk \equiv \varphi + \alpha k\omega .

Remark 2.2. The functions f and \sigma having Lipschitz continuous gradients with
the Lipschitz parameters \beta f and \beta \sigma , respectively. Hence, for any k \in \BbbN , the function
fk also has a Lipschitz continuous gradient with the parameter \beta f + \alpha k\beta \sigma . Since
\alpha k \leq 1, then \beta f + \alpha k\beta \sigma \leq \beta f + \beta \sigma = \beta .

Based on this remark, we see that the regularized objective function Fk also has
a composite structure of the sum of a smooth function fk with a Lipschitz continuous
gradient and a nonsmooth function gk. We can thus apply FISTA [4] on the dynamic
objective Fk, k \in \BbbN , to produce the FBi-PG algorithm, which is described below.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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DYNAMIC FISTA FOR CONVEX BILEVEL OPTIMIZATION 1481

Algorithm 2.1. Fast Bilevel Proximal Gradient.
Input: \gamma > 0 and 2\leq a\in \BbbN .
Initialization: \alpha  - 1 = t - 1 = 0, t0 = 1, and x0 = x - 1 \in \BbbR n.
for k\geq 0 do

\alpha k = (k+ a)
 - \gamma 

fk \equiv f + \alpha k\sigma gk \equiv g+ \alpha k\psi ,(2.4)

yk = xk + t - 1
k (tk - 1  - 1)

\bigl( 
xk  - xk - 1

\bigr) 
,(2.5)

xk+1 = argmin
x\in \BbbR n

\biggl\{ 
gk (x) + xT\nabla fk

\bigl( 
yk
\bigr) 
+
\beta 

2

\bigm\| \bigm\| x - yk
\bigm\| \bigm\| 2\biggr\} ,(2.6)

tk+1 =
k+ 1+ a

a
(2.7)

end for

The FBi-PG algorithm is associated with a parameter \gamma > 0, via the regular-
ization parameter \alpha k = (k + a) - \gamma , which enables the capture of a broad range of
behaviors within a unified framework. Throughout this paper, we establish three
types of theoretical guarantees for the FBi-PG algorithm:

(i) individual convergence rates for the inner or outer problems;
(ii) simultaneous convergence rates for both levels;
(iii) pointwise convergence of the iterates to an optimal solution.
Although simultaneous convergence is the ultimate goal in bilevel optimization,

individual convergence guarantees remain valuable. They offer insight into the algo-
rithm's behavior across regimes, reflect the historical progression of the field, which
focused initially on inner rates, and often serve as foundational steps toward estab-
lishing full simultaneous results.

All our rate results are provided in section 3. We first present our results under
the basic Assumption 2.1, and then show how they can be strengthened under a
H\"olderian error bound for the inner objective function. To help the reader navigate the
results, we provide a summary table outlining the convergence guarantees, underlying
assumptions, and corresponding theorems.2

Table 1
Summary of convergence rate results under various parameter regimes.

Outer
Parameter Inner convergence Relevant
regime convergence lower, upper bound Simul. Thms./Props. Note

\gamma \in (0,1) O(1/k\gamma ) N/A, O(1/k2 - \gamma ) No Thm. 3.9, Prop. 3.8 Outer best iterate

\gamma = 1 O(logk/k) N/A, O(1/k) Yes Thm 3.10 Both best iterate2

\gamma \in (1,2) O(1/k\gamma ) N/A, O(1/k2 - \gamma ) No Thm 3.9, Prop 3.8 Outer best iterate
\gamma \in (1,2) O(1/k2) O(1/k), O(1/k2 - \gamma ) Yes Thm 3.14 H\"olderian EB
\gamma = 2 O(log (k)/k2) N/A No Prop 3.8

\gamma > 2 O(1/k2) N/A No Thm 3.7

Before concluding this section, in the following remark, we briefly discuss the
algorithm's main computational step.

2Both best iterate refers to argmin\{ \omega (x) : x\in \{ xk, \=xk\} \} , where \=xk =
\sum k

s=1 x
s/k.
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1482 ROEY MERCHAV, SHOHAM SABACH, AND MARC TEBOULLE

Remark 2.3 (computation of the prox of the sum of two functions---lifted refor-
mulation). The FBi-PG algorithm needs to compute, at each iteration k \in \BbbN , the
proximal mapping of the sum g + \alpha k\psi , where the two functions g,\psi are assumed
prox-friendly. Most often, this is a difficult and computationally demanding task,
even when both functions are prox-friendly. The nice observation made in [12] pro-
vides a way to bypass this difficulty. The lifting technique proposed in [12] allows us
to eliminate this computational bottleneck by reformulating the bilevel optimization
problem as follows:

min
w\in \BbbR n\times n

\biggl\{ 
\=\omega (w) : w\in argmin

w\in \BbbR n\times n

\=\varphi (w)

\biggr\} 
,

where \=\omega (w)\equiv \sigma (x) +\psi (z), and \=\varphi (w)\equiv f (x) + g (x) + \| x - z\| 2 /2.
The equivalence immediately follows, since in the inner problem any minimizer

w\prime = (x\prime ,z\prime ) must satisfy z\prime = x\prime , with x\prime a minimizer of \=\varphi . Thanks to this lifted
reformulation, applying the Fbi-PG now reduces to computing the prox of the sep-
arable sum g (x) + \alpha k\psi (z), i.e., it reduces to computing separately each of the prox
friendly functions g and \psi . However, it is important to note that the lifted reformu-
lation doubles the ambient dimension. Due to the bilevel setting considered here, this
increase does not translate into a significant computational burden. The structure
of the problem is highly favorable: the outer objective remains block-separable, and
the only coupling between the lifted variables in the inner problem is through a sim-
ple quadratic term. Consequently, the resulting computations remain efficient while
allowing us to bypass the original proximal bottleneck.

3. Rate of convergence analysis of FBi-PG. The section is divided into
three parts, beginning with a few key results that will serve as a foundation for
deriving the main results. In section 3.2, we will first prove (last iterate) individual
inner rates for three different regimes: 0<\gamma < 2, \gamma = 2, and \gamma > 2. In the last regime,
we obtain the fast inner rate, which is the best current known acceleration result.
Then, we will provide (best iterate) outer rate of convergence result for 0 < \gamma < 2.
We conclude this part with our main result, which is a simultaneous (best iterate)
rate of both the inner and outer problems for \gamma = 1. In section 3.3, we will prove
an improved (last iterate) simultaneous rate for 1< \gamma < 2 under the H\"olderian error
bound condition for the inner objective function.

3.1. Main pillars of the analysis. To obtain our basic inequality for the de-
velopment of all the announced results, we will need the following classical proximal
inequality (see [5, Lemma 2.6]).

Proposition 3.1. Let s : \BbbR n \rightarrow \BbbR be a convex and continuously differentiable
function having a Lipschitz continuous gradient with the Lipschitz parameter L > 0,
and let q : \BbbR n \rightarrow ( - \infty ,\infty ] be a proper, lower semicontinuous, and convex function.
For a given vector y \in \BbbR n, we define

x+ := argmin
x\in \BbbR n

\biggl\{ 
q (x) + xT\nabla s (y) + L

2
\| x - y\| 2

\biggr\} 
.

Then, for all u\in dom q, we have

q
\bigl( 
x+
\bigr) 
+ s
\bigl( 
x+
\bigr) 
 - (q (u) + s (u))\leq L

2

\Bigl( 
\| u - y\| 2  - 

\bigm\| \bigm\| u - x+
\bigm\| \bigm\| 2\Bigr) .

At each iteration k \in \BbbN , the steps of FBi-PG can be seen as a direct application
of the well-known FISTA algorithm [4] on the regularized function Fk. The next
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DYNAMIC FISTA FOR CONVEX BILEVEL OPTIMIZATION 1483

technical result can be obtained from, e.g., [5, Lemma 2.7]. However, for the sake of
completeness, we include a simple proof of this result.

Proposition 3.2. Let
\bigl\{ 
xk
\bigr\} 
k\in \BbbN be a sequence generated by FBi-PG. For all k \in \BbbN 

and x\in \BbbR n, we have

t2k
\bigl( 
Fk
\bigl( 
xk+1

\bigr) 
 - Fk (x)

\bigr) 
+
\beta 

2

\bigm\| \bigm\| zk+1  - x
\bigm\| \bigm\| 2 \leq \bigl( t2k  - tk

\bigr) \bigl( 
Fk
\bigl( 
xk
\bigr) 
 - Fk (x)

\bigr) 
+
\beta 

2

\bigm\| \bigm\| zk  - x
\bigm\| \bigm\| 2 ,(3.1)

where we define zk := (1 - tk - 1)x
k - 1 + tk - 1x

k.

Proof. Let k \in \BbbN . From the xk+1 step (see (2.6)), using Proposition 3.1 with
s (\cdot ) = fk (\cdot ), q (\cdot ) = gk (\cdot ), y= yk, x+ = xk+1, u=

\bigl( 
1 - t - 1

k

\bigr) 
xk + t - 1

k x, and L= \beta we
get for any x\in \BbbR n that (recall Fk \equiv fk + gk)

Fk
\bigl( 
xk+1

\bigr) 
\leq Fk

\bigl( \bigl( 
1 - t - 1

k

\bigr) 
xk + t - 1

k x
\bigr) 
+
\beta 

2

\Bigl( \bigm\| \bigm\| \bigl( 1 - t - 1
k

\bigr) 
xk + t - 1

k x - yk
\bigm\| \bigm\| 2

 - 
\bigm\| \bigm\| \bigl( 1 - t - 1

k

\bigr) 
xk + t - 1

k x - xk+1
\bigm\| \bigm\| 2\Bigr) 

= Fk
\bigl( \bigl( 
1 - t - 1

k

\bigr) 
xk + t - 1

k x
\bigr) 
+

\beta 

2t2k

\Bigl( \bigm\| \bigm\| zk  - x
\bigm\| \bigm\| 2  - \bigm\| \bigm\| zk+1  - x

\bigm\| \bigm\| 2\Bigr) ,
where the last equality follows from the definitions of zk and yk (see (2.5)). Since Fk
is convex, the inequality above yields

Fk
\bigl( 
xk+1

\bigr) 
\leq 
\bigl( 
1 - t - 1

k

\bigr) 
Fk
\bigl( 
xk
\bigr) 
+ t - 1

k Fk (x) +
\beta 

2t2k

\Bigl( \bigm\| \bigm\| zk  - x
\bigm\| \bigm\| 2  - \bigm\| \bigm\| zk+1  - x

\bigm\| \bigm\| 2\Bigr) .(3.2)

Subtracting Fk (x) from both sides and multiplying both sides with t2k, we obtain after
rearranging that

t2k
\bigl( 
Fk
\bigl( 
xk+1

\bigr) 
 - Fk (x)

\bigr) 
+
\beta 

2

\bigm\| \bigm\| zk+1  - x
\bigm\| \bigm\| 2 \leq \bigl( 1 - t - 1

k

\bigr) 
t2k
\bigl( 
Fk
\bigl( 
xk
\bigr) 
 - Fk (x)

\bigr) 
+
\beta 

2

\bigm\| \bigm\| zk  - x
\bigm\| \bigm\| 2 ,

which proves the desired result.

From now on, we can no longer apply the rate of convergence results of FISTA
(see [4, Theorem 4.4] or [5, Theorem 2.4]) to obtain relevant faster rates for the
algorithm FBi-PG, and we need a new line of analysis. Indeed, the dynamic nature of
the regularized function Fk, k \in \BbbN , precludes the possibility of using directly the rates
established for FISTA on Fk, unless one either pick a fixed parameter \alpha k \equiv \alpha > 0,
for all k \in \BbbN , or one fixes in advance the iteration counter at some predefined value
k \equiv K. However, neither strategy is practically and theoretically viable. Indeed,
as discussed earlier in section 2 and as also done in [10, 20], in the former case
(among other troubles!) the value of the ``right"" regularizing parameter \alpha is, in
general, not available, and in the latter case it is immediate to see that from (2.2)
with \alpha K := (K + 1)

 - \gamma 
(for some 0<\gamma < 2) one obtains

\omega 
\bigl( 
xK
\bigr) 
 - \omega (x\prime )\leq 

2\beta 
\bigm\| \bigm\| x0  - x\prime 

\bigm\| \bigm\| 2
(K + 1)

2 - \gamma \forall x\prime \in X \prime ,

which shows that the fast rate is lost! Furthermore, in general, it makes no sense to fix
in advance the number of iterations to be performed by the algorithm FBi-PG since,
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1484 ROEY MERCHAV, SHOHAM SABACH, AND MARC TEBOULLE

eventually to warrant convergence of the sequence generated by FBi-PG to an optimal
solution of the bilevel optimization problem (OP), we need to have the sequence of
regularized parameters \{ \alpha k\} k\in \BbbN to converge to 0 as k \rightarrow \infty . The numerical results
presented in section 5 will further illustrate and corroborate this situation. The next
results will be useful to overcome the alluded difficulties.

For convenience, we define for all k \in \BbbN 

dk := t2k - 1  - 
\bigl( 
t2k  - tk

\bigr) 
and \eta k := t2k - 1\alpha k - 1  - 

\bigl( 
t2k  - tk

\bigr) 
\alpha k.(3.3)

We note that our choice of tk satisfies t2k - tk \leq t2k - 1 for all k \in \BbbN . Indeed, with a\geq 2,
we have that

t2k - 1  - t2k + tk =
\Bigl( 
(a - 1)

2
+ (a - 2)k

\Bigr) 
/a2 > 0.

We note that since t2k  - tk \leq t2k - 1, then dk = t2k - 1  - 
\bigl( 
t2k  - tk

\bigr) 
\geq 0 for all k \in \BbbN .

Likewise, using the definition of \alpha k (see (2.4)) we have that \alpha k < \alpha k - 1 and thus
\eta k = t2k - 1\alpha k - 1  - 

\bigl( 
t2k  - tk

\bigr) 
\alpha k \geq t2k - 1 (\alpha k - 1  - \alpha k)> 0 for all k \in \BbbN .

Proposition 3.3. Let
\bigl\{ 
xk
\bigr\} 
k\in \BbbN be a sequence generated by FBi-PG. For all k \in \BbbN 

and x\prime \in X \prime , we have

t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x

\prime )
\bigr) 
\leq \beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2  - k - 1\sum 
s=0

\eta s (\omega (xs) - \omega (x\prime )) .(3.4)

Proof. From Proposition 3.2 (see (3.1)) we have for all k \in \BbbN and x\in \BbbR n that

t2k
\bigl( 
Fk
\bigl( 
xk+1

\bigr) 
 - Fk (x)

\bigr) 
+
\beta 

2

\bigm\| \bigm\| zk+1  - x
\bigm\| \bigm\| 2 \leq \bigl( t2k  - tk

\bigr) \bigl( 
Fk
\bigl( 
xk
\bigr) 
 - Fk (x)

\bigr) 
+
\beta 

2

\bigm\| \bigm\| zk  - x
\bigm\| \bigm\| 2 .(3.5)

Now, using the definition of Fk \equiv \varphi + \alpha k\omega , we get that\bigl( 
t2k  - tk

\bigr) \bigl( 
Fk
\bigl( 
xk
\bigr) 
 - Fk (x)

\bigr) 
=
\bigl( 
t2k  - tk

\bigr) \bigl( 
\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x)

\bigr) 
+
\bigl( 
t2k  - tk

\bigr) 
\alpha k
\bigl( 
\omega 
\bigl( 
xk
\bigr) 
 - \omega (x)

\bigr) 
= t2k - 1

\bigl( 
\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x)

\bigr) 
+ (t2k  - tk  - t2k - 1)

\bigl( 
\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x)

\bigr) 
+
\bigl( 
\alpha k - 1t

2
k - 1  - \eta k

\bigr) \bigl( 
\omega 
\bigl( 
xk
\bigr) 
 - \omega (x)

\bigr) 
= t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x)

\bigr) 
 - dk

\bigl( 
\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x)

\bigr) 
 - \eta k

\bigl( 
\omega 
\bigl( 
xk
\bigr) 
 - \omega (x)

\bigr) 
,(3.6)

where the second equality follows from the fact that
\bigl( 
t2k  - tk

\bigr) 
\alpha k = t2k - 1\alpha k - 1  - \eta k

while the last equality follows from the definition of Fk - 1 \equiv \varphi + \alpha k - 1\omega and the fact
that t2k  - tk  - t2k - 1 = - dk. Combining it with (3.5) for k= s yields that

t2s
\bigl( 
Fs
\bigl( 
xs+1

\bigr) 
 - Fs (x)

\bigr) 
+
\beta 

2

\bigm\| \bigm\| zs+1  - x
\bigm\| \bigm\| 2 \leq t2s - 1 (Fs - 1 (x

s) - Fs - 1 (x)) +
\beta 

2
\| zs  - x\| 2

 - ds (\varphi (xs) - \varphi (x)) - \eta s (\omega (xs) - \omega (x)) .(3.7)
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Summing (3.7) over s= 0,1, . . . , k - 1 results in

t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x)

\bigr) 
+
\beta 

2

\bigm\| \bigm\| zk  - x
\bigm\| \bigm\| 2 \leq t2 - 1

\bigl( 
F - 1

\bigl( 
x0
\bigr) 
 - F - 1 (x)

\bigr) 
+
\beta 

2

\bigm\| \bigm\| z0  - x
\bigm\| \bigm\| 2

 - 
k - 1\sum 
s=0

ds (\varphi (xs) - \varphi (x))

 - 
k - 1\sum 
s=0

\eta s (\omega (xs) - \omega (x)) .(3.8)

Since \varphi is proper (see Assumption 2.1) and \alpha  - 1 = 0, it follows that F - 1 \equiv \varphi +\alpha  - 1\omega =
\varphi <\infty , along with the facts that t - 1 = 0 and x0 = z0, we obtain from (3.8) that

t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x)

\bigr) 
+
\beta 

2

\bigm\| \bigm\| zk  - x
\bigm\| \bigm\| 2 \leq \beta 

2

\bigm\| \bigm\| x0  - x
\bigm\| \bigm\| 2  - k - 1\sum 

s=0

ds (\varphi (xs) - \varphi (x))

 - 
k - 1\sum 
s=0

\eta s (\omega (xs) - \omega (x)) .(3.9)

Eliminating the nonnegative term \beta \| zk  - x\| 2/2 on the left-hand side, and plugging
x= x\prime \in X \prime in (3.9) it follows that

t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x

\prime )
\bigr) 
\leq \beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2  - k - 1\sum 
s=0

ds (\varphi (xs) - \varphi (x\prime ))

 - 
k - 1\sum 
s=0

\eta s (\omega (xs) - \omega (x\prime )) .(3.10)

Since x\prime \in X \prime we have that \varphi (xs) - \varphi (x\prime ) \geq 0 for all s \in \BbbN , and since ds \geq 0 for all
s\in \BbbN , the desired result follows.

We conclude this part with the following result.

Proposition 3.4. Let
\bigl\{ 
xk
\bigr\} 
k\in \BbbN be a sequence generated by FBi-PG. For all k \in \BbbN 

and x\prime \in X \prime , we have

t2k - 1

\bigl( 
\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )

\bigr) 
\leq \beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + (\omega (x\prime ) - \omega \ast )

k - 1\sum 
s=0

\alpha sts.(3.11)

Proof. Let k \in \BbbN . For the simplicity of the proof we define the following non-
negative quantities (recall that \omega \ast = infx\in \BbbR n \omega (x)) \Omega max := \omega (x\prime )  - \omega \ast and \Omega k :=
\omega 
\bigl( 
xk
\bigr) 
 - \omega \ast , k \in \BbbN . Using the definition of Fk - 1 \equiv \varphi + \alpha k - 1\omega in Proposition 3.3 (see

(3.4)) we obtain

t2k - 1

\bigl( 
\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )

\bigr) 
+ \alpha k - 1t

2
k - 1 (\Omega k  - \Omega max)\leq 

\beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2  - k - 1\sum 
s=0

\eta s (\Omega s  - \Omega max) .

Now, since \eta k > 0 and \Omega k \geq 0 for all k \in \BbbN , it follows from the above inequality that

t2k - 1

\bigl( 
\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )

\bigr) 
 - \alpha k - 1t

2
k - 1\Omega max \leq 

\beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 +\Omega max

k - 1\sum 
s=0

\eta s.(3.12)
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1486 ROEY MERCHAV, SHOHAM SABACH, AND MARC TEBOULLE

To complete the proof, note that from the definition of \eta k = \alpha k - 1t
2
k - 1  - 

\bigl( 
t2k  - tk

\bigr) 
\alpha k,

we have that

k - 1\sum 
s=0

\eta s =

k - 1\sum 
s=0

\bigl( 
\alpha s - 1t

2
s - 1  - \alpha st

2
s

\bigr) 
+

k - 1\sum 
s=0

\alpha sts = \alpha  - 1t
2
 - 1  - \alpha k - 1t

2
k - 1 +

k - 1\sum 
s=0

\alpha sts

= - \alpha k - 1t
2
k - 1 +

k - 1\sum 
s=0

\alpha sts,

where the last equality follows from the fact that \alpha  - 1 = t - 1 = 0. Plugging it in (3.12),
the desired result follows.

In this section, we established several results for FBi-PG that will serve as the
foundation for our main convergence analysis. As noted earlier, our algorithm can be
interpreted as a dynamic version of FISTA, where the objective functions vary with
each iteration. This dynamic nature introduces significant challenges in the analysis,
which deviates notably from the classical FISTA framework. A closer look at the basic
inequality in Proposition 3.2 reveals that (3.1) nearly exhibits a telescoping structure.
However, the difficulty arises from the iteration-dependent objective function Fk. In
Proposition 3.3, we address this issue, but at the cost of introducing an additional
term in (3.4), which subsequently implies a more involved analysis and influences the
strength of the results we can obtain.

3.2. Rates of convergence of FBi-PG. In this part, we will prove three types
of rate of convergence results: on the inner objective function, on the outer objective
function, and simultaneously on both the inner and outer objective functions. All the
results under the standard Assumption 2.1.

We begin with two technical lemmas to simplify the proofs afterwards. The first
one was proved in [17, Lemma 4.3].

Lemma 3.5. Let n1 \in \BbbN and n2 \in \BbbN \cup \{ \infty \} be such that n1 \leq n2. Then, for any
0< r < 1, we have

n2\sum 
n=n1

n - r \leq n1 - r2  - (n1  - 1)1 - r

1 - r
.

The result remains true for r > 1 when n1 \geq 2.

The proof of the following lemma is provided in Appendix C.

Lemma 3.6. For all k\geq 1, the following inequality holds true:

k - 1\sum 
s=0

\alpha sts \leq 

\left\{       
\Bigl( 
(k+ a - 1)

2 - \gamma  - 1
\Bigr) 
(2 - \gamma )

 - 1
, 0<\gamma < 2,

ln (k+ a - 1) , \gamma = 2,\Bigl( 
1 - (k+ a - 1)

2 - \gamma 
\Bigr) 
(\gamma  - 2)

 - 1
, \gamma > 2.

(3.13)

3.2.1. Inner rates of convergence. We next establish an accelerated conver-
gence rate of order O(1/k2) for the inner objective when \gamma > 2. While this result
mirrors the optimal rate in single-level settings and appears to be the first fast inner
rate result, it is worth noting that, in the absence of a corresponding outer guarantee,
its bilevel relevance is primarily illustrative of the algorithm's behavior in this regime.
To the best of our knowledge, achieving simultaneous results in the \gamma > 2 regime is
an open problem.
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Theorem 3.7 (fast inner rate for \gamma > 2). Let \{ xk\} k\in \BbbN be a sequence generated
by FBi-PG with \gamma > 2. For all k \in \BbbN and x\prime \in X \prime , the following inequality holds true:

\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )\leq a2

2 (k+ 1)
2

\biggl( 
\beta 
\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + 2

\gamma  - 2
(\omega (x\prime ) - \omega \ast )

\biggr) 
.(3.14)

Proof. From Proposition 3.4 (see (3.11)) we have that

t2k - 1

\bigl( 
\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )

\bigr) 
\leq \beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + (\omega (x\prime ) - \omega \ast )

k - 1\sum 
s=0

\alpha sts.

Multiplying both sides by t - 2
k - 1 > 0 yields that

\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )\leq t - 2

k - 1

\beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + (\omega (x\prime ) - \omega \ast ) t - 2
k - 1

k - 1\sum 
s=0

\alpha sts.(3.15)

Now, from Lemma 3.6 with \gamma > 2, we have that

t - 2
k - 1

k - 1\sum 
s=0

\alpha sts \leq 
t - 2
k - 1

\gamma  - 2

\Bigl( 
1 - (k+ a - 1)

2 - \gamma 
\Bigr) 
\leq 
t - 2
k - 1

\gamma  - 2
,

which combined with (3.15) yields that (recall that \omega (x\prime )  - \omega \ast \geq 0 since \omega \ast =
infx\in \BbbR n \omega (x))

\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )\leq t - 2

k - 1

\beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + t - 2
k - 1

\gamma  - 2
(\omega (x\prime ) - \omega \ast )

=
t - 2
k - 1

2

\biggl( 
\beta 
\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + 2

\gamma  - 2
(\omega (x\prime ) - \omega \ast )

\biggr) 
.

The desired result now follows from the fact that t - 1
k - 1 = a/ (k+ a - 1) \leq a/ (k+ 1),

where the inequality follows from the fact that a\geq 2.

While our primary goal was to achieve a fast rate of convergence, the results
obtained above also enable us to derive the following rates of convergence concerning
the inner problem. These rates are instrumental for deriving the additional results,
particularly simultaneous rates pertaining to both the inner and outer optimization
problems.

Proposition 3.8 (inner rate for 0<\gamma \leq 2). Let
\bigl\{ 
xk
\bigr\} 
k\in \BbbN be a sequence generated

by FBi-PG. For all k \in \BbbN and x\prime \in X \prime , we have

\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )\leq a2\beta 

2 (k+ 1)
2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + a2ck

(k+ 1)
2 (\omega (x\prime ) - \omega \ast ) ,(3.16)

where

ck =

\Biggl\{ 
(2 - \gamma )

 - 1
(k+ 1)

2 - \gamma 
, 0<\gamma < 2,

ln (k+ a - 1) , \gamma = 2.
(3.17)
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1488 ROEY MERCHAV, SHOHAM SABACH, AND MARC TEBOULLE

Proof. From (3.15), we obtain that

\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )\leq t - 2

k - 1

\beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + (\omega (x\prime ) - \omega \ast ) t - 2
k - 1

k - 1\sum 
s=0

\alpha sts

\leq a2\beta 

2 (k+ 1)
2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + (\omega (x\prime ) - \omega \ast ) t - 2
k - 1

k - 1\sum 
s=0

\alpha sts,

where the last inequality follows from the fact that t - 1
k - 1 = a/ (k+ a - 1)\leq a/ (k+ 1)

since we used the fact that a\geq 2. To obtain the desired result, we split the proof to
two cases. If \gamma = 2, we immediately get from Lemma 3.6 that

t - 2
k - 1

k - 1\sum 
s=0

\alpha sts \leq t - 2
k - 1 ln (k+ a - 1) =

a2 ln (k+ a - 1)

(k+ a - 1)
2 \leq a2 ln (k+ a - 1)

(k+ 1)
2 ,

where the last inequality follows from the fact that a\geq 2. Moreover, when 0<\gamma < 2,
we have from Lemma 3.6 that

t - 2
k - 1

k - 1\sum 
s=0

\alpha sts \leq 
t - 2
k - 1 (k+ a - 1)

2 - \gamma  - t - 2
k - 1

2 - \gamma 
\leq a2

(2 - \gamma ) (k+ a - 1)
\gamma \leq a2

(2 - \gamma ) (k+ 1)
\gamma ,

where the second inequality follows from the definition of tk (see (2.7)) after eliminat-
ing the term t2k - 1 \geq 0 and the last inequality follows from the fact that a \geq 2. This
concludes the proof.

3.2.2. Outer rate of convergence. Now, we can prove the upper rate of con-
vergence in terms of the outer objective error.

Theorem 3.9 (upper outer rate for 0 < \gamma < 2). Let \{ xk\} k\in \BbbN be a sequence
generated by FBi-PG with \gamma \in (0,2). For all k \in \BbbN and x\prime \in X \prime , the following
inequality holds true:

min
1\leq s\leq k

\omega (xs) - \omega (x\prime )\leq a2\beta 

2 (k+ 1)
2 - \gamma 

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 .(3.18)

Proof. For the simplicity of the proof, we denote \=\eta k = 1/
\sum k
s=1 \eta s > 0 (recall that

\eta k > 0 for all k \in \BbbN ; see (3.3)). We first prove the result under the assumption that
\=\eta k - 1

\sum k - 1
s=1 \eta s\omega (xs) - \omega (x\prime )\geq 0. Indeed, in this case, we have that

0\leq \=\eta k - 1

k - 1\sum 
s=1

\eta s\omega (xs) - \omega (x\prime ) = \=\eta k - 1

k - 1\sum 
s=1

\eta s (\omega (xs) - \omega (x\prime )) ,

and therefore,

0\leq 
k - 1\sum 
s=1

\eta s (\omega (xs) - \omega (x\prime )) =

k - 1\sum 
s=0

\eta s (\omega (xs) - \omega (x\prime )) ,(3.19)

where the equality follows from the fact that \eta 0 = 0. Using Proposition 3.3 (see (3.4))
combined with (3.19), we get that

t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x

\prime )
\bigr) 
\leq \beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2  - k - 1\sum 
s=0

\eta s (\omega (xs) - \omega (x\prime ))\leq \beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 .
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DYNAMIC FISTA FOR CONVEX BILEVEL OPTIMIZATION 1489

From the definition of Fk - 1 \equiv \varphi + \alpha k - 1\omega we get that

t2k - 1

\bigl( 
\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )

\bigr) 
+ \alpha k - 1t

2
k - 1

\bigl( 
\omega 
\bigl( 
xk
\bigr) 
 - \omega (x\prime )

\bigr) 
= t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x

\prime )
\bigr) 

\leq \beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 ,
and since \varphi (xk) - \varphi (x\prime ) \geq 0 for all k \in \BbbN , after dividing both sides by t2k - 1\alpha k - 1 we
then obtain that

\omega 
\bigl( 
xk
\bigr) 
 - \omega (x\prime )\leq \alpha  - 1

k - 1t
 - 2
k - 1

\beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 = a2\beta 

2 (k+ a - 1)
2 - \gamma 

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 ,(3.20)

where the last equality follows from the definitions of \alpha k and tk (see (2.4) and
(2.7), respectively). Recalling that a \geq 2 immediately proves (3.18) since obvi-
ously min1\leq s\leq k \omega (xs) \leq \omega 

\bigl( 
xk
\bigr) 
. Since the proof was done under the assumption

that \=\eta k - 1

\sum k - 1
s=1 \eta s\omega (xs) - \omega (x\prime )\geq 0, we note that if

\=\eta k - 1

k - 1\sum 
s=1

\eta s\omega (xs) - \omega (x\prime )\leq 0,(3.21)

then we have that

min
1\leq s\leq k

\omega (xs) - \omega (x\prime )\leq min
1\leq s\leq k - 1

\omega (xs) - \omega (x\prime )\leq \=\eta k - 1

k - 1\sum 
s=1

\eta s\omega (xs) - \omega (x\prime )\leq 0,

and therefore, (3.18) is obviously true.

3.2.3. Simultaneous rates of convergence. Now, we prove a simultaneous
ergodic rate of convergence for both the inner and outer optimization problems. Sim-
ilarly to Theorem 3.9, for the outer optimization problem, the rate is an upper bound.

Theorem 3.10 (simultaneous rates for \gamma = 1). Let
\bigl\{ 
xk
\bigr\} 
k\in \BbbN be a sequence gen-

erated by FBi-PG with \gamma = 1. For all k \in \BbbN and x\prime \in X \prime , the following inequalities
hold true:

\varphi 
\bigl( 
\~xk
\bigr) 
 - \varphi (x\prime )\leq \pi 2a2\beta 

12k

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + a2 ln (k+ 1)

k
(\omega (x\prime ) - \omega \ast ) ,(3.22)

and

\omega 
\bigl( 
\~xk
\bigr) 
 - \omega (x\prime )\leq a2\beta 

2 (k+ 1)

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 ,(3.23)

where \~xk = argmin
\bigl\{ 
\omega (x) : x\in 

\bigl\{ 
xk, \=xk

\bigr\} \bigr\} 
and \=xk =

\sum k
s=1 x

s/k.

Proof. In order to prove (3.22), for all 1\leq s\leq k, we get from Proposition 3.8 (see
(3.16)) with k= s that (recall that \gamma = 1, and hence cs \equiv s+ 1)

\varphi (xs) - \varphi (x\prime )\leq a2\beta 

2 (s+ 1)
2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + a2

s+ 1
(\omega (x\prime ) - \omega \ast ) .(3.24)
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1490 ROEY MERCHAV, SHOHAM SABACH, AND MARC TEBOULLE

Therefore, from the convexity of \varphi we obtain that

\varphi 
\bigl( 
\=xk
\bigr) 
 - \varphi (x\prime )\leq 1

k

k\sum 
s=1

(\varphi (xs) - \varphi (x\prime ))

\leq 1

k

k\sum 
s=1

\Biggl( 
a2\beta 

2 (s+ 1)
2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + a2

s+ 1
(\omega (x\prime ) - \omega \ast )

\Biggr) 

=
1

k

\Biggl( 
a2\beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 k+1\sum 
s=2

1

s2
+ a2 (\omega (x\prime ) - \omega \ast )

k+1\sum 
s=2

1

s

\Biggr) 
.

Now, using classical results we have that
\sum k+1
s=2 s

 - 2 <\pi 2/6 and
\sum k+1
s=2 s

 - 1 \leq ln (k+ 1),
which implies that

\varphi 
\bigl( 
\=xk
\bigr) 
 - \varphi (x\prime )\leq \pi 2a2\beta 

12k

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + a2 ln (k+ 1)

k
(\omega (x\prime ) - \omega \ast ) .(3.25)

Again from Proposition 3.8 (see (3.16)) and recall that \gamma = 1 (hence ck \equiv k + 1), we
obtain that

\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )\leq a2\beta 

2 (k+ 1)
2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + a2

k+ 1
(\omega (x\prime ) - \omega \ast )

\leq \pi 2a2\beta 

12k

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + a2 ln (k+ 1)

k
(\omega (x\prime ) - \omega \ast ) ,(3.26)

where the last inequality follows from the fact that 1/2 < \pi 2/12 and thanks to the
convexity of the function t ln(t) for t \geq 0 we have that k < (k+ 1) ln (k+ 1). This
concludes the proof of (3.22) due to the definition of \~xk by combining (3.25) and
(3.26).

Now, in order to prove (3.23), since \gamma = 1 and with tk = (k+ a)/a (see (2.7)) we
get from the definition of \alpha k (see (2.4)) that

\eta k = \alpha k - 1t
2
k - 1  - \alpha kt

2
k + \alpha ktk =

k+ a - 1

a2
 - k+ a

a2
+

1

a
=
a - 1

a2
.(3.27)

Hence, \=\eta k := 1/
\sum k
s=1 \eta k = a2/ (k (a - 1)) for all k \in \BbbN , and therefore, \=xk =

\sum k
s=1 x

s/k

= \=\eta k
\sum k
s=1 \eta sx

s.
Following the proof of Theorem 3.9 (see (3.20) and (3.21)), we easily obtain that

min

\Biggl\{ 
\omega 
\bigl( 
xk
\bigr) 
, \=\eta k

k\sum 
s=1

\eta s\omega (xs)

\Biggr\} 
 - \omega (x\prime )\leq a2\beta 

2 (k+ 1)

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 .(3.28)

Moreover, from the convexity of \omega , we get that

\omega 
\bigl( 
\=xk
\bigr) 
\leq 1

k

k\sum 
s=1

\omega (xs) =
a2

k (a - 1)

k\sum 
s=1

\eta s\omega (xs) = \=\eta k

k\sum 
s=1

\eta s\omega (xs) ,

where the first and last equalities follow from the facts that \eta k = (a - 1)/a2 and
\=\eta k = a2/ (k (a - 1)), respectively. Integrating it into (3.28) yields that

min
\bigl\{ 
\omega 
\bigl( 
xk
\bigr) 
, \omega 
\bigl( 
\=xk
\bigr) \bigr\} 

 - \omega (x\prime )\leq min

\Biggl\{ 
\omega 
\bigl( 
xk
\bigr) 
, \=\eta k

k\sum 
s=1

\eta s\omega (xs)

\Biggr\} 
 - \omega (x\prime )

\leq a2\beta 

2 (k+ 1)

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 .
The desired result now follows immediately from the definition of \~xk.
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DYNAMIC FISTA FOR CONVEX BILEVEL OPTIMIZATION 1491

3.3. Improved simultaneous rates. This section provides simultaneous con-
vergence rates that enjoy three benefits in comparison to the simultaneous rates pro-
vided in section 3.2 (see Theorem 3.10). First, the rates are on the last-iterate rather
than on the best-ergodic iterate. Second, the order of convergence is improved in this
section. Third, the new simultaneous rates include an outer lower convergence rate
too (see Table 1). To obtain the improved simultaneous rates of convergence, we will
impose a H\"olderian type error bound assumption on the inner objective function \varphi .
For more details and examples of functions satisfying such a property, we refer the
interested readers to [6]. At this juncture3 we note that [1] and, very recently, [7]
examined conditions weaker than the H\"olderian error bound in their study of bilevel
optimization problems in Hilbert spaces via continuous-time dynamics. In addition,
[7] also investigated accelerated methods and their asymptotic convergence.

We recall now the definition of H\"olderian type error bound.

Definition 3.11 (H\"olderian type EB). A proper, lower semicontinuous, and con-
vex function h :\BbbR n\rightarrow ( - \infty ,+\infty ] satisfies an H\"olderian error bound with a parameter
\tau > 0 if for all x\in \BbbR n

\tau \cdot dist (x,argminh)
2 \leq h (x) - min

z\in \BbbR n
h (z) .(3.29)

Throughout this section, we make the following additional assumption.

Assumption 3.12. The following items hold:
(i) \varphi satisfies the H\"olderian error bound with a parameter \tau > 0.
(ii) ri (dom\omega )\cap riX \prime \not = \emptyset .
(iii) \omega (x\prime )<\infty for x\prime \in X \prime .

Item (iii) is a very mild and natural requirement. Because X \prime \subseteq X\ast , the condition
simply asserts that the outer objective remains finite on the set of feasible lower-
level solutions. Any well-posed bi-level optimization model must already satisfy this;
otherwise, the upper-level problem would be ill-defined.

Before establishing the promised improved simultaneous rates of convergence, we
first need the following simple bound for \eta k, k \in \BbbN , which will be used throughout the
section. The proof of this result is provided in Appendix C.

Lemma 3.13. 1<\gamma < 2. For all k \in \BbbN , one has

\eta k <
1

2
(k+ 1)

1 - \gamma 
.(3.30)

In the next theorem, we establish the improved simultaneous convergence rates.

Theorem 3.14 (simultaneous rates under H\"olderian EB for 1 < \gamma < 2). Let
\{ xk\} k\in \BbbN be a sequence generated by FBi-PG with 1 < \gamma < 2. For all k \in \BbbN and
x\prime \in X \prime , the following inequalities hold true:

(i) \varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )\leq aC

(k+1)2
,

(ii) \omega (x\prime ) - \omega 
\bigl( 
xk
\bigr) 
\leq C

a2(k+1) ,

(iii) \omega 
\bigl( 
xk
\bigr) 
 - \omega (x\prime )\leq C

(k+1)2 - \gamma ,

where C = a2max\{ \beta \| x0  - x\prime \| 2 + (\omega (x\prime )  - \omega \ast ), a3\rho 2\tau  - 1 (\gamma  - 1)
 - 2\} and \rho = \| \xi \| for

some \xi \in \partial \omega (x\prime ).

3We thank a referee for pointing out to us the work [1], and the very recently posted Arxiv
manuscript [7].
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1492 ROEY MERCHAV, SHOHAM SABACH, AND MARC TEBOULLE

Proof. For the simplicity of the proof, we denote \Phi k =\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime ) for all k \in \BbbN .

We will prove the first item using an induction argument on k \in \BbbN . For k = 1, we
obtain from Proposition 3.4 that (recall that t0 = 1)

\Phi 1 = t - 1
0

\bigl( 
\varphi 
\bigl( 
x1
\bigr) 
 - \varphi (x\prime )

\bigr) 
\leq \beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + (\omega (x\prime ) - \omega \ast )\alpha 0t0 \leq 
C

2a2
\leq aC

4
,

where the second inequality follows from the definition of C and the fact that a0 =
a - \gamma < 1/2 since \gamma > 1 and a \geq 2, and the last inequality also follows from the fact
that a\geq 2. This proves the induction base with k= 1.

Let k \in \BbbN . We assume now that item (i) is true for all 1\leq s\leq k  - 1 and we will
prove it for s= k. For all 1\leq s\leq k - 1, we have that

\xi T (x\prime  - xs) = \xi T (x\prime  - PX\ast (xs)) + \xi T (PX\ast (xs) - xs)\leq \xi T (PX\ast (xs) - xs) ,(3.31)

where PX\ast denotes the orthogonal projection onto the nonempty set X\ast . It should
be noted that the last inequality follows from the first-order optimality condition
of the minimization of \omega + \delta X\ast (which is convex, lsc, and proper, thanks to As-
sumption 3.12(ii) which implies that \omega (x\prime ) + \delta X\ast (x\prime ) <\infty ), which reads (recall that
X \prime = argmin\{ \omega (x) : x\in X\ast \} ):

0\in \partial (\omega + \delta X\ast ) (x\prime ) = \xi + \partial \delta X\ast (x\prime ) = \xi +NX\ast (x\prime ),

where \xi \in \partial \omega (x\prime ), and the first equality above holds thanks to the standard constraint
qualification (cf. Asummption B (ii)). Therefore, with the definition of the normal
cone NX\ast (\cdot ) it follows that \xi T (x\prime  - u)\leq 0 for all u\in X\ast . Therefore, since PX\ast (xs)\in 
X\ast , one has \xi T (x\prime  - PX\ast (xs)) \leq 0. Now, using the H\"olderian error bound of the
function \varphi (see Assumption 3.12(i)) yields

\xi T (PX\ast (xs) - xs)\leq \| \xi \| \cdot \| PX\ast (xs) - xs\| = \rho \cdot dist (xs,X\ast )\leq \rho \surd 
\tau 

\sqrt{} 
\Phi s,(3.32)

where the equality follows from the facts that \| \xi \| = \rho and the definition of the distance
function. Hence, using the gradient inequality on the convex function \omega , we obtain
that (recall that \xi \in \partial \omega (x\prime ))

\omega (x\prime ) - \omega (xs)\leq \xi T (x\prime  - xs)\leq \xi T (PX\ast (xs) - xs)\leq \rho \surd 
\tau 

\sqrt{} 
\Phi s,(3.33)

where the second inequality follows from (3.31) and the last inequality follows from
(3.32). Using the induction assumption on \Phi s for all 1 \leq s \leq k  - 1, we have thus
obtained

\omega (x\prime ) - \omega (xs)\leq \rho \surd 
\tau 

\sqrt{} 
\Phi s \leq 

\rho 
\surd 
a
\surd 
C\surd 

\tau 
(s+ 1)

 - 1
.(3.34)

Therefore, using (3.30) and (3.34), we obtain that (recall that \eta 0 = 0)

k - 1\sum 
s=0

\eta s (\omega (x\prime ) - \omega (xs)) =

k - 1\sum 
s=1

\eta s (\omega (x\prime ) - \omega (xs))\leq \rho 
\surd 
a
\surd 
C

2
\surd 
\tau 

k - 1\sum 
s=1

(s+ 1)
 - \gamma 

=
\rho 
\surd 
a
\surd 
C

2
\surd 
\tau 

k\sum 
s=2

s - \gamma .
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DYNAMIC FISTA FOR CONVEX BILEVEL OPTIMIZATION 1493

Using Lemma 3.5 with n1 = 2, n2 = k, and r= \gamma > 1, we have

k - 1\sum 
s=0

\eta s (\omega (x\prime ) - \omega (xs))\leq \rho 
\surd 
a
\surd 
C

2
\surd 
\tau 

k\sum 
s=2

s - \gamma =
\rho 
\surd 
a
\surd 
C

2
\surd 
\tau 

\cdot 1
1 - \gamma  - k1 - \gamma 

\gamma  - 1

\leq \rho 
\surd 
a
\surd 
C

2
\surd 
\tau (\gamma  - 1)

.(3.35)

From Proposition 3.3 and (3.35), we get that

t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x

\prime )
\bigr) 
\leq \beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2  - k - 1\sum 
s=0

\eta s (\omega (xs) - \omega (x\prime ))

\leq \beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + \rho 
\surd 
a
\surd 
C

2
\surd 
\tau (\gamma  - 1)

.

Hence, from the definition of C, we get

t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x

\prime )
\bigr) 
\leq C

2a2
+

\surd 
C

2
\cdot 
\surd 
C

a2
=
C

a2
.(3.36)

Moreover, using (3.33) with s= k, we have that

\omega 
\bigl( 
xk
\bigr) 
 - \omega (x\prime )\geq  - \rho \surd 

\tau 

\sqrt{} 
\Phi k.

Using this, the definition of Fk - 1 \equiv \varphi + \alpha k - 1\omega and (3.36) yields that

\Phi k  - 
\rho \alpha k - 1\surd 

\tau 

\sqrt{} 
\Phi k \leq \Phi k + \alpha k - 1

\bigl( 
\omega 
\bigl( 
xk
\bigr) 
 - \omega (x\prime )

\bigr) 
= Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x

\prime )\leq 
Ct - 2

k - 1

a2

\leq C

(k+ 1)
2 ,(3.37)

where the last inequality follows from the fact that t - 1
k - 1 = a/ (k+ a - 1)\leq a/ (k+ 1)

since a \geq 2. Now, we will prove the induction step by splitting the proof into two
cases. First, we assume that

\Phi k
a

\leq \Phi k  - 
\rho \alpha k - 1\surd 

\tau 

\sqrt{} 
\Phi k.

Using (3.37) yields that

\Phi k
a

\leq \Phi k  - 
\rho \alpha k - 1\surd 

\tau 

\sqrt{} 
\Phi k \leq 

C

(k+ 1)
2 ,

and therefore, we obviously have that \Phi k \leq aC/ (k+ 1)
2
, as required. Second, we

assume the converse, that is

\Phi k  - 
\rho \alpha k - 1\surd 

\tau 

\sqrt{} 
\Phi k <

\Phi k
a
.

Therefore, by rearranging the inequality we get that \Phi k(a - 1)/a < (\rho \alpha k - 1/
\surd 
\tau )

\surd 
\Phi k.

Dividing both sides by (a - 1)
\surd 
\Phi k/a and then squaring both sides yields

\Phi k <
a2\rho 2

\tau (a - 1)2
\alpha 2
k - 1 \leq 

a2\rho 2

\tau (a - 1)2
(k+ 1)

 - 2 \leq a2\rho 2

\tau (\gamma  - 1)
2 (k+ 1)

 - 2 \leq C

a3 (k+ 1)
2 ,
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1494 ROEY MERCHAV, SHOHAM SABACH, AND MARC TEBOULLE

where the second inequality follows from the definition of \alpha k - 1 = (k+ a - 1)
 - \gamma 

<
(k+ 1)

 - 1
since \gamma > 1 and a \geq 2, the third inequality follows from the fact that

0<\gamma  - 1<a - 1 since a\geq 2 and 1<\gamma < 2 while the last inequality follows again from
the definition of C. Thus, we obtain that \Phi k \leq aC/ (k+ 1)

2
since a\geq 2, which proves

the desired result.
Now, we will prove the second item. Using (3.34) with s= k, yields

\omega (x\prime ) - \omega 
\bigl( 
xk
\bigr) 
\leq \rho 

\surd 
a
\surd 
C\surd 

\tau 
(k+ 1)

 - 1 \leq \rho 
\surd 
a
\surd 
C\surd 

\tau (\gamma  - 1)
(k+ 1)

 - 1 \leq C

a2
(k+ 1)

 - 1
,

where the second inequality follows from the fact that 1 < (\gamma  - 1)
 - 1

since 1 < \gamma < 2
and the last inequality follows from the definition of C. For proving the last item,
using (3.36), we have that

\alpha k - 1

\bigl( 
\omega 
\bigl( 
xk
\bigr) 
 - \omega (x\prime )

\bigr) 
\leq \Phi k+\alpha k - 1

\bigl( 
\omega 
\bigl( 
xk
\bigr) 
 - \omega (x\prime )

\bigr) 
=Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x

\prime )\leq 
Ct - 2

k - 1

a2
,

where the first inequality follows from the fact that \Phi k \geq 0 and the equality follows
from the definition of Fk - 1 \equiv \varphi + \alpha k - 1\omega . Hence, immediately from the definitions of
\alpha k and tk (see (2.4) and (2.7), respectively) we obtain that

\omega 
\bigl( 
xk
\bigr) 
 - \omega (x\prime )\leq 

Ct - 2
k - 1

a2\alpha k - 1
=

C

(k+ a - 1)
2 - \gamma \leq C

(k+ 1)
2 - \gamma ,

where the last inequality follows from the fact that a - 1\geq 1 since a\geq 2. This proves
the desired result.

Before concluding this section, we note that, as explained in Remark 2.3, applying
FBi-PG to the lifted problem avoids the need to compute the proximal mapping of the
sum of two functions. In the following remark, we record the effect on the convergence
rates using the lifted problem.

Remark 3.15. Following Remark 2.3, applying any of our convergence rate results
to the lifted inner objective \=\varphi yields the bound \=\varphi 

\bigl( 
wk
\bigr) 
 - \=\varphi (w\prime ) \leq \scrR I

k, where \scrR I
k

denotes any of the upper bound (which depends of the choice of \gamma ) as derived in
Theorems 3.7 and 3.10 and Proposition 3.8. As a consequence, recalling that \=\varphi (w\prime ) =
\varphi (x\prime ), it is immediate to deduce that

\varphi 
\bigl( 
xk
\bigr) 
 - \varphi (x\prime )\leq \scrR I

k and
\bigm\| \bigm\| xk  - zk

\bigm\| \bigm\| \leq \sqrt{} \scrR I
k.

This demonstrates that the lifting approach enables us to completely circumvent the
need for computing the proximal mapping of the composite term \sigma + \psi , while still
retaining the original convergence rates for the inner problem. The situation for
the outer objective is more subtle. While at optimality we have \=\omega (w\prime ) = \omega (x\prime ) (since
x\prime = z\prime ), this equality does not hold, in general. This can be circumvented by assuming
that \psi is L\psi -Lipschitz continuous. Applying our convergence rate results in the lifted
objective \=\omega yielding the bound \=\omega (wk)  - \=\omega (w\prime ) \leq \scrR O

k , where \scrR O
k depends on \gamma as

established in Theorems 3.9 and 3.10. It is then easy to show that the outer rate for
the original outer objective function satisfies

\omega 
\bigl( 
xk
\bigr) 
 - \omega (x\prime )\leq \scrR O

k +L\psi 
\bigm\| \bigm\| xk  - zk

\bigm\| \bigm\| \leq \scrR O
k +L\psi 

\sqrt{} 
\scrR I
k.

In summary, by adopting the lifting approach, we eliminate the computational bot-
tleneck associated with evaluating the proximal mapping of a composite term, while
preserving the inner convergence rates derived in our analysis. For the outer problem,
we must pay a price, which is expressed in terms of an additional Lipschitz continuity
assumption, and a potentially weaker rate, due to the added Lipschitz error term.
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DYNAMIC FISTA FOR CONVEX BILEVEL OPTIMIZATION 1495

4. Pointwise convergence analysis. This section is devoted for proving that
the sequence \{ xk\} k\in \BbbN generated by FBi-PG converges to an optimal solution of the
bilevel optimization problem (OP). This result is achieved under Assumption 3.12,
meaning in the setting where the inner objective function \varphi (\cdot ) satisfies the H\"olderian
error bound property. Moreover, throughout this section we assume that the sequences
\{ \alpha k\} k\in \BbbN and \{ tk\} k\in \BbbN are defined with 1<\gamma < 2 and a> 2.

As already mentioned, each iteration of FBi-PG can be seen as an iteration of
FISTA applied to the regularized function Fk. Unfortunately, due to the dynamic
nature of the regularizing sequence \{ \alpha k\} k\in \BbbN , much like we could not apply the con-
vergence rate results of FISTA to get corresponding fast rate for FBi-PG, we also
cannot directly apply the existing pointwise convergence results of FISTA established
in [9] to derive the corresponding convergence of the sequence \{ xk\} k\in \BbbN generated by
FBi-PG to an optimal solution of the bilevel optimization problem (OP). Neverthe-
less, inspired by the proof techniques developed in [9], below we show that within a
similar line of proof, we can adapt and extend their result for handling the bilevel
setting.

Throughout the rest of this section, we will define for all k \in \BbbN and x\prime \in X \prime the
following two quantities:

\delta k =
1

2

\bigm\| \bigm\| xk  - xk - 1
\bigm\| \bigm\| 2 and \mu k =

1

2

\bigm\| \bigm\| xk  - x\prime \bigm\| \bigm\| 2 .(4.1)

The main tasks of the forthcoming analysis will be to establish that both sequences
\{ \delta k\} k\in \BbbN and \{ \mu k\} k\in \BbbN converge, from which the culminating main convergence result
will follow by standard arguments.

We begin with a technical lemma (see Appendix B for the proof), which will be
useful in proving the main result.

Lemma 4.1. Let \{ xk\} k\in \BbbN be a sequence generated by FBi-PG with 1<\gamma < 2 and
a> 2. Then, there exists M > 0 such that

\sum k - 1
s=0 ts - 1\delta s <M for all k \in \BbbN .

For all s\in \BbbN , we define \pi s,k = 1 for k < s and otherwise we define

\pi s,k :=

k\prod 
j=s

\lambda j ,(4.2)

where \lambda k := t - 1
k (tk - 1  - 1) for all k \in \BbbN .

The following bound is based on a result obtained in [9] with a minor modification
to our setting. Its proof is provided in Appendix C.

Lemma 4.2. For all s\geq 1 we have that
\infty \sum 
k=0

\pi s,k \leq 
5a

2
ts - 1.

The next theorem proves that the FBi-PG's sequence, \{ xk\} k\in \BbbN , is convergent to
an optimal solution of the bilevel problem (OP).

Theorem 4.3 (pointwise convergence under H\"olderian EB for 1 < \gamma < 2). Let
\{ xk\} k\in \BbbN be a sequence generated by FBi-PG with 1 < \gamma < 2 and a > 2. Then, the
sequence \{ xk\} k\in \BbbN converges to some x\prime \in X \prime .

Proof. Let x\prime \in X \prime . Since X \prime \subset X\ast , it follows that 0\in \partial \varphi (x\prime ) =\nabla f (x\prime )+\partial g (x\prime ).
Therefore,  - \nabla f (x\prime )\in \partial g (x\prime ). Taking v\prime \in \partial \psi (x\prime ), it follows that

 - \nabla f (x\prime ) + \alpha kv
\prime \in \partial g (x\prime ) + \alpha k\partial \psi (x\prime )\subset \partial (g+ \alpha k\psi ) (x

\prime ) = \partial gk (x
\prime ) ,(4.3)
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1496 ROEY MERCHAV, SHOHAM SABACH, AND MARC TEBOULLE

where the inclusion follows from standard convex subdifferential calculus [3] and the
last equality follows from the definition of gk \equiv g + \alpha k\psi . Writing the optimality
condition of the proximal step (2.6) yields that

\beta 
\bigl( 
yk  - xk+1

\bigr) 
 - \nabla fk

\bigl( 
yk
\bigr) 
\in \partial gk

\bigl( 
xk+1

\bigr) 
.

Now, since the function gk is convex, it follows that its subdifferential \partial gk is a mono-
tone mapping [3]. Therefore, we have that

0\leq 
\bigl\langle 
\beta 
\bigl( 
yk  - xk+1

\bigr) 
 - \nabla fk

\bigl( 
yk
\bigr) 
 - ( - \nabla f (x\prime ) + \alpha kv

\prime ) ,xk+1  - x\prime \bigr\rangle 
=
\bigl\langle 
\beta 
\bigl( 
yk  - xk+1

\bigr) 
 - \nabla fk

\bigl( 
yk
\bigr) 
+\nabla fk (x\prime ) - \alpha k (\nabla \sigma (x\prime ) + v\prime ) ,xk+1  - x\prime \bigr\rangle 

= \beta 
\bigl\langle 
yk  - xk+1,xk+1  - x\prime \bigr\rangle + \bigl\langle \nabla fk (x\prime ) - \nabla fk

\bigl( 
yk
\bigr) 
,xk+1  - x\prime \bigr\rangle 

+ \alpha k
\bigl\langle 
\nabla \sigma (x\prime ) + v\prime ,x\prime  - xk+1

\bigr\rangle 
,(4.4)

where the first equality follows from the fact that fk \equiv f + \alpha k\sigma . Since fk is convex
and has a Lipschitz continuous gradient with a parameter \beta (see Remark 2.2), the
latter is also (1/\beta )-co-coercive mapping and hence we have\bigl\langle 

\nabla fk (x\prime ) - \nabla fk
\bigl( 
yk
\bigr) 
,xk+1  - x\prime \bigr\rangle = \bigl\langle \nabla fk (x\prime ) - \nabla fk

\bigl( 
yk
\bigr) 
,xk+1  - yk + yk  - x\prime \bigr\rangle 

\leq 
\bigl\langle 
\nabla fk (x\prime ) - \nabla fk

\bigl( 
yk
\bigr) 
,xk+1  - yk

\bigr\rangle 
 - 1

\beta 

\bigm\| \bigm\| \nabla fk (x\prime ) - \nabla fk
\bigl( 
yk
\bigr) \bigm\| \bigm\| 2

\leq 1

\beta 

\bigm\| \bigm\| \nabla fk (x\prime ) - \nabla fk
\bigl( 
yk
\bigr) \bigm\| \bigm\| 2 + \beta 

4

\bigm\| \bigm\| xk+1  - yk
\bigm\| \bigm\| 2

 - 1

\beta 

\bigm\| \bigm\| \nabla fk (x\prime ) - \nabla fk
\bigl( 
yk
\bigr) \bigm\| \bigm\| 2

=
\beta 

4

\bigm\| \bigm\| xk+1  - yk
\bigm\| \bigm\| 2 ,(4.5)

where the last inequality follows from the fact that uTw\leq \| u\| 2 /\beta +\beta \| w\| 2 /4 for all
u,w\in \BbbR n and \beta > 0. Combining (4.4) and (4.5) yields after dividing both sides by \beta 
that

0\leq 
\bigl\langle 
yk  - xk+1,xk+1  - x\prime \bigr\rangle + 1

4

\bigm\| \bigm\| xk+1  - yk
\bigm\| \bigm\| 2 + \xi k+1,(4.6)

where \xi k \equiv \alpha k - 1

\bigl\langle 
\nabla \sigma (x\prime ) + v\prime ,x\prime  - xk

\bigr\rangle 
/\beta for all k \in \BbbN . Moreover, using the funda-

mental Pythagoras identity, we obtain that\bigl\langle 
yk  - xk+1,xk+1  - x\prime \bigr\rangle = \bigl\langle yk  - xk,xk+1  - x\prime \bigr\rangle + \bigl\langle xk  - xk+1,xk+1  - x\prime \bigr\rangle 

=
\bigl\langle 
yk  - xk,xk+1  - x\prime \bigr\rangle 
+

1

2

\Bigl( \bigm\| \bigm\| xk  - x\prime \bigm\| \bigm\| 2  - \bigm\| \bigm\| xk+1  - x\prime \bigm\| \bigm\| 2  - \bigm\| \bigm\| xk+1  - xk
\bigm\| \bigm\| 2\Bigr) 

=
\bigl\langle 
yk  - xk,xk+1  - x\prime \bigr\rangle + \mu k  - \mu k+1  - \delta k+1,(4.7)

where the third equality follows from the definitions of \delta k and \mu k (see (4.1)). Since
\lambda k = t - 1

k (tk - 1 - 1) we can write from (2.5) that yk - xk = \lambda k(x
k - xk - 1). Using again

the fundamental Pythagoras identity we obtain that\bigl\langle 
yk  - xk,xk+1  - x\prime \bigr\rangle = \bigl\langle yk  - xk,xk+1  - xk

\bigr\rangle 
+
\bigl\langle 
yk  - xk,xk  - x\prime \bigr\rangle 

=
\bigl\langle 
yk  - xk,xk+1  - xk

\bigr\rangle 
+ \lambda k

\bigl\langle 
xk  - xk - 1,xk  - x\prime \bigr\rangle 

=
\bigl\langle 
yk  - xk,xk+1  - xk

\bigr\rangle 
+ \lambda k (\mu k  - \mu k - 1 + \delta k) .(4.8)
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DYNAMIC FISTA FOR CONVEX BILEVEL OPTIMIZATION 1497

Another application of the Pythagoras identity yields that\bigl\langle 
yk  - xk,xk+1  - xk

\bigr\rangle 
=

1

2

\Bigl( \bigm\| \bigm\| yk  - xk
\bigm\| \bigm\| 2  - \bigm\| \bigm\| xk+1  - yk

\bigm\| \bigm\| 2 + \bigm\| \bigm\| xk+1  - xk
\bigm\| \bigm\| 2\Bigr) 

= \lambda 2k\delta k  - 
1

2

\bigm\| \bigm\| xk+1  - yk
\bigm\| \bigm\| 2 + \delta k+1,(4.9)

where the last equality uses the fact that yk - xk = \lambda k
\bigl( 
xk  - xk - 1

\bigr) 
and the definition of

\delta k. Combining (4.6), (4.7), (4.8), and (4.9) yields after eliminating - \| xk+1  - yk\| 2/4\leq 
0 that

\mu k+1  - \mu k \leq \lambda k (\mu k  - \mu k - 1 + \delta k) + \lambda 2k\delta k + \xi k+1

= \lambda k (\mu k  - \mu k - 1) +
\bigl( 
\lambda 2k + \lambda k

\bigr) 
\delta k + \xi k+1.(4.10)

Using the fact that \lambda k + \lambda 2k \leq 2\lambda k since \lambda 2k \leq \lambda k (recall that \lambda k \leq 1 for all k \in \BbbN ), we
obtain

\mu k+1  - \mu k \leq \lambda k (\mu k  - \mu k - 1) + 2\lambda k\delta k + \xi k+1.(4.11)

By defining \theta k = [\mu k  - \mu k - 1]+ := max\{ 0, \mu k  - \mu k - 1\} for all k \geq 1, it follows from
(4.11) that

\theta k+1 = [\mu k+1  - \mu k]+

\leq 
\bigl[ 
\lambda k (\mu k  - \mu k - 1) + 2\lambda k\delta k + \xi k+1

\bigr] 
+

\leq \lambda k\theta k + 2\lambda k[\delta k]+ +
\bigl[ 
\xi k+1

\bigr] 
+

= \lambda k (\theta k + 2\delta k) +
\bigl[ 
\xi k+1

\bigr] 
+
,(4.12)

where the first inequality follows from the fact that [x]+ \leq [y]+ when x\leq y, the second
inequality follows from the fact that [x+ y]+ \leq [x]+ + [y]+, and the equality follows
from the fact that \lambda k, \delta k \geq 0. Thus, applying (4.12) successively yields, for all k \geq 2,
that (we use the convention that

\prod k
j=k+1 \lambda j = 1)

\theta k+1 \leq \lambda k\theta k + 2\lambda k\delta k +
\bigl[ 
\xi k+1

\bigr] 
+

\leq \lambda k

\Bigl( 
\lambda k - 1(\theta k - 1 + 2\delta k - 1) +

\bigl[ 
\xi k
\bigr] 
+

\Bigr) 
+ 2\lambda k\delta k +

\bigl[ 
\xi k+1

\bigr] 
+

= \lambda k\lambda k - 1\theta k - 1 + 2\lambda k\lambda k - 1\delta k - 1 + 2\lambda k\delta k + \lambda k
\bigl[ 
\xi k
\bigr] 
+
+
\bigl[ 
\xi k+1

\bigr] 
+

=

k\prod 
j=2

\lambda j\theta 2 + 2

k\sum 
s=2

k\prod 
j=s

\lambda j\delta s +

k+1\sum 
s=3

k\prod 
j=s

\lambda j [\xi 
s]+

\leq 2

k\sum 
s=2

k\prod 
j=s

\lambda j\delta s +

k+1\sum 
s=2

k\prod 
j=s

\lambda j [\xi 
s]+

= 2

k\sum 
s=2

\pi s,k\delta s +

k+1\sum 
s=2

\pi s,k [\xi 
s]+ ,(4.13)

where the last inequality follows from (4.12) with k= 1 which implies that \theta 2 \leq 
\bigl[ 
\xi 2
\bigr] 
+

since \lambda 1 = 0 (recall \lambda 1 = t - 1
1 (t0  - 1) = 0) and the last equality follows from the

definition of \pi s,k (see (4.2)). Note that the inequality (4.13) also holds true for k= 1
under the convention that

\sum 1
s=2 \pi s,k\delta s = 0 (recall that \pi 2,1 = 1). Therefore, summing

(4.13) from k= 0 to \infty , we have
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1498 ROEY MERCHAV, SHOHAM SABACH, AND MARC TEBOULLE

\infty \sum 
k=0

\theta k+1 \leq 2

\infty \sum 
k=0

k\sum 
s=2

\pi s,k\delta s +

\infty \sum 
k=0

k+1\sum 
s=2

\pi s,k [\xi 
s]+(4.14)

\leq 2

\infty \sum 
k=0

\infty \sum 
s=2

\pi s,k\delta s +

\infty \sum 
k=0

\infty \sum 
s=2

\pi s,k [\xi 
s]+

= 2

\infty \sum 
s=2

\Biggl( \infty \sum 
k=0

\pi s,k

\Biggr) 
\delta s +

\infty \sum 
s=2

\Biggl( \infty \sum 
k=0

\pi s,k

\Biggr) 
[\xi s]+

\leq 5a

\infty \sum 
s=2

ts - 1\delta s +
5a

2

\infty \sum 
s=2

ts - 1 [\xi 
s]+ ,

where the last inequality follows from Lemma 4.2. Next, we show that \{ \theta k\} k\in \BbbN is
summable. This goal will be achieved by showing that each of the two terms on the
right-hand side of (4.14) is finite. From Lemma 4.1 there exists M1 > 0 such that

\infty \sum 
s=2

ts - 1\delta s \leq 
\infty \sum 
s=0

ts - 1\delta s \leq M1,

proving the finiteness of the first term. Now, from the definition of \xi k and since
\nabla \sigma (x\prime ) + v\prime \in \partial \omega (x\prime ) (recall that \omega \equiv \sigma +\psi and v\prime \in \partial \psi (x\prime )), we have that

\xi k =
\alpha k - 1

\beta 

\bigl\langle 
\nabla \sigma (x\prime ) + v\prime ,x\prime  - xk

\bigr\rangle 
=
\alpha k - 1

\beta 

\bigl\langle 
\xi ,x\prime  - xk

\bigr\rangle 
,

with \xi \in \partial \omega (x\prime ), and hence we obtain that

\xi k =
\alpha k - 1

\beta 

\bigl\langle 
\xi ,x\prime  - xk

\bigr\rangle 
\leq \rho \alpha k - 1

\beta 
\surd 
\tau 

\sqrt{} 
\varphi (xk) - \varphi (x\prime )\leq \rho \alpha k - 1

\surd 
aC

\beta 
\surd 
\tau (k+ 1)

\leq \rho 
\surd 
aC

\beta 
\surd 
\tau (k+ 1)

1+\gamma ,(4.15)

where the first inequality follows from (3.31) combined with (3.32), the second inequal-
ity follows from Theorem 3.14(i), and the last inequality follows from the definition
of \alpha k := (k+ a)

 - \gamma 
(see (2.3)) and the fact that (k+ a - 1)

 - \gamma 
< (k+ 1)

 - \gamma 
since a> 2.

Therefore, from (4.15), we deduce that

\infty \sum 
s=1

ts - 1 [\xi 
s]+ \leq \rho 

\surd 
aC

\beta 
\surd 
\tau 

\infty \sum 
s=1

ts - 1

(s+ 1)
1+\gamma \leq \rho 

\surd 
aC

2\beta 
\surd 
\tau 

\infty \sum 
s=1

1

(s+ 1)
\gamma =

\rho 
\surd 
aC

2\beta 
\surd 
\tau 

\infty \sum 
s=2

1

s\gamma 

=
\rho 
\surd 
aC

2\beta 
\surd 
\tau 
\cdot 1

\gamma  - 1
,(4.16)

where the second inequality follows from the fact that ts - 1 = (s - 1)/a+1\leq (s - 1)/2+
1= (s+ 1)/2 (recall that a> 2) and the last inequality follows from Lemma 3.5 with
n1 = 2, n2 =\infty , and r= \gamma > 1. This proves the finiteness of the second term in (4.14)
and therefore completes the proof that \{ \theta k\} k\in \BbbN is summable.

Now, we define ak = \mu k  - 
\sum k
s=1 \theta s and since \mu k \geq 0 for all k \in \BbbN and \{ \theta k\} k\in \BbbN 

is summable, we see that \{ ak\} k\in \BbbN is bounded from below. On the other hand, since
\theta k = [\mu k  - \mu k - 1]+, we get that

ak+1 = \mu k+1  - \theta k+1  - 
k\sum 
s=1

\theta s \leq \mu k+1  - \mu k+1 + \mu k  - 
k\sum 
s=1

\theta s = ak,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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and hence \{ ak\} k\in \BbbN is also a nonincreasing sequence and thus is convergent. Since

\mu k = ak +
\sum k
s=1 \theta s and both sequences converge, it follows that \{ \mu k\} k\in \BbbN converges.

To complete the proof, we will prove that the limit is zero. Since \{ \mu k\} k\in \BbbN converges,
it is also bounded, and therefore, from the definition of \mu k, k \in \BbbN , we also obtain
that \{ xk\} k\in \BbbN is bounded. Hence, it has at least one converging subsequence, which
we denote by

\bigl\{ 
xjk
\bigr\} 
k\in \BbbN and its limit point with \~x. From the fact that \varphi is lower

semicontinuous (see Assumption 2.1)) and using Theorem 3.14(i), it follows that

\varphi (\~x)\leq lim inf
k\rightarrow \infty 

\varphi 
\bigl( 
xjk
\bigr) 
=\varphi (x\prime ) .

Similarly, we obtain that \omega (\~x)\leq \omega (x\prime ). Since x\prime \in X \prime , these two facts yield that \~x \in 
X \prime . On the other hand, as we proved above, the sequence \{ 

\bigm\| \bigm\| xk  - x
\bigm\| \bigm\| \} k\in \BbbN converges

for all x\in X \prime and, in particular, for x= \~x. Thus,

lim
k\rightarrow \infty 

\bigm\| \bigm\| xk  - \~x
\bigm\| \bigm\| = lim

k\rightarrow \infty 

\bigm\| \bigm\| xjk  - \~x
\bigm\| \bigm\| = 0,

which concludes the proof.

5. Numerical results. This section is devoted to evaluating FBi-PG numeri-
cally and comparing its performance with existing algorithms that are proposed to
solve convex bilevel optimization problems. For this purpose, we will follow the numer-
ical experimental set-up of [17]. Here is the description of the numerical experiments.
We conduct two experiments on real-world problems,

\bullet Songs release year prediction using linear regression.
\bullet Fake news classification using logistic regression.

In each experiment, we run FBi-PG with three parameters \gamma = 1.3, \gamma = 1.5, and \gamma = 3
(all with a = 2), which corresponds to three possible inner rates of convergence (see
Theorem 3.7 and Proposition 3.8), and compare it to the following algorithms:

(i) Bi-SG of [17] with \alpha = 0.95 and c= 1.
(ii) FISTA [4] applied on the regularized problem (2.1) with a fixed regularization

parameter \alpha K = 1/K when the number of iterations is K = 105.
(iii) BIG-SAM [19], where we applied the algorithm on the Moreau envelope of \omega 

(instead of \omega itself), since it is a nonsmooth function. Therefore, it is worth
noting that BiG-SAM in this case tackles the smoothed bilevel problem rather
than the original nonsmooth bilevel problem. We use \delta = 1.

(iv) aPG-APG [10], where we used the same values for the parameters as the
ones used in the numerical experiments in [10]. These are \gamma = 2 - 5, v = 20,
\eta = 10, and \epsilon = 10 - 6.

All experiments were run on 11th Gen Intel Core i7-1195G7 @ 2.90 GHz--2.92 GHz
with a total RAM memory of 16 GB and four physical cores. We run each algorithm
from the same starting point x0 = 0 and provide details about both the inner and
outer optimization problems. In terms of the inner optimization problem, for each
method 1\leq l\leq 5, we record the following measure over iterations:

\Delta l\varphi (k) :=\varphi 
\Bigl( 
xk(l)

\Bigr) 
 - \varphi \ast ,

where xk(l) is the point computed by the method l after k iterations, and \varphi \ast is the

optimal value of \varphi , which we compute using an off-the-shelf solver.4

As for the outer optimization problem, we present a plot that records the progress
of the values of \omega versus  - log(\Delta l\varphi (k)), namely the number of accuracy digits, for

4https://scikit-learn.org/stable/modules/generated/sklearn.linear model.LogisticRegression
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(a) Value of the inner objective function
vs. number of iterations.

(b) Number of accuracy digits of the inner
problem vs. value of the outer objective
function.

Fig. 1. The progress of the algorithms. In the right-hand side plot, the blue line is ``short"" due
to the low level of accuracy achieved in solving the inner problem, as can be seen from the left-hand
side plot.

an algorithm l at iteration k. This plot aims at understanding the behavior of the
algorithm in solving both the inner and outer optimization problems. On the x-axis,
we plot the values of  - log(\Delta l\varphi (k)), which is an indicator of how accurately the inner
problem has been solved. On the y-axis, we plot the values of the outer objective
function \omega as we get more accurate in solving the inner problem. Since the x - axis
represents the negative of (the log of) the optimality gap of the inner-level problem,
algorithms that were not able to achieve a good accuracy in solving the inner problem
appear as a ``short"" line in this plot. Among the algorithms that achieve a good
accuracy in the inner optimality gap, we seek the algorithm that obtains the minimal
value of \omega .

5.1. Songs release year prediction using linear regression. In this exper-
iment, we used the YearPredictionMSD dataset5 to train a linear regression model to
predict song release years. We considered a sample of the dataset consisting of 2,000
uniformly i.i.d. randomly selected songs (without replacement). For each sample, we
use A to denote the feature matrix induced from it. Therefore, the (i, j) entry of A is
the value of the jth attribute of the ith song in the sample. In addition, we use b to
denote the release year of the songs in the sample. That is, the ith entry in b is the
release year of the ith song in the sample. Our goal is to train a predictor by finding
a weights vector x that minimizes the following objective function:

\varphi (x) =
1

2N
\| Ax - b\| 2 ,

where N is the number of songs in the sample. In this case, we consider the outer
objective function \omega \equiv \| \cdot \| 1. It should be noted that this inner objective function
indeed satisfies the H\"olderian error bound property [6].

In this experiment, as can be seen on Figure 1, we observe that the fixed regular-
ization parameter we utilized performs comparably to the FBi-PG algorithm with all
values of \gamma . However, as discussed in this paper, the major drawback of this approach
is the inability to determine the ``right"" regularization parameter in advance when
solving a problem. This will be illustrated numerically in the forthcoming additional
example.

5https://archive.ics.uci.edu/ml/datasets/yearpredictionmsd
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(a) Value of the inner objective function
vs. number of iterations.

(b) Number of accuracy digits of the inner
problem vs. value of the outer objective
function.

Fig. 2. The progress of the algorithms. In the left-hand side plot, the purple line, which is
FISTA Fixed, ``gets stuck"" after 104 iterations due to the fixed regularization parameter.

5.2. Fake news classification using logistic regression. Following the prob-
lem description in [17], we present the optimization model immediately. We are given
a matrix A \in \BbbR N\times m and a vector z \in \BbbR N , which contains the labels of the articles.
The corresponding logistic loss function is defined by

\varphi (x)\equiv 1

N

N\sum 
i=1

\bigl( 
log
\bigl( 
w
\bigl( 
xTai

\bigr) \bigr) 
zi + log

\bigl( 
1 - w

\bigl( 
xTai

\bigr) \bigr) 
(1 - zi)

\bigr) 
,

where w :\BbbR \rightarrow \BbbR ++ is the sigmoid function defined by w (t) = expt / (1 + expt) and z=
(z1,z2, . . . ,zN )

T
for which zi \in \{ 0,1\} . We note that the logistic loss function satisfies

the H\"olderian error bound property [12] and therefore our improved simultaneous rate
and convergence guarantees proven in Theorems 3.14 and 4.3 are valid, respectively.

In this example, the bilevel approach can be used here to reduce the number of
features in the vector x obtained from minimizing the logistic loss \varphi (\cdot ). In other
words, we wish to find the sparsest vector in between all the minimizers of the logistic
regression function \varphi (\cdot ). Therefore, we take the following classical outer objective
function:

\omega (x) = \| x\| 1 .

In our experiment, as can be seen on Figure 2, we seek to differentiate between fake and
genuine newspaper articles using a dataset from a Kaggle competition6 comprising
10,413 real and 10,387 fake news articles. Each article is accompanied by textual
content and its authenticity status. We randomly uniformly select 500 fake and real
newspapers, employing the preprocessing steps from [17], and represent each article
with 250 features as detailed in [17].

In this case, we observe that the fixed regularization parameter we choose doesn't
solve the bilevel optimization problem; it ``gets stuck"" when solving the inner problem.
This means that for our choice of regularizing parameter, optimal solutions of the
regularized problem don't coincide with optimal solutions of the bilevel optimization
problem. However, we see in the left-hand side plot that all versions of FBi-PG solve
the inner problem. Moreover, as our theory shows, the inner rate of FBi-PG is getting
better as \gamma increases.

6Refer to https://link.springer.com/article/10.1007/s10107-016-1091-6.
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Appendix A. A generic rate for a fixed regularized problem. We show
a generic rate result which is independent of the structure of the bilevel problem and
of any single-level optimization algorithm when using a fixed regularizing parameter.
We describe this formally as follows.

\bullet Let F : \BbbR n \rightarrow ( - \infty ,+\infty ] be a lower semicontinuous, proper, and convex
function that is bounded from below and satisfies some other hypothesis,
which we quantify by writing F \in \scrH .

\bullet Assume that a fixed regularizing parameter is known in advance for the reg-
ularized bilevel problem, namely, the solution of the regularized problem co-
incides with the solution of the bilevel problem.

\bullet Any optimization algorithm\scrA which generates iteratively a sequence \{ xk\} k\in \BbbN 
for minimizing F \in \scrH enjoys a proven convergence rate, in the sense that, for
any k \in \BbbN , we have

F
\bigl( 
xk
\bigr) 
 - F (x\ast )\leq \scrR k,

where \scrR k is the rate of convergence and x\ast is a minimizer of F .
We will use this single-level algorithm to solve bilevel optimization problems. Let \varphi 
and \omega be the inner and outer objective functions of the bilevel problem, and for a
predefined iteration indexK \in \BbbN , we consider the regularized objective FK :=\varphi +\alpha K\omega 
where \alpha K > 0 is the fixed regularizing parameter known in advance, and such that
FK \in \scrH . Under this scenario, we have the following generic rate result.

Theorem A.1. Let xK be the output after running K iterations of algorithm \scrA 
for minimizing the function FK . Then,

\varphi 
\bigl( 
xK
\bigr) 
 - \varphi (x\prime )\leq \scrR K + \alpha K (\omega (x\prime ) - \omega \ast ) and \omega 

\bigl( 
xK
\bigr) 
 - \omega (x\prime )\leq \alpha  - 1

K \scrR K ,

where x\prime is an optimal solution of the bilevel optimization problem and \omega \ast = infx\in \BbbR n

\omega (x).

Proof. Applying K iterations of the algorithm \scrA to minimize FK we obviously
get that

FK
\bigl( 
xK
\bigr) 
 - FK (x\ast 

K)\leq \scrR K ,(A.1)

where x\ast 
K is a minimizer of FK which is also a minimizer of the bilevel problem since

\alpha K is a fixed regularization parameter that was chosen that way. Using the definition
of FK , and since \varphi (xK) - \varphi (x\prime )\geq 0, we immediately deduce from (A.1) the following
(recall that x\ast 

K = x\prime ):

\alpha K
\bigl( 
\omega 
\bigl( 
xK
\bigr) 
 - \omega (x\prime )

\bigr) 
\leq \varphi 

\bigl( 
xK
\bigr) 
 - \varphi (x\prime ) + \alpha K

\bigl( 
\omega 
\bigl( 
xK
\bigr) 
 - \omega (x\prime )

\bigr) 
= FK

\bigl( 
xK
\bigr) 
 - FK (x\ast 

K)\leq \scrR K ,

which proves the rate of convergence for the outer problem. For the inner problem,
using again (A.1), we get

\varphi 
\bigl( 
xK
\bigr) 
 - \varphi (x\prime )=FK

\bigl( 
xK
\bigr) 
 - FK (x\prime )+\alpha K

\bigl( 
\omega (x\prime ) - \omega 

\bigl( 
xK
\bigr) \bigr) 

\leq \scrR K+\alpha K (\omega (x\prime ) - \omega \ast ) ,

which completes the proof.
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Appendix B. Proof of Lemma 4.1. We begin with two technical lemmas
that will be useful in proving the required result. Before doing so, we recall the
definitions of the sequences \{ dk\} k\in \BbbN and \{ \eta k\} k\in \BbbN , which will be used below, and
are, respectively, defined by

dk := t2k - 1  - 
\bigl( 
t2k  - tk

\bigr) 
and \eta k := t2k - 1\alpha k - 1  - 

\bigl( 
t2k  - tk

\bigr) 
\alpha k.

We begin with a result that will be used in what follows.

Lemma B.1. Let
\bigl\{ 
xk
\bigr\} 
k\in \BbbN be a sequence generated by FBi-PG with 1<\gamma < 2 and

a > 2. Suppose that \{ bk\} k\in \BbbN \subseteq \BbbR + is a sequence satisfying bk \leq b\eta k for all k \in \BbbN and

some b > 0. Then, there exists M > 0 such that
\sum k - 1
s=0 bs(\omega (x

\prime ) - \omega (xs))\leq M for all
k \in \BbbN and x\prime \in X \prime .

Proof. Let k \in \BbbN . From Theorem 3.14(ii), we have for all k \in \BbbN that

k - 1\sum 
s=0

bs (\omega (x\prime ) - \omega (xs))\leq 
k - 1\sum 
s=0

bs [\omega (x\prime ) - \omega (xs)]+ \leq C

a2

k - 1\sum 
s=0

bs (s+ 1)
 - 1
,(B.1)

where [x]+ \equiv max\{ 0, x\} . Using (3.30), we have that bs \leq b\eta s < b (s+ 1)
1 - \gamma 

/2 for all
s\in \BbbN . Thus, we obtain that bs (s+ 1)

 - 1 \leq b (s+ 1)
 - \gamma 
/2. Now, from Lemma 3.5 with

n1 = 2, n2 = k, and r= \gamma > 1, we get that

k - 1\sum 
s=0

(s+ 1)
 - \gamma 

=

k\sum 
s=1

s - \gamma = 1+

k\sum 
s=2

s - \gamma \leq 1 +
11 - \gamma  - k1 - \gamma 

\gamma  - 1
\leq 1 +

1

\gamma  - 1
=

\gamma 

\gamma  - 1
.(B.2)

Combining (B.1) with (B.2) yields the desired result.

Before proving Lemma 4.1 about the summability of the sequence \{ tk - 1\delta k - 1\} k\in \BbbN ,
we prove the summability of the sequence \{ dk(\varphi 

\bigl( 
xk
\bigr) 
 - \varphi (x\prime ))\} k\in \BbbN .

Lemma B.2. Let \{ xk\} k\in \BbbN be a sequence generated by FBi-PG with 1<\gamma < 2 and
a > 2. Then, there exists M > 0 such that

\sum k - 1
s=0 ds(\varphi (x

s) - \varphi (x\prime ))<M for all k \in \BbbN 
and x\prime \in X \prime .

Proof. Let k \in \BbbN and x\prime \in X \prime . From the proof of Proposition 3.3 (cf. (3.10)), we
have that

t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x

\prime )
\bigr) 
\leq \beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2  - k - 1\sum 
s=0

ds (\varphi (xs) - \varphi (x\prime ))

 - 
k - 1\sum 
s=0

\eta s (\omega (xs) - \omega (x\prime )) .

Rearranging this inequality yields that

t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x

\prime )
\bigr) 
+

k - 1\sum 
s=0

ds (\varphi (xs) - \varphi (x\prime ))\leq \beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2
+

k - 1\sum 
s=0

\eta s (\omega (x\prime ) - \omega (xs)) .(B.3)

Since x\prime \in X \prime , it follows that \varphi (xk) - \varphi (x\prime )\geq 0. Thus, combining with the fact that
Fk - 1 \equiv \varphi + \alpha k - 1\omega , it follows from Theorem 3.14(ii) that

t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x

\prime )
\bigr) 
\geq \alpha k - 1t

2
k - 1

\bigl( 
\omega 
\bigl( 
xk
\bigr) 
 - \omega (x\prime )

\bigr) 
\geq  - \alpha k - 1t

2
k - 1

C

a2 (k+ 1)
.
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Using now the definitions \alpha k and tk (see (2.4) and (2.7), respectively) yields that

t2k - 1

\bigl( 
Fk - 1

\bigl( 
xk
\bigr) 
 - Fk - 1 (x

\prime )
\bigr) 
\geq  - C (k+ a - 1)

2 - \gamma 

a4 (k+ 1)
\geq  - C (k+ a - 1)

a4 (k+ 1)
\geq  - C (ak+ a)

a4 (k+ 1)

= - C

a3
,

where the second inequality from the fact that (k+ a - 1)
2 - \gamma \leq k+a - 1 since 2 - \gamma < 1

(recall that \gamma > 1) and a - 1 > 0 (recall that a > 2), and the last inequality follows
from the fact that k + a - 1 < k + a < ak + a since a > 1. By plugging it into (B.3)
and adding C/a3 to both sides, we get that

k - 1\sum 
s=0

ds (\varphi (xs) - \varphi (x\prime ))\leq C

a3
+
\beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 + k - 1\sum 
s=0

\eta s (\omega (x\prime ) - \omega (xs)) .(B.4)

Applying Lemma B.1 with bk \equiv \eta k and b= 1 it follows that there exists \~M > 0 such
that

\sum k - 1
s=0 \eta s(\omega (x\prime ) - \omega (xs))\leq \~M . Hence, using this bound in (B.4) yields the desired

result.

Now, we are ready to prove Lemma 4.1.
Proof of Lemma 4.1. Let k \in \BbbN . From Proposition 3.2 with x= xk, we obtain

\beta 

2

\bigm\| \bigm\| zk+1  - xk
\bigm\| \bigm\| 2  - \beta 

2

\bigm\| \bigm\| zk  - xk
\bigm\| \bigm\| 2 \leq t2k

\bigl( 
Fk
\bigl( 
xk
\bigr) 
 - Fk

\bigl( 
xk+1

\bigr) \bigr) 
.(B.5)

From (2.5) and the definition of the sequence zk we have that zk+1 - xk = tk
\bigl( 
xk+1  - xk

\bigr) 
and zk - xk = (tk - 1  - 1)

\bigl( 
xk  - xk - 1

\bigr) 
. Therefore, using the definition of \delta k (see (4.1)),

we obtain that

\beta 

2

\bigm\| \bigm\| zk+1  - xk
\bigm\| \bigm\| 2  - \beta 

2

\bigm\| \bigm\| zk  - xk
\bigm\| \bigm\| 2 = t2k

\beta 

2

\bigm\| \bigm\| xk+1  - xk
\bigm\| \bigm\| 2  - (tk - 1  - 1)2

\beta 

2

\bigm\| \bigm\| xk  - xk - 1
\bigm\| \bigm\| 2

= \beta 
\Bigl( 
t2k\delta k  - (tk - 1  - 1)

2
\delta k - 1

\Bigr) 
= \beta 

\bigl( 
t2k\delta k  - t2k - 1\delta k - 1

\bigr) 
+ \beta (2tk - 1  - 1) \delta k - 1

\geq \beta 
\bigl( 
t2k\delta k  - t2k - 1\delta k - 1

\bigr) 
+ \beta tk - 1\delta k - 1,

where the last inequality follows from the facts that tk \geq 1 and \delta k \geq 0 for all k \in \BbbN .
Plugging this into (B.5) with k= s yields that

\beta 
\bigl( 
t2s\delta s  - t2s - 1\delta s - 1

\bigr) 
+ \beta ts - 1\delta s - 1 \leq t2s

\bigl( 
Fs (x

s) - Fs
\bigl( 
xs+1

\bigr) \bigr) 
.(B.6)

Summing (B.6) for s= 0,1, . . . , k - 1, we get that

\beta 

k - 1\sum 
s=0

ts - 1\delta s - 1 + \beta 
\bigl( 
t2k - 1\delta k - 1  - t2 - 1\delta  - 1

\bigr) 
= \beta 

k - 1\sum 
s=0

\bigl( 
t2s\delta s  - t2s - 1\delta s - 1 + ts - 1\delta s - 1

\bigr) 
\leq 
k - 1\sum 
s=0

t2s
\bigl( 
Fs (x

s) - Fs
\bigl( 
xs+1

\bigr) \bigr) 
.

Since t - 1 = 0 and t2k - 1\delta k - 1 \geq 0 we obtain that

\beta 

k - 1\sum 
s=0

ts - 1\delta s - 1 \leq 
k - 1\sum 
s=0

t2s
\bigl( 
Fs (x

s) - Fs
\bigl( 
xs+1

\bigr) \bigr) 
.
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To complete the proof, we will prove that the sum on the right-hand side is bounded by
some M > 0 for any k \in \BbbN . By defining \Phi k =\varphi 

\bigl( 
xk
\bigr) 
 - \varphi (x\prime ) and \Omega k = \omega (x\prime ) - \omega 

\bigl( 
xk
\bigr) 

for all k \in \BbbN , we obtain from the definition of Fk \equiv \varphi + \alpha k\omega that

Fk
\bigl( 
xk
\bigr) 
 - Fk

\bigl( 
xk+1

\bigr) 
= Fk

\bigl( 
xk
\bigr) 
 - Fk (x

\prime ) + Fk (x
\prime ) - Fk

\bigl( 
xk+1

\bigr) 
=\Phi k  - \Phi k+1  - \alpha k (\Omega k  - \Omega k+1) ,

and hence
k - 1\sum 
s=0

t2s
\bigl( 
Fs (x

s) - Fs
\bigl( 
xs+1

\bigr) \bigr) 
=

k - 1\sum 
s=0

t2s (\Phi s  - \Phi s+1  - \alpha s (\Omega s  - \Omega s+1))

= t20\Phi 0  - t2k - 1\Phi k +

k - 1\sum 
s=1

\bigl( 
t2s  - t2s - 1

\bigr) 
\Phi s  - \alpha 0t

2
0\Omega 0 + \alpha k - 1t

2
k - 1\Omega k

 - 
k - 1\sum 
s=1

\bigl( 
\alpha st

2
s  - \alpha s - 1t

2
s - 1

\bigr) 
\Omega s

\leq t20\Phi 0  - \alpha 0t
2
0\Omega 0 +

a

a - 2

k - 1\sum 
s=1

ds\Phi s + \alpha k - 1t
2
k - 1\Omega k

+

k - 1\sum 
s=1

\bigl( 
\alpha s - 1t

2
s - 1  - \alpha st

2
s

\bigr) 
\Omega s,

where the last inequality follows from the fact that  - t2k - 1\Phi k \leq 0 (since \Phi k \geq 0) and
that

t2s  - t2s - 1 \leq ts =
s+ a

a
=
a2ds  - 1

a (a - 2)
\leq ads
a - 2

,(B.7)

where the second equality follows from the definition of dk since

ds = t2s - 1  - 
\bigl( 
t2s  - ts

\bigr) 
= a - 2

\Bigl( 
(s+ a - 1)

2  - (s+ a)s
\Bigr) 
= a - 2 ((s+ a) (a - 2) + 1) .

Now, we will show that there exists M > 0 such that for all k \in \BbbN we have that

a

a - 2

k - 1\sum 
s=1

ds\Phi s + \alpha k - 1t
2
k - 1\Omega k +

k - 1\sum 
s=1

\bigl( 
\alpha s - 1t

2
s - 1  - \alpha st

2
s

\bigr) 
\Omega s \leq M.(B.8)

We will prove that each of the three terms above is bounded from above. First, from
Lemma B.2 it follows that there exists M1 > 0 such that

\sum k - 1
s=0 ds\Phi s \leq M1. Second,

using Theorem 3.14(ii) and the definition of \Omega k, we obtain that

\alpha k - 1t
2
k - 1\Omega k = \alpha k - 1t

2
k - 1

\bigl( 
\omega (x\prime ) - \omega 

\bigl( 
xk
\bigr) \bigr) 

\leq 
\alpha k - 1t

2
k - 1C

a2 (k+ 1)
=

(k+ a - 1)
2 - \gamma 

C

a4 (k+ 1)

\leq (k+ a)C

a4 (k+ 1)
\leq C

a3
,(B.9)

where the second equality from the definitions of \alpha k and tk (see (2.4) and (2.7),
respectively), the second inequality follows from the fact that 2 - \gamma < 1 since \gamma > 1,
and the last inequality from the fact that k + a < ak + a= a (k+ 1) since a > 2. For
the third term in (B.8), we first split it as follows:

k - 1\sum 
s=1

\biggl( 
\alpha s - 1t

2
s - 1  - \alpha st

2
s +

a

a - 2
\eta s

\biggr) 
\Omega s  - 

a

a - 2

k - 1\sum 
s=1

\eta s\Omega s.(B.10)
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Moreover, from (B.7) and the definitions of ds and \eta s, we obtain that

\alpha sts \leq 
a

a - 2
\cdot \alpha sds =

a

a - 2

\bigl( 
\alpha st

2
s - 1  - \alpha s

\bigl( 
t2s  - ts

\bigr) \bigr) 
\leq a

a - 2

\bigl( 
\alpha s - 1t

2
s - 1  - \alpha s

\bigl( 
t2s  - ts

\bigr) \bigr) 
=

a

a - 2
\eta s,

where the last inequality follows from the fact that \alpha s < \alpha s - 1. Using it and the
definition of \eta s we obtain that

\alpha s - 1t
2
s - 1  - \alpha st

2
s +

a

a - 2
\eta s \geq \alpha s - 1t

2
s - 1  - \alpha st

2
s + \alpha sts = \eta s > 0,

and

\alpha s - 1t
2
s - 1  - \alpha st

2
s +

a

a - 2
\eta s = \eta s  - \alpha sts +

a

a - 2
\eta s \leq \eta s +

a

a - 2
\eta s =

2a - 2

a - 2
\eta s,

where the inequality follows from the fact that \alpha sts \geq 0. Therefore, by applying
Lemma B.1 with bk \equiv \alpha k - 1t

2
k - 1  - \alpha kt

2
k+ a\eta k/ (a - 2)< b\eta k with b= (2a - 2)/ (a - 2)

we obtain that there exists M3 > 0 such that (recall that t - 1 = \eta 0 = 0 and t0 = 1)

k - 1\sum 
s=1

\biggl( 
\alpha s - 1t

2
s - 1  - \alpha st

2
s +

a

a - 2
\eta s

\biggr) 
\Omega s =

k - 1\sum 
s=0

\biggl( 
\alpha s - 1t

2
s - 1  - \alpha st

2
s +

a

a - 2
\eta s

\biggr) 
\Omega s + \alpha 0\omega (0)

\leq M3 + \alpha 0\omega (0).

To complete the proof, we also need to bound the second term in (B.10). Indeed,
from Proposition 3.3 after rearranging and using the definitions of \Omega k and Fk - 1 we
have (recall that \eta 0 = 0)

 - 
k - 1\sum 
s=1

\eta s\Omega s = - 
k - 1\sum 
s=0

\eta s\Omega s \leq t2k - 1

\bigl( 
Fk - 1 (x

\prime ) - Fk - 1

\bigl( 
xk
\bigr) \bigr) 

+
\beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2
= t2k - 1

\bigl( 
\varphi (x\prime ) - \varphi 

\bigl( 
xk
\bigr) 
+ \alpha k - 1

\bigl( 
\omega (x\prime ) - \omega 

\bigl( 
xk
\bigr) \bigr) \bigr) 

+
\beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2
\leq t2k - 1\alpha k - 1\Omega k +

\beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 \leq C

a3
+
\beta 

2

\bigm\| \bigm\| x0  - x\prime \bigm\| \bigm\| 2 ,
where the second inequality follows from the fact that \varphi (x\prime )\leq \varphi (xk) and last inequal-
ity follows from (B.9). This completes the proof of the boundedness of (B.8).

Appendix C. Proofs of Lemmas 3.6, 3.13, and 4.2.

Proof of Lemma 3.6. Let k\geq 1. Using the definitions of \alpha k and tk (see (2.4) and
(2.7), respectively), we obtain that

k - 1\sum 
s=0

\alpha sts =
1

a

k - 1\sum 
s=0

(s+ a)
1 - \gamma 

=
1

a

k+a - 1\sum 
s=a

s1 - \gamma \leq 1

a

k+a - 1\sum 
s=2

s1 - \gamma ,(C.1)

where the last inequality follows from the fact that a\geq 2 since we sum (potentially)
more elements. Now, we split to three cases. First, if \gamma = 2, we get from (C.1) that

k - 1\sum 
s=0

\alpha sts \leq 
1

a

k+a - 1\sum 
s=2

s - 1 \leq 1

a
ln (k+ a - 1) .
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For all 0 < \gamma \not = 2, we first obtain from (C.1) and Lemma 3.5 with n1 = 2, n2 =
k+ a - 1, and r= \gamma  - 1 that

k+a - 1\sum 
s=2

s1 - \gamma \leq (k+ a - 1)
2 - \gamma  - 12 - \gamma 

2 - \gamma 
=

(k+ a - 1)
2 - \gamma  - 1

2 - \gamma 
.(C.2)

If 0 < \gamma < 2, the desired result follows immediately from (C.2). If \gamma > 2, we obtain
from (C.2) that

k - 1\sum 
s=0

\alpha sts \leq 
1

a
\cdot (k+ a - 1)

2 - \gamma  - 1

2 - \gamma 
=

1

a
\cdot 1 - (k+ a - 1)

2 - \gamma 

\gamma  - 2
.

This concludes the proof of the desired result.

Proof of Lemma 3.13. Using the definitions of \alpha k = (k+ a) - \gamma and tk = (k+ a)/a
for all k \in \BbbN , it follows that

\eta k = \alpha k - 1t
2
k - 1  - \alpha k

\bigl( 
t2k  - tk

\bigr) 
=

1

a2
(k+ a - 1)

2 - \gamma  - 1

a2
(k+ a)

2 - \gamma 
+

1

a
(k+ a)

1 - \gamma 

<
1

2
(k+ 1)

1 - \gamma 
,

where the last inequality follows from the facts that (k+ a - 1)
2 - \gamma 

< (k+ a)
2 - \gamma 

and
(k+ a)

1 - \gamma 
< (k+ 1)

1 - \gamma 
since 1<\gamma < 2 and a\geq 2> 1.

Proof of Lemma 4.2. Let s\geq 1. Since \pi s,k = 1 for all k < s we obtain that

\infty \sum 
k=0

\pi s,k =

s - 1\sum 
k=0

\pi s,k +

\infty \sum 
k=s

\pi s,k =

s - 1\sum 
k=0

1 +

\infty \sum 
k=s

\pi s,k = s+

\infty \sum 
k=s

\pi s,k \leq s+
s+ 5

2
=

3s+ 5

2
,

where the inequality follows from [9]. Now, since a  - 1 > 1 we have that 3s + 5 <
5 (s+ a - 1) = 5ats - 1 where the last equality follows from the definition of ts (see
(2.7)). This completes the proof.
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